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Preface

Nowadays information technology is based on semiconductor and ferromagnetic
materials. Information processing and computation are performed using electron
charge by semiconductor transistors and integrated circuits, but on the other
hand the information is stored on magnetic high-density hard disks by electron
spins. Recently, a new branch of physics and nanotechnology, called magneto-
electronics, spintronics, or spin electronics, has emerged, which aims to simul-
taneously exploit both the charge and the spin of electrons in the same device
and describes the new physics raised. One of its tasks is to merge the processing
and storage of data in the same basic building blocks of integrated circuits, but
a broader goal is to develop new functionality that does not exist separately in
a ferromagnet or a semiconductor.

Research in magnetic materials has long been characterized by unusually
rapid transitions to technology. A prominent example is the discovery in 1988
of one of the first spin electronics effects, namely the giant magnetoresistance
(GMR) effect in magnetic layered structures, which has already found market
application in read heads in computer hard disk drives and also in magnetic sen-
sors. Recently new technology based on the tunneling magnetoresistance (TMR)
of magnetic tunnel junctions as magnetic random access memory (MRAM) is
emerging into the electronic memory market. It is to be expected that future
progress in spin electronics will lead to similarly rapid applications, in particular
once the merging of semiconductor and magnetic technologies is achieved.

The aim of this book is to present new directions in the development of
spin electronics, both the basic physics and technology in recent years, which
will become the foundation of future technology. In the first part we give an
introduction to ferromagnetic semiconductors: recent developments, new effects
and devices. Further it will demonstrate how a spin current can be created,
maintained, measured, and manipulated by light or an electric field, in several
types of devices.

One very interesting and promising group of such devices, which allow us to
control and manipulate a single spin, is ultrasmall systems called quantum dots
(QDs), where Coulomb interaction (Coulomb blockade) plays an important role.
In quantum dots due to the control of a single electron charge, the possibility of
manipulating of a single spin is opened up, which can be important for quantum
computing. On the level of a few spins, the new physics related to exchange
interaction, spin blockade, Larmor precession, electron spin resonance (ESR),
the Kondo effect, and hyperfine interactions with nuclear spins is raised. Also
combining ferromagnetic materials with QDs opens up the new possibility of
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vi PREFACE

control and manipulation of a QD single spin by direct exchange interactions
and construction of ferromagnetic single-electron transistors (F-SET).

Recent study of spin-dependent transport in hybrid structures involving a
combination of ferromagnetic (both metallic and semiconducting) and normal or
superconducting materials is reviewed. The interplay between the different types
of interactions and correlations present in each produces a host of interesting
spin-dependent effects, many of which have direct potentials for applications.

A very promising new effect and technology of spin current induced mag-
netization switching in magnetic nanostructures are discussed, together with
potential applications. Another interesting field closely related with the minia-
turization of magnetic systems is nanoscopic magnetism, where the cross-over
between Stoner magnetism of the bulk magnetism to Hund’s rules in molecular
systems using tunneling spectroscopy can be studied.

In summary, spin electronics and spin optoelectronics promise to lead to a
growing collection of novel devices and circuits that possibly can be integrated
into high-performance chips to perform complex functions, where the key element
will be integration of complex magnetic materials with mainstream semiconduc-
tor technology.

April 2005 Sadamichi Maekawa
(On behalf of the authors)
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1 Optical phenomena in magnetic
semiconductors

H. Munekata

1.1 Introduction

An electronic system having itinerant character with moderate carrier concentra-
tions (1018–1021 cm−3) is an interesting system in that it allows us to study novel
aspects of the interaction between charges and spins, with light and an electric
field/current as tools to manipulate the interaction and to detect changes a con-
sequence of the manipulation. Among various materials systems, semiconductor-
based nanostructures are especially interesting, since findings obtained from the
structures can be examined from both the fundamental and device-application
points of view. The study of optical access to the spin degree of freedom can
be found in early work on ferromagnetic compound semiconductors of multi-
elements [1, 2], in which controlling magnetism via the direct optical excitation
of local states (such as intra-atomic transition and defect states) was the primal
interest. Lately, when II-VI-based paramagnetic semiconductors, named diluted
magnetic semiconductors or semimagnetic semiconductors, became available in
the laboratory [3], the band-to-band optical excitation was found possible to en-
hance magnetization through the effective magnetic field [4,5] and the formation
of magnetic polarons [6]. This led us to the understanding of the spin exchange
interaction between carrier spins and local spins, together with the possibility of
optical access to the spin system through the delocalized states. In this chapter,
we are concerned with the manipulation of ferromagnetism by the band-to-band
optical excitation. The materials of choice are another class of magnetic semicon-
ductor alloy based on III-V compounds. This class of semiconductor materials,
as first demonstrated successfully by the molecular beam epitaxy of (In,Mn)As
[7], contain a large number of magnetic ions (1020–1021 cm−3) in the host crystals
despite of its low equilibrium solubility limit. The work carried out for more than
a decade has revealed that various transition metal elements could be incorpo-
rated beyond the solubility limit in every III-V host crystal by properly choosing
the epitaxial growth conditions. Furthermore, for the mid- and narrow gap III-V
hosts, it became clear that Mn ions that occupy the group III sublattice sites
are electrically and magnetically active and form the spin-selective, acceptor-like
states near the top of the valence band. This spin-selective character causes both
Mn ions and valence bands to be spin polarized when electrons (or holes) are
shared between the two subsystems (hole-mediated ferromagnetism), making it
possible to open ways to manipulate spins by changing characteristic parameters

1



2 H. Munekata

of carrier spins by external stimulation such as optical excitation.
Overall reviews of III-V-based magnetic semiconductors, hereafter called III-

V-based magnetic alloy semiconductors (III-V-MAS), and hole-mediated ferro-
magnetism are already available [6,7]. Therefore, we do not take the redundant
step of reviewing every aspect of the physical properties of III-V-based MAS,
but rather focus on the essence of hole-mediated ferromagnetism together with
a brief description of the historical development, and focus on the optical prop-
erties of the III-V-MAS. We then move on to the optical manipulation of fer-
romagnetically coupled spins by the energy and angular momentum of light.
This is followed by the discussions of utilizing spin-dependent optical transitions
and spin-dependent carrier transport to fabricate spin-dependent optical devices,
e.g., polarized-light detectors and emitters, with specific applications in mind.

1.2 Optical properties of III-V-based MAS
1.2.1 Brief history
The realization of III-V-MAS was first reported in 1989 with paramagnetic n-
type (In,Mn)As epitaxial layers prepared on GaAs(001) substrates by molec-
ular beam epitaxy (MBE) [5]. They found that setting the substrate temper-
ature Ts(≈ 200 ◦C) during epitaxial growth far below the value used for con-
ventional epitaxial growth (Ts ≈ 400–450 ◦C) resulted in the suppression of
the second phase (MnAs, GaMn3) in the regime beyond the equilibrium sol-
ubility limit. Consequently, the incorporation of Mn ions up to x = 0.2 in
the form of In1−xMnxAs was realized. On the other hand, they were puzzled
by the fact that the electrical conduction was n-type. In 1991, activation of
holes from incorporated Mn ions was found possible for the (In,Mn)As layers
prepared at Ts ≈ 300◦C [8], which has resulted in the establishment of hole-
mediated ferromagnetism in p-(In,Mn)As in 1992 [9,10], and in the strained
p-(In,Mn)As/(Al,Ga)Sb heterostructure in 1993 [11]. The study of ferromag-
netic, electronic, and optical properties of the heterostructures revealed that
those properties are correlated to each other and can be controlled by the band
edge profile and strain, the representative parameters in band-gap engineering.
The advantage coming from the marriage of band-gap engineering and ferro-
magnetism became even clearer in the study of ferromagnetic p-type (Ga,Mn)As
which became available in 1996 [12,13] born after the study of GaAs:MnAs [14].
Since (Ga,Mn)As, the study of ferromagnetism in semiconductor-based materi-
als became one of the subjects of intensive interest in solid state physics and
spintronics. Theoretical treatments of carrier-mediated ferromagnetism and ex-
perimental investigations toward room-temperature ferromagnetism have been
pursued by many laboratories from various points of views. Since the first demon-
stration of optical inducement of ferromagnetic order in 1997 [15], manipula-
tion of strongly coupled spins by external stimulations, in particularly by light
and an electric field, became an important research subject in semiconductor
spintronics. Experimental demonstrations were initially carried out primarily in
(In,Mn)As/(Al,Ga)Sb heterostructures [15–18], and are now taking place in the
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Fig. 1.1. Schematic illustration of Mn d orbital in the tetrahedral site with four
As ions. The initial state of a Mn ion is regarded as Mn3+ as a consequence
of transferring one electron to As atoms. (By courtesy of J. Okabayashi.)

technologically more important ferromagnetic semiconductor (Ga,Mn)As and
other exotic material systems.

1.2.2 Hole-mediated ferromagnetism

It is very important to grab the concept of hole-mediated ferromagnetism and
understand the influence of this phenomenon on the semiconductor band struc-
ture. We do so by describing qualitatively hole-mediated ferromagnetism in terms
of the conventional band structure picture used in semiconductor physics.

(1) When Mn (4s23d5) is introduced substitutionally in the group III sublattice
sites of a III-V matrix, their orbitals are hybridized with those of the host
crystal, yielding two sets of states with different characters: one kind is
the split-off states near the top of the valence band and another kind is
the localized states deep inside the valence band, as shown schematically in
Fig. 1.1. There is one hole in the former states, having acceptor-like charac-
ter [24, 25], whereas the later states preserve the 3d5 character, exhibiting
the local magnetic moment of S = 5/2. As a whole, in the dilute limit, the
ground state of Mn in the III-V host is “neutral Mn plus one hole” [26].

(2) When the split-off state EA captures an electron from the valence band by,
say, thermal excitation, the relative spin alignment between the captured
electron and the resultant hole in the valence band is antiparallel, whereas,
between the captured electron and the local spins, the alignment is parallel.
Therefore, the relative spin alignment is antiparallel between the hole and
the local spins, as shown schematically in Fig. 1.2(a).

(3) When the Mn concentration is increased and reaches a value high enough
to realize the degenerate condition in the valence band, the itinerant char-
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(b) ferromagnetic
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Fig. 1.2. Schematic band structures of a III-V compound semiconductor doped
with the transition metal Mn for (a) low and (b) very high concentrations.
The energy separation between the top of the valence band and EA is 110
meV in the dilute limit for GaAs [24, 25]. In the III-V-MAS, the itinerant
character of holes is strong enough to sustain the spin-split valence band
and ferromagnetic coupling among Mn local spins. Note that the axis of the
magnetic moment Pm (magnetic polarization) is pointing upward, whereas
the axis of the angular momentum of an electron spin points downward.
Spin splitting of electrons in the conduction band is also shown in the area
surrounded by the dotted circle.

acter of the hole manifests itself as hole-mediated ferromagnetism since
holes have to be shared among numbers of Mn ions and, in order to do so,
antiparallel alignment has to be retained between Mn local spins and hole
spins, as shown schematically in Fig. 1.2(b). Simultaneously, holes are spon-
taneously spin polarized, being antiparallel to the local spins. In terms of
the band expression based on electrons, the valence band is spin-split with
the hh−3/2 state being closer to the impurity state. Resonant states may
be formed in relation with the itinerant process [27]. The strength of ferro-
magnetic coupling can be viewed as the reduction of the total energy in the
carrier system when they are populated in the spin-split band [28, 29]. In
this description, Curie temperature Tc can be expressed as Tc ∝ x′ × p1/3,
where x′ and p are the effective Mn content out of the chemical content x
in the form of III1−xMnxV and the hole concentration.
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Fig. 1.3. Chronological evolution of the Curie temperature Tc of ferromagnetic
III-V-MAS. The open circle depicts the Tc value obtained for modulation
doped structures [37], whereas the closed circle represents that achieved for
bulk (Ga,Mn)As [33].

(4) When the Mn concentration is low (� 1018 cm−3) and the system is in the
insulator (semiconductor) regime, holes are localized in the Mn split-off
state at low temperatures so that there is no particular long-range align-
ment among Mn local spins. At high enough temperatures, at which holes
are activated, the energy gain caused by the hole-mediated ferromagnetic
order is inferred to be substantially smaller than the thermal energy. As
a whole, in the insulator regime, paramagnetism would be the dominant
magnetic behavior. Note that, in the II-VI based diluted magnetic semi-
conductors, the split-off states are fully occupied by electrons, and for this
reason the path for the spin exchange with itinerant electrons is completely
blocked.

On the basis of the pictures given above, we are able to infer that one of the
important points to realize hole-mediated ferromagnetism is the energy level of
the split-off state EA with respect to the top of the valence band. This state
should be close enough to generate sufficient numbers of holes in the valence
band. The energy separation between the top of the valence band and EA de-
pends on the extent of hybridization between the Mn d orbital and the host sp3

orbital, and therefore being dependent on the host semiconductor. Among var-
ious combinations of transition metal elements and host III-V semiconductors,
it is (Ga,Mn)As and other III-Mn-V having the band gap smaller than that of
GaAs (except for InP) in which hole-mediated ferromagnetism has been clearly
observed. Direct evidence of the effective-mass type holes had not been found
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for a long time because of the low carrier mobility (1–100 cm2/Vsec). However,
the presence of effective-mass-type holes was finally established in 2004 through
the observation of cyclotron resonance absorption at ultrahigh magnetic fields in
ferromagnetic p-(In,Mn)As [30].

Figure 1.3 summarizes the evolution of the Curie temperature Tc of III-V-
MAS based on hole-mediated ferromagentism. At the time of writing this chap-
ter, the highest Tc is 55–60 K with x = 0.07 for (In,Mn)As [31], and 160–170 K
with x = 0.07–0.09 [32, 33] for (Ga,Mn)As. Tc of (In,Ga,Mn)As is 100–130 K
with relatively high Mn contents [34, 35]. Hole concentrations are in the range
of p = 1020–1021 cm−3. In addition, with Hall effect measurements, the electro-
chemical capacitance method has been proven to be another useful technique to
estimate the p value [36]. For delta-doped Mn (x = 0.3 ML) with two-dimensional
holes (p = 2 × 1012 cm−3), Tc = 172 K has been reported [37]. It is also worth
noting that ferromagnetic behavior up to around 200K for GaMnP:C [38], as
well as Tc = 600–900K [39, 40] for GaMnN and GaCrN, has been reported. The
origin of very high Tc values in nitrides and other wide-gap systems [6] is not well
understood at present. This is primarily because of their highly resistive charac-
teristics, which makes it difficult to simply apply the framework of hole-mediated
ferromagnetism. In contrast to Mn in GaAs, the Mn level in GaN appears to be
deep, being around the middle of the gap [41,42]. The question arises whether the
hopping conduction through the Mn impurity band results in ferromagnetism,
since the exchange interaction may become short range reflecting the localized
nature of the mid-gap states.

For mid- and narrow-gap III-Vs, the factor that limits Tc at present is the
saturation of numbers of substitutional Mn ions. Instead of being incorporated
substitutionally, the number of Mn ions incorporated interstitially as double
donors [43] increases at the relatively high Mn contents for which a high Curie
temperature is expected. This problem, being reminiscent of the charge com-
pensation problem which often encountered in wide-gap semiconductors, can be
recognized as an important research subject in the field of epitaxial growth.

1.2.3 Optical properties

As one can infer from the schematic spin-polarized band structures shown in
Fig. 1.2, the influence of the selection rule for the angular momentum (∆J = ±1)
on the optical transition becomes important, giving rise to circular dichroism and
optical rotary power of magnetic origin, the so-called magneto-optical (MO) ef-
fects. In fact, a large magneto-optical effects with ferromagnetic characteristics
has been established for (In,Mn)As as well as (Ga,Mn)As so far. One such exam-
ple is shown, respectively, in Figs 1.4(a) and (b) for the Faraday ellipticity (ηF)
and rotation (θF) spectra of a ferromagnetic Ga0.96Mn0.04As/Al0.39Ga0.61As/Ga
As(001) sample. The hysteresis loop of the Faraday ellipticity is also shown in
the inset. The Kerr ellipticity (ηK) and rotation (θK) spectrum obtained from
ferromagnetic (In,Mn)As samples will be discussed and shown later in Fig. 1.6
for comparison. For (Ga,Mn)As, a large enhancement in both η and θ spectra is



Optical phenomena in magnetic semiconductors 7
F

ar
ad

ay
 e

lip
tic

ity
 (

de
g/

µm
)

Photon energy (eV)

10 K
40 K
60 K
80 K

µ H0 =1.2 T
F

ar
ad

ay
 e

lip
tic

ity
 (

de
g 

µm
)

Magnetic field (T)

10 K
40 K
60 K
80 K

Photon
energy
1.58 V

F
ar

ad
ay

 r
ot

at
io

n 
(d

eg
/µ

m
)

Photon energy (eV)

10 K
40 K
60 K
80 K

µ0H=1.2 T

1.5 2.0 2.5 3.0 1.5 2.0 2.5 3.0

50

40

30

20

10

0

60

40

20

0

−20

−40

−60

-1.0 -0.5 0 0.5 1.0

/

8

4

0

-4

Fig. 1.4. (a) Faraday ellipticity spectra of a (Ga,Mn)As (x = 0.04) sample with
an external field of µ0H⊥ = 1.2 T at various temperatures, together with
hysteresis curves taken at hν = 1.59 eV, and (b) Faraday rotation spectra. A
GaAs(001) substrate was removed by chemical selective wet etching. (Data
obtained in Munekata Lab.)

noticeable at around hν ∼ 1.5 eV as well as hν ∼ 3.0 eV. The spectra indicate
that the incorporation of Mn ions of this level of quantity successfully dissolve the
spin degeneracy of the energy bands through ferromagnetism without severely
destroying the entire band structure of the host semiconductor GaAs. On the ba-
sis of this understanding, the circular dichroism bands at around hν ∼ 1.5 eV and
hν ∼ 3.0 eV can probably be assigned due to the E0 (the band gap; Γ8v → Γ6c)
and the E1 transitions (Λ4,5v → Λ6c). Magneto-optical effects with similar char-
acteristic spectra were noticeable in earlier studies from several groups in the
transmission [44,45] and reflection [46] configurations. It is worth noting that the
ellipticity signal appears in the energy region which is slightly less than the band
gap of GaAs. One would infer the reduced band gap of ferromagnetic (Ga,Mn)As
with respect to GaAs due to spontaneous spin splitting. However, the presence of
this low-energy absorption tail above the Curie temperature (Tc ∼ 60K) suggests
that this part of the optical transition is rather attributed to the band tailing
induced by the alloy fluctuation and the Mn impurity band. Nevertheless, it is
important to keep in mind that the band tail and the delocalized band can both
also be spin polarized through hole-mediated ferromagnetism.

It is very important to consider the sign of the Faraday ellipticity in relation
with the spin-dependent band structure. Let us start by stating the definition
of the ellipticity in the experiments by which the spectra shown in Fig. 1.4 were
obtained. Firstly, we set the direction of the magnetic polarization, as well as the
magnetic flux, parallel to the propagation direction of light. Viewing from the
light source (Fig. 1.5), we define the clockwise rotation of an electric field plane
toward the direction of the propagation of light as the “positive” rotation (the
right circular polarization σ+) [47]. On the other hand, the clockwise rotation of
the transmitted light is detected as the counter-clockwise rotation, namely the
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Fig. 1.5. Right σ+ (left σ−) circular polarization is defined as the polarization
whose electrical plane rotates clockwise (counter-clockwise) toward the direc-
tion of light propagation. The linearly polarized light is the superposition of
the σ+ and σ− light, as shown in panel (a). The difference in the phase ve-
locity between the σ+ and σ− light in the sample gives rise to rotation of the
electrical plane as shown in panel (b), whereas the difference in the amplitude
between the σ+ and σ− light in the sample yields the ellipticity (magnetic
circular dichroism) as depicted in panel (c). These two effects change the
linearly polarized incident light into light having Faraday rotation and ellip-
ticity when it is transmitted through the sample, as shown in panel (d). In
the case of (d), the signs of rotation and ellipticity are both negative. The
negative ellipticity indicates the relatively larger absorption of the σ+ light
with respect to σ−, as shown in panel (e). Note, in some of magneto-optical
spectrometers, the sign of the rotation and ellipticity is defined by viewing
the transmitted light signal from the detector. In this case, the sign of both
the ellipticity and rotation are reversed, as was the case for Figs 1.4(a) and
(b). The sign of the magnetic flux is defined to be positive when it is parallel
to the propagation direction of light.

negative rotation, viewing from the detector. For the data shown in Figs 1.4(a)
and (b), the sign is defined in this fashion. Therefore, the positive Faraday el-
lipticity signal obtained by experiment is actually negative (counter-clockwise),
indicating that the absorption of the σ+ light (α+) is stronger than that of the
σ− light (α−), as shown schematically in Fig. 1.5 (c). Similarly, the positive Fara-
day rotation signal near the band-gap energy is actually the negative rotation
(Fig 1.5b). In terms of the optical transition, α+ is attributed to the interband
transition involving ∆J = +1 and is given by the joint density of states con-
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sisting of the −3/2 valence band and the −1/2 conduction band, whereas α− is
due to the transition with ∆J = −1 and is given by the joint density of states
consisting of the +3/2 valence and the +1/2 conduction bands. This situation
can be illustrated schematically in terms of polarization-dependent absorption
spectra as shown schematically in Fig. 1.5(e) in which the onset energy of the
interband transition with ∆J = +1 is lower than that of the transition with
∆J = −1. In conclusion, the negative (positive) sign of the Faraday ellipticity
defined by the light source (detector) is an indication that, in the ferromagnetic
(Ga,Mn)As, the | − 3/2〉 state is lifted up with respect to the | + 3/2〉 state in
the heavy-hole valence band. This picture is consistent with the schematic band
structure (Fig 1.2b) deduced independently by considering the itinerant process
of electrons between the Mn split-off state and the heavy-hole valence band.

This simplified conclusion holds well in the real situation in which a large
number of holes are present in the ferromagnetic p-type (Ga,Mn)As. Under this
condition, the optical transition does not take place at the center of the Brillouin
zone. Nevertheless, the joint density of states for the α+ transition is always
larger than that for the α− transition, and the sign of the ellipticity remains
negative in principle. However, as pointed out in Ref. [45], the spontaneous spin
splitting below the Curie temperature results in the occurrence of an additional
component whose sign of ellipticity is opposite to the main signals in the photon
energy region between 1.5 and 1.75 eV. This can be seen as the evolution of the
concave feature appearing in the ellipticity spectra below the Curie temperature
(Fig. 1.4a).

That the −3/2 valence band is higher in energy than the +3/2 valence band
in the ferromagnetic state is reminiscent of the Zeeman splitting in the valence
band of (II,Mn)VI-based diluted magnetic semiconductors in which the sign of
the spin exchange splitting N0β is defined to be negative [48]. Following this
notation, we are able to state that the sign of the spontaneous Zeeman splitting
in the valence band is negative in III-V based ferromagnetic semiconductors. The
absolute value of N0β determined from the Faraday rotation measurement of a
ferromagnetic (Ga,Mn)As (x = 0.04) is around 1 eV [44] which is comparable
to the value deduced from the analysis of the x-ray photoemission spectrum
for (Ga,Mn)As with Mn contents of x = 0.07 [49]. The interpretation of the
ellipticity data taken with the reflection geometry has also reached the same
conclusion [46].

Similarly, as shown in Fig. 1.6, a large MO effect has been observed in fer-
romagnetic (In,Mn)As [50–52] with characteristic structures around the critical
points of the host InAs. Broad and strong magnetic circular dichroism (MCD)
signals appear at photon energies that correspond to the E1, E1 + ∆1, E′

0, and
E2 critical points of InAs. These facts are clearly evidence of spin-polarized
bands due to hole-mediated ferromagnetism. Its N0β value, however, has not
yet been determined by the optical method. The likely value for this system is
around −1 eV, which has been deduced from the analysis of cyclotron resonance
absorption of both n-type paramagnetic [53] and p-type ferromagnetic samples
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Fig. 1.6. Kerr ellipticity spectra of (In,Mn)As at an external field of
µ0H⊥ = 1 T (after Ref. [52]).

[30], together with the N0α (spin exchange splitting of the conduction band)
of +0.5 eV. While the enhanced MCD signals have also been observed in the
wide-band gap III-V-MAS, (Ga,Mn)N [54] and (In,Ga,Mn)N [55], the magnetic
field dependence of the signal around the fundamental absorption edge reveals
that the energy states associated with this transition are not spontaneously spin-
polarized. MCD signals in the photon energy of about half of the band gap energy
are also noticeable [55], which is most likely due to the state associated with the
incorporated Mn.

Another important aspect of a ferromagnetic semiconductor is the shift of
the fundamental absorption edge as a consequence of alloying with Mn or the
formation of the spin polarized band, or both. As shown in Fig. 1.7 for (In,Mn)As
[56], however, the absorption edges lose their sharpness by adding Mn, indicat-
ing a severe Ulback-type tailing [57]. This tailing can be understood qualitatively
in terms of alloy fluctuation, formation of the Mn impurity band near the va-
lence band top, plus the Burstein–Moss effect due to a large number of holes
(1020–1021 cm−3). Because of all these, the determination of the energy shift of
magnetic origin is not well resolved in both (In,Mn)As and (Ga,Mn)As up to
now. In (Ga,Mn)As, the presence of the Mn impurity band was found by in-
frared photoconductivity measurements [58, 59]. An approach with ellipsometry
will be a strong tool to elucidate the influence of the incorporation of a large
amount of Mn on the host band structure, as reported in (Ga,Fe)As [60] and
most recently in (Ga,Mn)As [61].
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Presumably because of the presence of large amounts of non-radiative re-
combination centers, studies on luminescence of III-V-MAS have been scarce. In
nitrides [55,62–64], photoluminescence near the band edge were reported, but the
magnitude of optical polarization remained unclear. Suppression of non-radiative
processes, which probably shares common problems with the quest of room tem-
perature ferromagnetism, is one of the remaining big challenges in III-V-MAS.

1.3 Photo-induced ferromagnetism

1.3.1 Effect of charge injection I: photo-induced ferromagnetism

Studies of magnetic phenomena induced by light in condensed matter have long
been a subject of interest in both fundamental and applied research. For mag-
netic insulators and semiconductors, this subject has its root in the study of
optical excitation of magnetic semiconductors of multi-elements [1, 2]. The same
research interest can also be found in organic-based magnets [65]. The work in
paramagnetic II-VI diluted magnetic semiconductors [4–6] and III-V-based mag-
netic alloy semiconductors (MAS) [20–22] has shed light on the importance of
the spin exchange interaction between carrier spins and local moments for the
manipulation of both weakly and strongly coupled spins via light. For metal sys-
tems, the transfer of quasi-momentum from photons to the free electron system
at the metal surface has been demonstrated [66, 67]. In all of these experiments,
the photonic process can be seen clearly at cryogenic temperatures. However, in
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general, one has to carry out very careful experiments to distinguish the photonic
process from the effects associated with light-induced heating.

The first demonstration of photo-induced effects in III-V-MAS was carried
out in the (In,Mn)As/GaSb heterostructure [20]. Properly adjusting the ratio
between uncompensated and compensated Mn ions by controlling the growth
condition during molecular beam epitaxy, the hole concentration was tuned up
slightly below the value necessary for induced ferromagnetism [68]. When the
heterostructure is irradiated with light, the light passes through a very thin
(In,Mn)As layer (Eg = 0.4 eV) and is absorbed predominantly in the relatively
thick GaSb layer (Eg = 0.8 eV), yielding electrons and holes in the non-magnetic
GaSb layer. Here, the important contrivance is the type II band alignment. As
shown schematically in Fig. 1.8, photogenerated holes are transferred into the
magnetic (In,Mn)As layer by the electric field across the interface, and are stored
in the (In,Mn)As layer. This is the optical charge injection and accumulation. An
increase in hole numbers enhances electrical conductivity as well as the strength
of the carrier-mediated ferromagnetic interaction. This results in persistent pho-
toconductivity (Fig. 1.8) and an increase in magnetization as shown in Fig. 1.9.

In this experiment, a change in magnetization was measured in the dark af-
ter light illumination, by which the effect coming from the light-induced heating
could be excluded. This is why magnetization before and after the light illumina-
tion could be compared quantitatively, making it possible to confirm a magnetic
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phase transition induced by optical charge injection. The value of the saturation
magnetization after the optical injection indicates that about 80% of Mn ions
in the (In,Mn)As (x = 0.07) epilayers contribute to the occurrence of ferromag-
netism. The magnetization curve measured before the illumination showed that
the sample was close to the ferromagnetic transition condition. The enhanced
magnetization eventually vanishes at around 40 K, whereas persistent photocon-
ductivity is noticeable up to around 175 K. Taking the vanishing temperature
to be roughly comparable to the Curie temperature, the number of holes ac-
cumulated by the light illumination is inferred to be 1020 cm−3 or higher. The
experiment in which a change in magnetization was detected electrically by the
anomalous Hall effect also demonstrated optically induced ferromagnetism as
shown in Fig. 1.9(b). These data indicate that magnetization and carrier trans-
port are strongly correlated. The difference in the shape of hysteresis loops be-
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tween Figs. 1.9(a) and (b) presumably comes from inhomogeneity of the sample
wafer. An increase in hole numbers after light illumination can be seen as slight
reduction in the Hall resistance in the saturation region. These results have es-
tablished experimentally that ferromagnetism in III-V-MAS is hole mediated.

The data shown in Fig. 1.9 were taken after the sample was illuminated with
the white light source whose wavelengths extend between 0.8 and 1.5 µm (0.83–
1.55 eV). Other experiments carried out by using semiconductor lasers for which
the excitation wavelength is monochromatic revealed the discrepancy in wave-
length dependence between persistent photoconductivity and enhanced magne-
tization [69]. In the wavelength region of 700 nm–1.55µm, a change in magneti-
zation became smaller with increasing the wavelength and vanished at the wave-
length of 1.55 µm (hν = 0.8 eV), whereas photoconductivity did not. One likely
explanation for this discrepancy is the presence of a hole accumulation region in
the GaSb side of the (In,Mn)As/GaSb interface, as shown schematically in the in-
set of Fig. 1.8 by the black triangular area. Similar photo-induced enhancement
in magnetization has also been observed in (In,Mn)(As,Sb)/InSb heterostruc-
tures [70], and more recently in the modulation doped p-type GaAs/AlGaAs:Be
having a sheet of Mn delta-doping in the two-dimensional hole gas [71]. These
experiments have confirmed the universality of the optical charge injection and
enhanced magnetization in III-V-MAS. Placing a gate electrode on top of the
p-(In,Mn)As/AlSb heterostructure, one also achieved gate-induced switching be-
tween ferromagnetic and paramagnetic states [21], the adiabatic way to manip-
ulate ferromagnetism. Photo-induced changes in magnetization in the paramag-
netic regime have also been pursued by using (In,Mn)As/GaSb heterostructures.
The induced change appeared to be significantly smaller compared with that in
the ferromagnetic regime [72].

1.3.2 Effect of charge injection II: optical control of coercive force

Another important aspect of carrier-mediated magnetism is that the alteration of
carrier numbers causes a significant influence on magnetic characteristics. One
such example is the reduction of coercive force by light illumination [22]. In
Fig. 1.10, we show one of the experimental results that demonstrates the reduc-
tion of coercive force by light irradiation. Magnetization hysteresis curves before
and after light illumination were obtained electrically from magnetoresistance
RSheet and Hall resistance RHall data, assuming the side-jump scattering mech-
anism [73]. As detailed in the previous section, the holes primarily generated in
the GaSb layer are transferred to the ferromagnetic (In,Mn)As layer and stored
in this layer. The experimental data clearly show that the coercive force is re-
duced after light illumination. In this experiment, the coercive force was reduced
to about 45% at 35K. The reduced coercive force lasts even after turning the
light off, reflecting hole storage in the (In,Mn)As layer.

Figure 1.11 shows the relation between the number of extra holes ∆p and
the coercive force Hc. Here, ∆p is estimated from the magnitude of persistent
photoconductivity ∆σ = eµp∆p which is depicted in the inset. The number of
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the (In,Mn)As surface, respectively. The sample shows perpendicular mag-
netic anisotropy with Curie temperature Tc ∼ 40K.

holes that were accumulated in the (In,Mn)As layers during the light illumination
was 1017–1018 cm−3, being about 3% of the background hole concentration. On
the other hand, ∆Hc at 4.2 K is about 1.5%. The difference in the magnitude
of reduction in coercive force between high (35K) and low (4.2K) temperature
indicates the contribution of thermal activation in the process of magnetization
reversal.

In general, there are two different mechanisms in the process of magnetiza-
tion reversal; firstly, reversal through the domain wall motion, and, secondly,
that involving the rotation of magnetic objects. In the domain wall model, mag-
netization reversal occurs through the displacement of magnetic domain walls
[74], whereas, in the particle model, the reversal takes place through the rota-
tion of the aggregates of single-domain ferromagnetic particles [75, 76]. When
the behavior shown in Fig. 1.10 was found, the observed phenomenon was ex-
plained in terms of the domain wall model which is the mechanism applicable for
conventional ferromagnets. However, as shown in Fig. 1.12, it was found lately
that the dependence of the direction of an applied magnetic field on the coercive
force favors the particle model. The likelihood of this picture comes from the
fact that unsaturated ferromagnetic p-InMnAs consists of large magnetic clus-
ters composed of 500 Mn ions and holes [11]. A sheet of fully magnetized layer
may be decomposed into single-domain-type magnetic clusters in the event of
magnetization reversal.
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In the particle model, a single particle, being a magnetic cluster in the present
case, is flipped at the coercive force given by the difference in the applied mag-
netic field H and the interaction field A · p · Mp where A, p and Mp are a
proportional constant, the volumetric packing factor of the particles, and the
magnetization of a particle, respectively. When the sample is illuminated with
light, the ferromagnetic exchange coupling between Mn moments is increased
due to an increase in carrier concentration. Carrier localization is also relaxed.
These mechanisms give rise to an enlargement of magnetic clusters and thus an
increase in the volumetric packing factor (p′ > p). Consequently, the interac-
tion field acting on the reversed clusters becomes A · p′ · Mp, which is larger
than that before the light illumination. This mechanism will in turn reduces the
coercive force. Further studies on the effects of light illumination in (In,Mn)As
have revealed that the change in magnetic anisotropy induced by the change in
the number of holes may be another important mechanism which results in a
change in magnetic behavior [77]. Nevertheless, the data shown in Figs 1.10 and
1.11 suggest the feasibility of magnetization reversal with external stimulations
such as light illumination and an external electric field, without changing the ex-
ternal magnetic field. Indeed, electrical-field-assisted magnetization reversal was
demonstrated after the light-illumination experiments by using gate-controlled
(In,Mn)As devices [78]. Being opposite from the trend shown in Fig. 1.11, a grad-
ual increase in coercive force was observed on increasing the negative gate bias.
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1.4 Photo-induced magnetization rotation effect of spin injection

As discussed in Section 1.2, ferromagnetism in (In,Mn)As and (Ga,Mn)As is re-
alized by the fact that holes are shared by the Mn acceptor states (hole-mediated
ferromagnetism). Hole-spin and Mn-spin subsystems are coupled by the p-d ex-
change interaction, and both subsystems are spin polarized. Alteration of either
of these two subsystems is expected to cause significant influence on the counter-
subsystem, giving ways to manipulate spins by external stimulations. In the pre-
vious section, we have seen the cause and effect in such a magnetically coupled
system in the case of the optical injection of hole-charges. In this section, we
turn our attention to the effect brought by the optical injection of hole spins.
The injection can be achieved by adequate interband optical excitation, and the
most fundamental question in this situation is to what extent the injected car-
rier spins can influence the ferromagnetically coupled local spin subsystem or
the coupled spin system.

In zincblende semiconductors, illumination with circularly polarized light
generates non-equilibrium spin polarized electrons and holes in the conduction
and valence bands, respectively [79] (Fig. 1.13). The magnitude of polarization is
50% in principle. Pioneering work was carried out in the 1980s for paramagnetic
II-VI-based diluted magnetic semiconductors (II-VI-DMS) (Hg,Mn)Te [4, 5] and
(Cd,Mn)Te [6, 80, 81]. It has been shown through the band-to-band excitation
by circularly polarized light that the orientation of local spins can be changed
and causes photo-induced magnetization. The observed changes in magnetization
have been explained in terms of the effective field by spin-polarized electrons for
(Hg,Mn)Te, and magnetic polaron formation for (Cd,Mn)Te. Dynamical studies
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on polaron formation have been carried out in II-VI-DMS by time-resolved lumi-
nescence, magnetization and Faraday rotation measurements [6,80–83]. Through
these studies, researchers have recognized that one of the most interesting ques-
tions is to ask whether the energy and angular momentum given by the optical
excitation to an electron system are first absorbed by the lattice system and then
partially given to the spin system, or can they be directly transferred to the spin
system without making a detour via the lattice system. This question also stands
for III-V-MAS, even more so, since, in contrast to the paramagnetic II-VI-DMS,
III-V-MAS inherently has a direct communication path (via the spin-selective
acceptor states) between the electron and spin systems. Another motivation,
which comes from the device application point of view, is to develop knowledge
for the manipulation of magnetization without the use of an external magnetic
field.

The experiment to find answers to these questions was first carried out by
the cw-excitation of ferromagnetic p-(Ga,Mn)As with circularly polarized light
without an external magnetic field [84]. The experimental configuration and de-
tection principle are shown schematically in Fig. 1.14. The sample used for the
experiment was a ferromagnetic, p-(Ga,Mn)As single layer grown on a GaAs(100)
substrate by molecular beam epitaxy at the substrate temperature of 250 ◦C. The
magnetization axis of the sample lies in the sample plane due to the compres-
sive strain induced by a slight lattice mismatch between (Ga,Mn)As and GaAs
[8,9,14–17]. Reflecting the nature of hole-mediated ferromagnetism (Fig. 1.2), the
axis of hole spin, as well as that of magnetization, lies in the (100) plane in the
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Fig. 1.14. Hall resistance in a (Ga,Mn)As layer of low Mn content (a), (b),
together with schematic illustration of experimental setup (c). The Mn con-
tent and Curie temperature of a (Ga,Mn)As epitaxial layer is x = 0.011 and
Tc ∼ 30K [84]. The Hole concentration is inferred to be around 1020 cm−3 or
lower, referring to the electrical transport data of representative (Ga,Mn)As
with similar Mn content [86]. The range of excitation wavelength was from
685 nm to 1064 nm. The positive magnetic flux is defined as the flux which
is parallel to the propagation direction of light (the Faraday configuration).
This gives rise to the observation of a positive Hall voltage VH for a p-type
sample.

dark. This situation does not yield a Hall electromotive force of both normal and
anomalous origin without external magnetic fields. When the circularly polarized
light of clockwise rotation (σ+) with appropriate photon energy is illuminated
normal to the sample plane, spin-polarized electrons and heavy holes with their
spin axes being antiparallel and parallel, respectively, to the direction of light
propagation are generated. Note that the spin axes of photogenerated carriers
are orthogonal to those of hole spins and Mn spins existing in the (Ga,Mn)As
layer. The effect induced by the optical spin injection was detected electronically
by the Hall effect using the van der Pauw configuration. For example, induce-
ment of the perpendicular magnetization component is expected to be picked up
through the anomalous Hall effect [85]. Photoconductivity was also measured to
monitor the amount of photogenerated carriers.

Figure 1.15 shows, from the top panel, the change in Hall resistance, sheet
resistance, and the magnified Hall resistance data around the vicinity of the
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zero Hall resistance. No external magnetic field was applied to the sample. Re-
flecting the in-plane magnetic anisotropy, there is no noticeable remanent Hall
component along the direction normal to the sample plane at zero magnetic field
(inset of Fig. 1.15). When circularly polarized light is illuminated, the RHall ex-
hibits a non-zero value whose sign is altered with the direction of chirality of the
circularly polarized light. The sample resistance Rsheet reduces because of photo-
conductivity whose magnitude does not depend on the chirality of the excitation
light. As seen in the lowest panel having a magnified vertical scale, RHall does
not return to its original value when the excitation light is turned off, leaving
a small residual component whose sign is the same as that during the optical
excitation. The magnitude of the residual component is estimated to be less than
0.1% of the saturation magnetization. As a whole, the observed results indicate
that perpendicular magnetization is induced by illumination with circularly po-
larized light. Let us now check several points to understand this phenomenon in
more detail.

Judging from the sign of the Hall voltage, the induced perpendicular compo-
nent is pointing downward (from the top surface to the bottom substrate) when
the chirality of the incident light is σ+. On the other hand, as shown schemat-
ically in Fig. 1.13, the excitation with the σ+ light yields electrons and holes
whose spin axes are respectively antiparallel and parallel to the direction of light
propagation. Putting these two facts together, one obtains the relation that the
direction of induced magnetization is parallel to the spin axis of photogenerated
holes. This is qualitatively consistent with the relation shown schematically in
Fig. 1.2 for hole-mediated ferromagnetism. Assuming that the induced magnetic
component can be summed up with the already existing in-plane magnetization,
we are able to regard the observed phenomenon as the rotation of magnetization
as a consequence of optical excitation with circular polarized light. It should be
noted that the observed Hall voltage is not due to the circular photogalvanic
effect reported earlier for p-doped (100)-oriented GaAs multiple quantum well
structures. This effect is supposed to appear only along [11̄0] in zincblende crys-
tals [87], whereas in our experiments, the electromotive force is observed along
the 〈100〉 crystallographic direction.

The magnitude of the induced-magnetization δM reaches about 15% (2 mT)
of the saturation magnetization at the excitation power of 600mW/cm2. This
δM value corresponds to NMn = 4 × 1019 cm−3 (SMn = 5/2) in terms of the
number of Mn ions, which is 104–105 times larger than that reported in the
(Hg,Mn)Te system (Fig. 1.13, right). In the case of paramagnetic (Hg,Mn)Te, the
magnitude of induced magnetization was explained successfully in terms of the
effective magnetic field Hph given by the spin-polarized photogenerated carriers;
electrons in the case of (Hg,Mn)Te! If we simply adopt this mechanism for ferro-
magnetic (Ga,Mn)As, Hph of 20–40mT is required to realize the observed change
in magnetization (2 mT) according to the M -H curve (right panel in Fig. 1.15).
This value is far from the estimated value of Hph ∼ 10−5–10−3 mT based on
Eq. (15) in Ref. [4, 5] with the numbers of photogenerated carriers of n = 1011–
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Fig. 1.15. Changes in Hall resistance RHall (upper and bottom) and sheet re-
sistance Rsheet (middle) at 4.2 K for a 20-nm Ga0.989Mn0.011As/GaAs(100)
sample with in-plane magnetic anisotropy under light illumination with dif-
ferent chirality of incident light [84]. No external magnetic field was applied.
Wavelength and power of the excitation light were 785 nm and 600 mW/cm2,
respectively. The inset shows the magnetization hysteresis curve extracted
from the AHE measurements.

1012 cm−3 with N0α = 0.5 eV, and p = 1011–1013 cm−3 with N0β = −1.2 eV.
It becomes clear that the effect of optical spin injection in ferromagnetic III-V-
MAS is quantitatively different from that in pramagnetic II-VI-DMS. In other
words, the observed results suggest that the conservation of angular momentum
is broken between excitation light and resultant δM . Some non-linear mechanism
should be introduced, and one possible mechanism to account for this problem
may be the dynamic polarization via the direct spin-flip scattering between ef-
fective mass carriers (electronic system) and localized magnetic moments (spin
system). This mechanism was considered to be less important in II-VI-DMS. In
ferromagnetic III-V semiconductors, however, this mechanism may become im-
portant since the Mn spin system and carrier charge/spin system are strongly
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photon energy on photo-induced magnetization δM at 4.2 K for a
Ga0.989Mn0.011As/GaAs sample. σ+ polarized light was used for the exci-
tation. No external magnetic field was applied to the sample (after Ref. [84]).

coupled to each other. We extend our discussion of this problem in Section 1.5,
incorporating the examination of the influence of ferromagnetic domains on the
observed light-induced magnetization rotation.

The dependencies of the excitation power P and excitation photon energy
on the photo-induced magnetization δM is shown in Figs 1.16(a) and (b), re-
spectively, for excitation with σ+ polarized light. The former experiment was
taken at excitation photon energy of 1.51 eV whereas the latter experiment was
carried out at P = 600 mW/cm2. An almost linear increase is observed with
increasing the P value up to around 500 mW/cm2 beyond which the change in
δM per unit excitation power tends to be reduced because of the contribution
of light-induced heating. The absence of the threshold power for the onset of
δM suggests that the observed light-induced magnetization rotation does not
involve the storage of energy which is necessary in critical phenomena. Turning
to the excitation spectrum, the δM value is negligibly small when the excitation
photon energy is smaller than the band-gap energy Eg (∼ 1.5 eV) of (Ga,Mn)As
which is eventually very close to that of GaAs at x ∼ 0.01. When the photon
energy is increased and becomes higher than the Eg value, δM increases steeply
and shows a maximum value at around 1.51 eV. The δM decreases sharply with
further increasing the photon energy. The excitation spectrum clearly indicates
that the interband excitation is responsible for the observed change in magne-
tization. On the other hand, the sharp feature around the band edge suggests
either the loss of spin polarization for the optical excitation which is off from
the center of the Brillouin zone or the contribution of the split-off states formed
near the top of the valence band.

Another important clue indicating that the observed light induced effect is of
magnetic origin is the memorization effect which we have already seen in the low-
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est panel of Fig. 1.15. RHall does not return to its original value in the dark after
the excitation light is turned off, yielding a small amount of residual resistance
whose sign is the same as that during the excitation. The observed memoriza-
tion effect does not occur when the experiment is done under the application of
a sufficiently strong perpendicular magnetic field at which magnetization almost
saturates [88]. Under this condition, the sample is magnetically nearly homo-
geneous in the dark so that the collectively rotated Mn moments are forced to
return back to the original homogeneous state when the light is turned off. Based
on this observation, we reach the conclusion that the memorization effect is the
remnant of the photo-induced perpendicular magnetization component that is
stabilized presumably in the form of small perpendicular ferromagnetic domains
imbedded in the in-plane ferromagnetic domains. The origin of nucleation sites
is not well understood at the present stage.

On the basis of the observed experimental results, one would be able to expect
the rotation or reversal of the magnetization by the electrical injection of spin-
polarized carriers in III-V-MAS. Current-induced switching of magnetization,
a method that may lead us to the elimination of an external magnetic field
to control magnetization orientation, is an important research subject for both
fundamental and application points of view in the field of magnetism in magnetic
materials. Experimentally, in magnetic metal multilayer structures [89, 90], a
large amount of spin-polarized carriers of the order of 107 A/cm2 or higher, have
been found necessary for the switching. By using the non-linear effect found in
III-V-MAS, the electrical control of magnetization orientation may be realized
with a spin-polarized current that is substantially lower than that in metallic
systems. This problem is discussed in Section 1.6.

1.5 Spin dynamics

The discovery of magnetization rotation induced by optical excitation with cir-
cularly polarized light has addressed various interesting questions that were not
clearly recognized in the study of paramagnetic II-VI-DMS. In particular, the
magnitude of the relatively large perpendicular magnetization component δM
cannot be explained by the generation of an effective magnetic field due to the
photogenerated spin-polarized electrons and holes. Some non-linear mechanism
should be introduced to account for the observed phenomenon. The role of fer-
romagnetic domains should also be clarified. Regardless of these questions, we
should pursue the microscopic picture as to whether the conservation of angular
momentum is broken between excitation light and resultant δM or not. We now
look into the dynamic behavior of the optical excitation with all these questions
in mind.

The dynamics of photo-induced perpendicular magnetization was studied by
carefully comparing the temporal profile of the photo-induced polar Kerr ro-
tation with that of the photo-induced reflectivity change [91]. The polar Kerr
rotation signal consists of the perpendicular spin components originating from
the optically injected spin polarized carriers and Mn spins whose orientation is
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Fig. 1.17. Schematic illustration of the relation between the polar Kerr effect
and the orientation of magnetization with and without an excitation light
pulse. k, M , and θKerr represent light propagation vector, magnetization,
and angle of polar Kerr rotation, respectively. (b) Simplified illustration of
density-of-states (DOS) of the spin-polarized valence band incorporating the
spin quantum axis. Spins pointing towards the (x-y) and z directions are
depicted by two horizontal axes which are orthogonal to each other. The
DOS in the spin-plane A shows that carrier spins are aligned in the (x-y)
plane (after Ref. [91]).

changed by hole spins. Therefore, the contribution of these components should
be evaluated rigorously to study the spin dynamics of Mn spins. For this reason,
the data obtained from the temporal polar Kerr rotation were carefully com-
pared with the temporal change in reflectivity which gives information as to the
lifetime of photogenerated carriers.

The cause and effect between the optical excitation and the resultant magneto-
optical Kerr rotation is as follows. Before the excitation without an external mag-
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netic field, the axis of magnetization of magnetic domains is in the sample plane,
either in the virgin state or after full saturation, due to the in-plane magnetic
anisotropy caused by the lattice mismatch between a (Ga,Mn)As layer and a sub-
strate [8, 9, 14–17]. Reflecting the hole-mediated ferromagnetism, the spin-split
density of states (DOS) of the valence band is expressed by two half-parabolas in
the spin plane ‘A’ whose spin quantum axes are along |Sx,y ;±1/2〉 (Fig. 1.17b).
The magnitude of the splitting is given by the exchange-split energy ∆E. Here,
we neglect the orbital angular momentum L of the holes for simplicity. Linearly
polarized probing light reflected normal from the sample surface only exhibits
a small longitudinal/transverse Kerr rotation. Through the band-to-band exci-
tation by the circularly polarized light impinged normal to the sample plane,
spin-polarized electrons and heavy holes are selectively generated [79] with spin
quantum axes perpendicular to the sample plane |Sz ;±1/2〉. This is followed by
the transfer of angular momentum and excitation energy from the photogen-
erated carriers to the host electron system (the plane A) and to the Mn spin
system, resulting in the rotation of the spin plane from A to A′. Temporal polar
Kerr rotation signals will be observed during the rotation and recovery processes
of the spin plane, in which the magnitude and response speed depend on the
mechanism of the transfer of angular momentum and excitation energy. Partici-
pation of magnetic domains can also be elucidated since dynamics of domains are
usually accompanied by characteristic dinging [92]. Photogenerated carrier spins
themselves also give an additional polar Kerr rotation signal whose contribution
should be separated from that due to magnetization rotation. This is the rea-
son why time-resolved Kerr rotation (TRKR) data should be carefully compared
with photo-induced temporal changes in reflectivity (∆R/R) at the temperatures
below and above the Curie temperature Tc. Actual experiments were carried out
by the pump-and-probe technique using a cw mode-locked Ti:Sapphire laser with
the same pump and probe photon energy. The change in the rotation angle was
measured by a polarization-sensitive optical bridge technique with an accuracy
of 10−4 deg. As to photo-induced reflectivity change, polarization of both pump
and probe pulses was in the linear regime.

The temporal profiles of light-induced Kerr rotation obtained by the above
mentioned technique are summarized in Fig. 1.18 for two different ferromagnetic
(Ga,Mn)As samples. As shown in the upper part of Fig. 1.18, the Kerr rotation
signal rises very abruptly within the pulse width of 170 fsec and decays within
100 psec. The profile is symmetric with respect to the chirality of a circular po-
larized pump pulse, which is qualitatively consistent with the experimental data
obtained by cw excitation [84]. In the lower part of the figure, the temporal
profile of Kerr rotation is plotted in a semilogarithmic scale and compared with
that of the reflectivity change. With this procedure, we are able to clearly notice
the presence of two different components which follow two exponential curves
A1 exp(−t/τ1) and A1 exp(−t/τ2) with different time constants τ1 = 13 ± 1ps
and τ2 = 54 ± 1 ps, respectively. This indicates that two independent excita-
tions/relaxations take place by optical pumping. The τ1 value coincides with
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Fig. 1.18. Temporal profiles of TRKR together with the temporal change in
reflectivity for the x = 0.011 sample (Tc = 35K) in the ferromagnetic (20K)
regime (after Ref. [91]). The inset shows TRKR data for the x = 0.068
sample (Tc = 90K). In both samples, the second component appears below
their Curie temperature (Ref. [85]). The photon energy is 1.579 eV for both
pump and probe pulses. The duration and repetition of pulses were 120 fs and
78MHz, respectively. The intensity of the circularly polarized excitation pulse
was 3×1012 photons/pulse/cm2, whereas that of the linearly polarized probe
pulse was fixed at 1×1011 photons/pulse/cm2. Hole concentration is inferred
to be 1020 cm−3 or lower for the x = 0.011 sample and around 1020 cm−3 for
the x = 0.068 sample, referring to the existing carrier transport data for the
representative samples [86].

that of the single-exponential decay profile of the reflectivity which is governed
by the trapping of photogenerated electron spins [93–95]. The second component
represented by the relatively long decay time constant τ2 can be attributed to
the behavior of magnetic origin, because it develops at the Curie temperature or
lower, as shown in Fig. 1.19. This component is inferred to be the perpendicular
component induced by the illumination of circularly polarized light. It is very



Optical phenomena in magnetic semiconductors 27

I0

x

x

Fig. 1.19. Various decay time constants extracted from TRKR and ∆R/R pro-
files plotted at different temperatures for the x = 0.011 sample. TRKR data
were analyzed by both single-exponential and bi-exponential fits, whereas
∆R/R data were analyzed by the single-exponential fit. The inset shows
the dependence of the decay time constant on the excitation power (after
Ref. [91]).

striking that inducement of the perpendicular magnetization component occurs
very fast, being comparable to the pumping pulse width (170 fsec). It should also
be noted that the fast trapping process of spin-polarized electrons suggests that
the lifetime of photogenerated holes is rather long.

As shown in the inset, similar behavior can be observed in the sample with
different Mn contents x = 0.068 (p � 1020 cm−3, Tc = 90K). This fact suggests
that the critical sample conditions, such as critical x and p, are not required
for the inducement of perpendicular magnetization. Another important insight
is that the trapping of carrier spins is not responsible for the observed mag-
netization rotation. In studies of the traditional ferromagnetic semiconductors
[1, 2], elongation of the spin lifetime by trapping centers was discussed as one
of the effective ways to utilize the angular momentum of light. The data shown
in Fig. 1.18 suggest that the trapping process is remote because of the ultrafast
rising behavior.

There are two different pictures to account for the inducement and relaxation
of the perpendicular magnetization component. The first picture is the descrip-
tion based on the effective magnetic field that works on the ferromagnetically
coupled Mn spins. In this picture, which was used when the effect of circularly
polarized light was reported for the first time [84, 91], the inducement of the
perpendicular magnetization component has been viewed as a consequence of
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rotation of magnetization due to the impulsive effective magnetic field caused by
the spin polarized holes through the p-d exchange interaction. The relaxation of
rotated magnetization was viewed as the transverse spin relaxation by the built-
in effective field originating from the in-plane magnetic anisotropy [91]. The lack
of precessional motion during the recovery process was explained in terms of a
strong damping in this picture. The absence of the oscillatory behavior also sug-
gests that the contribution of signals coming from the formation and relaxation
of out-of-plane magnetic domains is negligibly small.

The second picture has became clearer very recently when the optical in-
ducement of the effective magnetic field in the sample plane and subsequent
precessional motion of ferromagnetically coupled Mn spins was found [96]. In
this picture, the inducement of the perpendicular magnetization component δM
is regarded as the optical excitation of electron-spin coupled system. In other
words, δM is not explained in terms of magnetization rotation due to the ef-
fective magnetic field, but is described as the excitation involving the dynamic
polarization via the direct spin-flip scattering between carriers and localized mag-
netic moments. During this event, a hole-Mn spin complex whose overall spin
axis is off from the in-plane direction is formed. A non-linear mechanism involv-
ing the breakdown of the conservation of angular momentum between excitation
light and resultant δM may be anticipated in this mechanism [83]. The relax-
ation of this excitation is the relaxation of angular momentum and energy into
the cold (equilibrium) hole-Mn system (plane A in Fig. 1.17). This picture does
not require the effective magnetic field to recover the equilibrium, and explains
fairly well the absence of the oscillatory behavior in the TRKR data. From the
data shown in Fig. 1.18, the angle of Kerr rotation at time zero is found to be
3×10−3 deg., from which the canting angle of magnetization with respect to the
sample plane is estimated to be 0.3 deg. On the other hand, the canting angle of
the spin axis of the valence band is estimated to be 3×1016/1020 = 3×10−4 deg.
These analyses lead us to infer that about one hundred Mn spins are excited by
the injection of one hole spin on average.

While the elucidation of the optical excitation with circular polarized light
is still an on-going research subject, it is clear that this subject contains rich
physics that were not accessible by ferromagnetic metals and paramagnetic II-
VI-based diluted magnetic semiconductors. The study of spin dynamics with an
external magnetic field will further shed light on this interesting subject. The
relaxation of the induced perpendicular magnetization is found to become faster
by the application of an in-plane magnetic field, and it eventually vanishes at the
field around µ0H = 1.5 T, as shown in Fig. 1.20. It has also been found that the
response time of the spin system becomes rather slow when (Ga,Mn)As is excited
by a stronger excitation pulse under a perpendicular magnetic field [97]. This
behavior has been explained in terms of the demagnetization and its recovery
via phonons in a half-metal in which spin-flip event is suppressed because the
density-of-states of only one spin polarity is available [97]. Modification of the
electronic structure with a heterojunction and low-dimensional structures would
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Fig. 1.20. TRKR data obtained from the x = 0.011 sample under different
external magnetic fields. The field was applied in the sample plane, along the
hard magnetic axis of [110]. (By courtesy of A. Oiwa.)

also be another interesting approach to study the spin dynamics of hole-mediated
ferromagnetic systems [23, 98].

1.6 Possible applications

Spin-related phenomena in semiconductor-based materials and structures will
find places for applications when the phenomena can be viewed either as novel
functionality that cannot be realized by magnetic metals or semiconductors. The
system of low carrier concentration and small magnetization are the two major
differences which distinguish magnetic semiconductors from magnetic metals.
The advantage of low carrier concentration is the ease in electrical manipulation
and the accessibility to optical excitation across the band gap, whereas the small
magnetization reduces the energy required to manipulate the magnetization. In
the dilute limit, or even without magnetic impurities, local magnetic moments
and free carriers manifest the feature of spins with which novel functionality can
also be expected. The drawback of the relatively low numbers of carrier spins
and local spins is the relatively weak spin exchange interaction between the two,
as exemplified by the relatively low Curie temperature of hole-mediated ferro-
magnetism (Section 1.2.2). However, room temperature ferromagnetism seems
feasible if one can overcome the problem associated with controlling the occupa-
tion site in which magnetic ions are incorporated. Hybrid structures consisting
of semiconductors and ferromagnetic semiconductors/metals may also become
one of the solutions to circumvent this problem. Up to now, various interesting
electronic and opto-electronic devices have been proposed and tested in various
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laboratories and universities with ferromagnetic semiconductors, hybrid struc-
tures, and non-magnetic semiconductor nanostructures; for example, electrically
switchable ferromagnets [78], unipolar and bipolar spin-diodes and transistors
[99, 100], spin-MOSFETs [101], ultrafast all-optical switches [102], spin-LED
[103], spin photodetectors (spin-PD) [104], and a laser integrated in one body
with an optical isolator [105]. Quantum manipulation of spins in semiconductor-
based structures has also been proposed and has been under investigation experi-
mentally [106]. In the following, three examples associated with the application of
ferromagnetic semiconductors and spin-dependent optical transitions are given.
These are (1) magnetization reversal in a (Ga,Mn)As thin film by electrical spin
injection, (2) circularly polarized light emitters, and (3) circularly polarized light
detectors.

1.6.1 Magnetization reversal by electrical spin injection

Current-induced switching of magnetization, the method that may lead us to the
elimination of an external magnetic field to control magnetization orientation, is
one of the important and interesting research subjects from both fundamental
and application points of view. In magnetic metal multilayer structures [89, 90],
a large number of spin-polarized carriers of the order of 107 A/cm2 or higher,
has been found necessary for switching the magnetization. Taking advantage of
the small magnetization of III-V-MAS, one may be able to realize magnetization
reversal by a spin-polarized current that is substantially lower than that needed
for metallic systems. Furthermore, on the basis of the non-linear effect found
in optically induced perpendicular magnetization, one would be able to further
reduce the amount of current needed to reverse the magnetization.

As can be found in other chapters in this book, magnetization reversal by
electrical spin injection has been studied primarily in the metallic trilayer struc-
ture consisting of ferromagnet metal (FM-I)/non-magnetic metal/ferromagnet
metal (FM-II) in which the spin injection from one FM layer to another re-
sults in the change in the relative configuration of the in-plane magnetization
between parallel and antiparallel. The spin transfer torque brought about by the
injected spin-polarized carriers is the mechanism for the magnetization reversal
[107]. The investigation using a III-V-based ferromagnetic semiconductor has
been carried out in the (Ga,Mn)As/AlAs/(Ga,Mn)As trilayer structure [108] as
well as the (Ga,Mn)As/GaAs/(Ga,Mn)As trilayer structure [109]. In both cases,
the non-magnetic layer works as a tunneling barrier rather than an electrically
conductive region, which, by itself, addresses a new problem of whether magne-
tization reversal by the tunneling process is possible or not.

In both experiments, a change in relative magnetization configuration induced
by the spin-polarized current was detected by the change in device resistance with
the current-perpendicular-to-plane (CPP) configuration. Here in this section,
we will review the experiment done by using the (Ga,Mn)As/AlAs/(Ga,Mn)As
trilayer structure prepared by molecular beam epitaxy (MBE) on Zn-doped p+-
GaAs (100) substrates. As seen in Fig. 1.21, the thicknesses and Mn contents of
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Fig. 1.21. Hysteretic tunneling magnetoresistance (TMR) curves of the
(Ga,Mn)As/AlAs/(Ga,Mn)As trilayer tunneling diode processed in the mesa
structures of 1µm in the diameter [108] (after Physica E 25, 160 (2004)).
Different TMR curves are obtained depending on the magnitude and direc-
tion of the current. Arrows in the (Ga,Mn)As layers indicate the direction of
magnetization. The upper figure shows a top view image of the 1-µm device
taken by scanning electron microscopy.

top and bottom (Ga,Mn)As layers were 30 and 8 nm, and x = 0.04 and 0.05,
respectively, in order to distinguish each layer magnetically by the difference in
the coercive force. The thickness of the AlAs layer is 1.8 nm. Magnetization of
the thinner (Ga,Mn)As is expected to be reversed with a smaller amount of spin-
injected carriers as compared with that needed for the thicker layer. Micron-size
mesa structures were used for the experiment. A top-view image of the device
taken by scanning electron microscopy is shown in the upper part of Fig. 1.21.

Experiments were carried out as follows at 10K. A high magnetic field was
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first applied to yield a parallel configuration (point a in Fig. 1.21). Then, the field
was swept down to −20mT at which the antiparallel configuration was realized,
and the device was in the high-resistance state (point b). This was followed by
the application of positive or negative DC current for 1 sec with a current density
of 1 × 106 A/cm2. The resistance is supposed to decrease if the effect of spin-
induced magnetization reversal is sufficiently large. Finally, magnetoresistance
curves were measured to investigate the relative magnetic configuration in more
detail.

Figure 1.21 shows the magnetoresistance (MR) curves obtained by the ex-
periments. The reference experiment was carried out by heat-cycling the sample
between 10 and 20 K without current. It is clearly seen that the resistance ob-
tained after the application of negative current coincides with that produced
by the reference experiment (point c). Both magnetoresistance curves (curve B
and R) also coincide fairly well to each other. On the other hand, the resistance
obtained after the positive current (point d) shows further reduction with re-
spect to the value at the point c, which is believed to be due to the occurrence
of magnetization reversal induced by electrical spin injection. The difference in
resistance between the point c and d corresponds to the magnetization reversal
of about 25% with respect to the complete antiparallel configuration. Magneti-
zation reversal presumably took place in the form of magnetic domains.

Detail analysis of the I-V characteristics reveals that about 90% of the cur-
rent is attributed to the leak current which is not spin polarized. Within the
limit of this analysis, partial magnetization reversal is achieved with the spin-
polarized tunneling current of the order of 105 A/cm2. The study using the
(Ga,Mn)As/GaAs/(Ga,Mn)As trilayer structure has also concluded that mag-
netization reversal with the current of the order of 105 A/cm2 is possible. The
current of 105 A/cm2 is obviously smaller than that in the metallic system. This
value can probably be understood in the framework of the spin transfer mecha-
nism [107]. The non-linear effect, which is supposed to reduce the current, has
not been observed in the electrical spin injection experiment up to now.

1.6.2 Circularly polarized light emitters and detector

A combination of spin-dependent optical transition and spin-dependent carrier
transport will produce unique optical devices that generate and detect the opti-
cal polarization. Let us consider circular dichroism (CD) measurements, one of
the conventional optical characterization methods to analyze physical and chem-
ical properties of various kinds of materials. In general, the CD measurement
requires an instrument that modulates the chirality of the circular polarization;
for example, a Polaroid-film rotator and a photo-elastic modulator. If the polar-
ization of the light source can be modulated directly without using the external
device, the CD measurement can be simplified significantly. Fast modification of
polarization in the light source, when it is paired with a polarization detector
whose detection speed is comparable to the modulation frequency, will give an
opportunity to not only enhance the performance of the CD measurement in
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Fig. 1.22. (Left) conduction and valence band edge profiles of the spin-LED
consisting of Fe/AlGaAs/GaAs-QW/AlGaAs, and (Right) electrolumines-
cence spectra of the spin-LED under different magnetic fields (after
Ref. [103]). Here, an external perpendicular magnetic field was applied in
order to rotate the magnetization of a ferromagnet electrode from in-plane
to out-of-plane to realize the Faraday configuration in which spin axis and
optical orientation is either parallel or antiparallel.

the fast time domain, but also yield new applications for laboratory/industry
uses, in the areas of chemistry, physics, and biology, as well as pharmacy, image
recognition, and optical data communication. Devices and systems that deal not
only with circularly polarized light but also with s- and p-linearly polarized light
will even expand the frontier of novel applications. At present, these devices are
the devices of the future, and the research to propose and test their working
principles has just started.

Towards the realization of a circularly polarized light source having the func-
tionality of switching the chirality of the polarization, a light-emitting diode com-
bined with an electrode in which carriers are spin-polarized (the so-called spin-
LED) is a candidate semiconductor device. As shown schematically in Fig. 1.22,
spin-polarized carriers, electrons in this case, are injected from a ferromagnet
electrode into an n-type region of a non-magnetic semiconductor. These elec-
trons are transported to the optically active region, a quantum well structure in
this case, and recombine radiatively there with holes supplied from the p-type
region. Because of the optical selection rule (Fig. 1.13), the emission is accompa-
nied with circular polarization; the σ+ light for the transition between the states
| − 1/2〉CB and |− 3/2〉VB and the σ− light for the transition between the states
| + 1/2〉CB and | + 3/2〉VB. In the quantum well, degeneracy between the light-
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and the heavy-hole states is broken, so that the transition associated with the
light-hole states | ± 1/2〉VB is not energetically favorable. Circular polarization
of 100% is theoretically expected in the spin-LED imbedded with the quantum
well if carriers in the well are 100% spin polarized.

The spin-LED, when it was invented for the first time [110,111], aimed at the
demonstration of spin injection into a non-magnetic semiconductor layer from
either a ferromagnetic or paramagnetic semiconductor. The quantum wells were
regarded as an optical detector that could analyze the magnitude of spin polar-
ization of injected carriers at the point of recombination. These works have been
extended to the study of spin injection from a ferromagnetic metal electrode into
non-magnetic semiconductor structures [103], through which researchers have
found that efficient spin injection is possible across the metal and semiconductor
interface through the tunneling barrier, as shown in the left panel of Fig. 1.22.
Here, the magnitude of circular polarization is about 30% at 4.5 K. The polar-
ization value decreases with increasing the temperature, in the range 5–10% at
100–250K. This fact indicates the presence of a temperature-dependent spin re-
laxation process in the spin injection at the metal/semiconductor interface, in
the spin transport process across the n-type region, as well as in the quantum
well during the energy relaxation before the recombination [112]. The switching
of polarization can be realized by reversing the magnetization direction of the
ferromagnetic electrode. Study of other switching schemes is desired to pursue
the fast modification of circular polarization.

There are presently two different working principles for the photodetector
that has the functionality of converting the polarization of light directly into an
electrical signal (spin photodetector, spin-PD). The first method is to utilize the
perpendicular magnetization component induced by the illumination of circularly
polarized light which was discussed in Sections 1.4 and 1.5. The data shown in
Figs 1.15 and 1.18 already represent the feasibility of direct and fast conversion
of optical polarization into an electrical signal. This functionality comes directly
from the behavior of hole-mediated ferromagnetism in III-V-MAS, so that the
maximum working temperature of the detector is presumably limited by the
Curie temperature which is still less than room temperature but is way higher
than liquid nitrogen temperature. Efforts for device fabrication are strongly de-
sired.

Another interesting approach is to utilize the spin-photovoltaic effect [113,
114] which is based on the difference in the Zeeman splitting of the conduction (or
valence) band between the n- and p-type regions (see the discussion in Chapter
2). This gives rise to the difference in the diffusion potential between the up-
and down-spin carriers across the p-n junction and thus the difference in the
diffusive current between up- and down-spin across the p-n junction, as shown
schematically in Fig. 1.23. One way to realize this situation is to use a pair of
semiconductors whose lattice constants are close to each other, yet the g-factors
are different from each other. Application of an external magnetic field breaks
the spin degeneracy across the junction. When the circularly polarized light is
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Fig. 1.23. Schematic illustration of the band profile of the p-n junction with
external magnetic fields. Reflecting the difference in g-factors for conduction
bands between p and n regions, the diffusion potential splits into spin-up and
spin-down levels by the application of magnetic fields.

irradiated on an n-type region, spin polarized carriers are generated in this region
and diffuse toward the junction at which the diffusion potential is spin dependent.
For one particular spin orientation, the barrier height is low, whereas it is high for
the opposite spin orientation. This gives rise to circularly polarization-dependent
photovoltage and/or photocurrent since the spin orientation of photogenerated
carriers depends on the chirality of the polarization.

Very recently, a photodiode incorporating the p-n heterojunction with a pair
of semiconductors whose g-factors are nearly zero and non-zero for n- and p-
type layers, respectively, was fabricated by molecular beam epitaxy and tested
in the laboratory [104]. It consisted of n-Al0.12Ga0.88As having gCB = 0 and p-
In0.3Ga0.7As having gCB = −1.9. Structure optimization, taking into account the
lattice mismatch, associated critical thickness, the efficiency of light absorption,
the width of the depletion region, as well as the spin diffusion length [115],
resulted in the thicknesses and room-temperature carrier concentrations of p-
type In0.3Ga0.7As and n-type Al0.12Ga0.88As layers being d = 15nm and p =
5×1018 cm−3, and d = 1 nm and n = 3×1017 cm−3, respectively. The photodiode
consisted of a mesa structure having an ohmic contact electrode with an optical
access window of 240µm in diameter. The magnetic-field dependence of the
current-voltage (I-V ) characteristics at 4K has exhibited an increase in current
flow, from which the reduction in the diffusion potential of 0.3 meV was estimated
for the magnetic field of 3 tesla. This value was comparable to the value calculated
on the basis of the Zeeman splitting with ∆gCB = −1.9.

The behavior of the I-V curve under illumination (λ = 785nm) with circular
polarized light was investigated, in which a change in the open-circuit voltage Voc

was observed. Figure 1.24 shows the Voc signal at 4 K measured with changing
the circular polarization between σ+ and σ−. At the field of +3 T, the Voc with
the σ+ polarization is larger than that with the σ− polarization, whereas, at
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Fig. 1.24. Circular polarization dependence of photo-induced open-circuit volt-
age of the n-Al0.12Ga0.88As/p-In0.3Ga0.7As sample (after Ref. [104]). The
data were taken under cw-illumination. Circular polarization was changed
by manually rotating a λ/4 plate. The open-circuit voltage Voc was de-
tected by using the lock-in technique with the optical chopping frequency
of f = 70 Hz. The wavelength and power of the illumination was λ = 785nm
and P = 15mW.

−3 T, the dependence of chirality was reversed. The observed data, although
qualitative at present, are consistent with the photovoltaic effect and are very
encouraging experimental results. Detailed studies concerning the wavelength
and temperature dependencies are desired. Polarization-dependent behavior can
probably be enhanced by using semiconductors with larger g-factors, e.g., III-
Sb-based alloys, or ferromagnetic semiconductors [116].
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2 Bipolar spintronics

Igor Žutić and Jaroslav Fabian

2.1 Preliminaries
2.1.1 Introduction
Spintronics, or spin electronics, involves the study of active control and ma-
nipulation of spin degrees of freedom in solid-state systems [1]. Conventionally,
the term spin stands for either the spin of a single electron, which can be de-
tected by its magnetic moment, or the average spin of an ensemble of electrons,
manifested by magnetization. The control of spin is then a control of either the
population and the phase of the spin of an ensemble of particles, or a coherent
spin manipulation of a single- or a few-spin system.

Bipolar spintronics, typically realized in systems which include semiconduc-
tors, is an emerging subfield of spintronics in which carriers of both polarities
(electrons and holes) are important. In contrast to unipolar spintronics, charac-
teristic for metallic systems, there are large deviations from local charge neutral-
ity and intrinsic non-linearities in the current-voltage characteristics, which are
important even at small applied bias. Together with the ease of manipulating
the minority charge carriers (electrons and holes), these distinguishing features
of bipolar spintronics are suitable for realizing active devices which could amplify
signals and provide an additional degree of control not available in charge-based
electronics. Spin-polarized bipolar transport can be thought of as a generaliza-
tion of its unipolar counterpart. Specifically, spin-polarized unipolar transport
can then be obtained as a limiting case by setting the electron-hole recombina-
tion rate to zero and considering only one type of carrier (either electrons or
holes).

In the first section we present some background material that covers several
important findings of unipolar spintronics which are later contrasted with the
situation relevant for the bipolar case. Spintronic studies typically rely on the
lifting of spin degeneracy in various physical properties. The different behavior
for “spin up” and “spin down” is not limited to ferromagnetic or paramagnetic
materials (in an applied magnetic field) but can also be realized even in non-
magnetic materials with the aid of transport, optical, and resonance methods to
generate non-equilibrium spin polarization. We describe two such methods: op-
tical spin orientation and spin injection, which are further discussed throughout
this book. Spin transport differs from charge transport in that spin is a non-
conserved quantity in solids due to spin-orbit and hyperfine coupling. We focus
on the mechanisms for spin relaxation in semiconductors through which spin re-
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laxes towards equilibrium. Such mechanisms usually involve spin-orbit coupling
to provide the spin-dependent potential, in combination with momentum scat-
tering providing a randomizing force. Typical time scales for spin relaxation in
electronic systems are measured in nanoseconds, while the range is from pico- to
microseconds.

In the second section we develop a theory of bipolar spin-polarized transport
based on drift-diffusion and Poisson equations. We examine the case of spin-
polarized and magnetic p-n junctions to illustrate several novel effects. We then
consider three terminal transistor structures. In particular, we briefly describe a
unipolar spin field effect transistor and discuss in detail our proposal for a mag-
netic bipolar transistor. We conclude this section by presenting possible future
directions.

2.1.2 Concept of spin polarization

Spin polarization not only of electrons, but also of holes, nuclei, and excitations
can be conveniently defined as

PX = Xs/X, (2.1)

the ratio of the difference Xs = Xλ − X−λ and the sum X = Xλ + X−λ, of
the spin-resolved λ components for a particular quantity X. To avoid ambiguity
as to what precisely is meant by spin polarization both the choice of the spin-
resolved components and the relevant physical quantity X need to be specified.
Conventionally, λ is taken to be ↑ or + (numerical value +1) for spin up, ↓ or −
(numerical value −1) for spin down, with respect to the chosen axis of quanti-
zation. For example, the quantization axis can be chosen along the spin angular
momentum, applied magnetic field, magnetization, or direction of light propaga-
tion. For a free electron, the spin angular momentum and magnetic moment are
in opposite directions, and what precisely is denoted by “spin up” varies in the
literature [2].

In ferromagnetic metals it is customary to refer to ↑ (↓) as carriers with
magnetic moment parallel (antiparallel) to the magnetization or, equivalently, as
carriers with majority (minority) spin [4]. In semiconductors the terms majority
and minority usually refer to relative populations of the carriers while ↑ or +
and ↓ or − correspond to the quantum numbers mj with respect to the z-axis
taken along the direction of light propagation or along the applied magnetic
field. It is important to emphasize that both the magnitude and the sign of
the spin polarization in Eq. (2.1) depends of the choice of X, relevant to the
detection technique employed, say optical vs. transport and bulk vs. surface
measurements [2, 5]. Even in the same homogeneous material the measured PX

can vary for different X, and it is crucial to identify which physical quantity–
charge current, carrier density, conductivity, or the density of states–is being
measured experimentally.

The interest in highly spin-polarized materials can be illustrated with the
example of tunneling magnetoresistance (TMR) in a magnetic tunnel junction
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Fig. 2.1. Density of states calculated from first principles for CrO2 . The shaded
area is the Cr d-states contribution. The Fermi level is at 0 where only the
spin majority electrons have non-vanishing density of states. From [3].

(MTJ) consisting of two ferromagnets (F1, F2) separated by an insulator (I).
The tunneling magnetoresistance can be defined as

TMR =
R↑↓ − R↑↑

R↑↑
, (2.2)

where ↑↑ and ↑↓ denote the parallel and antiparallel orientation of magnetizations
in regions F1 and F2 (a detailed discussion of TMR is given in [6–8]). The
difference between R↑↓ and R↑↑ is usually referred to as the spin-valve effect
[9]. A simplified relation between TMR and the spin-polarization of the density
of states [PN = (N↑ − N↓)/(N↑ + N↓), from Eq. (2.1)] can be obtained from
Jullière’s model [10]

TMR =
2PN1PN2

1 − PN1PN2
, (2.3)

suggesting that the highly polarized materials could yield desirably large TMR
values. Materials which have a completely polarized density of states at the
Fermi level (PN = ±1) are also known as half-metals (or half-metallic ferromag-
nets). Near the Fermi level they behave as metals only for one spin. The density
of states vanishes completely for the other spin [11], as illustrated in Fig. 2.1.
Idealized half-metallicity, at T = 0 and in bulk samples, has been predicted in
some oxides (such as, CrO2, Fe3O4, La0.7Sr0.3MnO3, and SrFeMoO6), Heusller
alloys (such as NiMnSb and Ni2MnGa), zincblende ferromagnets (such as MnAs
and CrAs) and ferromagnetic semiconductors (see also Chapter 1 [12–14]. How-
ever, experiments often show substantially lower values of spin polarization than
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what is expected for half-metals. A particular technique, where such a reduc-
tion of measured spin polarization has been extensively explored, uses transport
properties in ferromagnet/superconductor junctions and the process of Andreev
reflection [15–21]. This topic is further discussed in Chapter 9. The absence of
predicted half-metalicity at finite temperatures was attributed to the presence
of magnons and phonons, while spin-orbit effects, surfaces, interfaces, various
inhomogeneities and defects could reduce a complete spin polarization even at
zero temperature [22]. Interestingly, a deviation from the idealized situation of
T=0 and bulk material can also yield an increase of effective spin polarization.
Important experiments, discussed further in Chapter 6, have shown that TMR
can be increased several times by merely replacing a non-magnetic tunnel barrier
(aluminum oxide was replaced by magnesium oxide) [23]. Even with conventional
ferromagnetic electrodes (CoFe) extraordinarily large values of TMR (> 200% at
room temperature) can be achieved. These considerations show that an effective
spin polarization used to interpret TMR values from Eq. (2.3) is not an intrinsic
bulk property of the F region.

Ferromagnetism in semiconductors, discussed in detail in Chapter 1, has some
intriguing implications on the concept of spin polarization. The first direct mea-
surement of spin polarization in these materials was realized in a superconducting
junction with (Ga,Mn)As [24], following a similar theoretical proposal [25] that
the spin polarization of a ferromagnetic semiconductor will strongly influence the
process of Andreev reflection and low bias conductance in such junctions. There
is a wide range of ferromagnetic semiconductors, including for example, II-VI
(Zn,Cr)Te [26] and chalcopyrite materials [14,27,28], in which room-temperature
ferromagnetism has been reported. However, the carrier-mediated nature of fer-
romagnetism, which allows novel means to manipulate equilibrium spin polariza-
tion, has most extensively been studied in the (III,Mn)V family. A change in the
number of carriers which can be realized optically (illumination by laser) [29–31]
or electrically (by applying a gate voltage) [31–33] could turn the ferromagnetism
on and off and provide a net carrier spin polarization.

2.1.3 Optical spin orientation

The generation of non-equilibrium spin polarization can be realized by optical
methods known as optical orientation or optical pumping. This technique, fre-
quently used in semiconductors, is derived from optical pumping proposed by
Kastler [34] in which optical irradiation changes the relative populations within
the Zeeman and the hyperfine levels of the ground states of atoms. In opti-
cal orientation, the angular momentum of absorbed circularly polarized light is
transferred to the medium. Electron orbital momenta are directly oriented by
light and through the spin-orbit interaction electron spins become polarized. The
demonstration of optical orientation in semiconductors was first realized in sili-
con by Lampel [35]. Polarized carriers in a direct band-gap semiconductor can be
simply detected by observing circularly polarized light created by recombination
of electrons and holes. However, an indirect band gap in Si precludes this ap-
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Fig. 2.2. Interband transitions in GaAs: (a) schematic band structure of GaAs
near the center of the Brillouin zone (Γ point), where Eg is the band gap and
∆so is the spin-orbit splitting; CB, conduction band; HH, valence heavy hole;
LH, light hole; SO, spin-orbit-split-off subbands; Γ6,7,8 are the corresponding
symmetries at the k = 0 point; (b) Selection rules for interband transitions
between mj sublevels for circularly polarized light σ+ and σ− (positive and
negative helicity). The circled numbers denote the relative transition inten-
sities that apply for both excitations (depicted by the arrows) and radiative
recombinations; (c) Interband transitions in a quantum well where the HH
and LH degeneracy is lifted by quantum confinement.

proach and optical orientation of electrons was inferred using nuclear magnetic
resonance since through hyperfine interaction polarized carriers also induce po-
larization of nuclei.

In a semiconductor the photo-excited spin-polarized electrons and holes exist
for a time τ before they recombine. If a fraction of the carriers’ initial orientation
survives longer than the recombination time, that is, if τ < τs, where τs is the spin
relaxation time (see Section 2.1.5), the luminescence (recombination radiation)
will be partially polarized. By measuring the circular polarization of the lumi-
nescence it is possible to study the spin dynamics of the non-equilibrium carriers
in semiconductors and to extract such useful quantities as the spin orientation,
the recombination time, or the spin relaxation time of the carriers [36, 37].

We illustrate the basic principles of optical orientation by the example of
GaAs which is representative of a large class of III-V and II-VI zincblende semi-
conductors (such as, AlAs, AlP, CdS, CdSe, GaP, GaSb, HgS, HgSe, InAs, InSb,
ZnO, and ZnS). The band structure is depicted in Fig. 2.2(a). The band gap
is Eg = 1.52 eV at T = 0 K, while the spin split-off band is separated from
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Table 2.1 Angular and spin part of the wave function at Γ.

Symmetry |J, mj〉 Wave function

Γ6 |1/2, 1/2〉 |S ↑〉
|1/2, −1/2〉 |S ↓〉

Γ7 |1/2, 1/2〉 | − (1/3)1/2[ (X + iY )↓ −Z ↑] 〉
|1/2, −1/2〉 |(1/3)1/2[ (X − iY )↑ +Z ↓] 〉

Γ8 |3/2, 3/2〉 |(1/2)1/2(X + iY )↑〉
|3/2, 1/2〉 |(1/6)1/2[ (X + iY )↓ +2Z ↑] 〉
|3/2, −1/2〉 | − (1/6)1/2[ (X − iY )↑ −2Z ↓] 〉
|3/2, −3/2〉 |(1/2)1/2(X − iY )↓〉

the light and heavy hole bands by ∆so = 0.34 eV. We denote the Bloch states
according to the total angular momentum J and its projection onto the positive
z axis mj : |J, mj〉. Expressing the wave functions with the symmetry of s, px, py,
and pz orbitals as |S〉, |X〉, |Y 〉, and |Z〉, respectively, the band wave functions
can be written as listed in Table 2.1 (see also [38]).

To obtain the excitation (or recombination) probabilities consider photons
arriving in the z direction. Let σ± represent the helicity of the exciting light
(for outgoing light in the −z direction the helicities are reversed). When we
represent the dipole operator corresponding to the σ± optical transitions as
∝ (X ± iY ) ∝ Y ±1

1 , where Y m
l is a spherical harmonic, it follows from Table 2.1

that

|〈1/2,−1/2|Y 1
1 |3/2, −3/2〉|2

|〈1/2, 1/2|Y 1
1 |3/2, −1/2〉|2 = 3 (2.4)

for the relative intensity of the σ+ transition between the heavy (|mj = 3/2|) and
the light (|mj = 1/2|) hole subbands and the conduction band. Other transitions
are analogous. The relative transition rates are indicated in Fig. 2.2(b). The same
selection rules apply to the optical orientation of shallow impurities [39].

We consider here only a spin polarization of the excited electrons which de-
pends on the photon energy �ω. Although holes are initially polarized too, they
lose spin orientation very fast, on the time scale of the momentum relaxation
time. This can be illustrated on the example of GaAs where a characteristic spin
relaxation time for electrons is ∼ ns and for holes ∼ 100 fs [40]. For �ω between
Eg and Eg + ∆so, only the light and heavy hole subbands contribute. Denoting
by n+ and n− the density of electrons polarized parallel (mj = 1/2) and an-
tiparallel (mj = −1/2) to the direction of light propagation, we define the spin
polarization as (see Section 2.1.2)



Bipolar spintronics 49

Pn = (n+ − n−)/(n+ + n−). (2.5)

A simple reversal in the polarization of the illuminating light (from positive to
negative helicity) also reverses the sign of the electron density polarization. For
our example of the zincblende structure,

Pn = (1 − 3)/(3 + 1) = −1/2 (2.6)

is the spin polarization at the moment of photo-excitation. The spin is oriented
against the direction of light propagation, since there are more transitions from
the heavy hole than from the light-hole subbands. The circular polarization of
the luminescence is defined as

Pcirc = (I+ − I−)/(I+ + I−), (2.7)

where I± is the radiation intensity for the helicity σ±. The polarization of the
σ+ photoluminescence is then

Pcirc =
(n+ + 3n−) − (3n+ + n−)
(n+ + 3n−) + (3n+ + n−)

= −Pn

2
=

1
4
. (2.8)

If the excitation involves transitions from the spin split-off subband, that is,
if �ω 
 Eg + ∆so, the electrons will not be spin polarized (Pn = Pcirc = 0),
indicating the importance of spin-orbit coupling for spin orientation. On the
other hand, Fig. 2.2(c) suggests that a removal of the heavy/light hole degeneracy
can substantially increase Pn up to the limit of complete spin polarization (for
excitations involving only transitions from the heavy-hole subband). Such an
increase in Pn and Pcirc can be realized, for example, due to confinement in
quantum well heterostructures or due to strain.

The relation between Pcirc and Pn, for example, given by Eq. (2.8) in the
bulk sample or by |Pcirc| = |Pn| in a quantum well (see Fig. 2.2), has been
successfully employed for spin detection. A class of structures known as spin
light-emitting diodes (LEDs) are now widely used to detect electrically injected
spin in semiconductors [41–45]. Similar to an ordinary LED [46], electrons and
holes recombine (in a quantum well or a p-n junction) and produce electrolumi-
nescence. However, in a spin LED, as a consequence of radiative recombination
of spin-polarized carriers, the emitted light is circularly polarized and could be
used to trace back the degree of polarization of carrier density upon injection
into a semiconductor. Additional discussion of spin detection using spin LEDs is
given in Chapter 6.

2.1.4 Spin injection in metallic F/N junctions

Electrical spin injection is an example of a transport method for generating
non-equilibrium spin. We focus here on a simple case of a single metallic F/N
junction in the regime of linear response appropriate for a single type of carrier
(electrons or holes), while more general geometries for studying spin injection
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Fig. 2.3. Pedagogical illustration of the concept of electrical spin injection from
a ferromagnet (F) into a normal metal (N). Electrons flow from F to N: (a)
schematic device geometry; (b) magnetization M as a function of position.
Non-equilibrium magnetization δM (spin accumulation) is injected into a
normal metal; (c) contribution of different spin-resolved densities of states to
charge and spin transport across the F/N interface. Unequal filled levels in
the density of states depict spin-resolved electrochemical potentials different
from the equilibrium value µ0. From [1].

[47] will be discussed in Chapter 8. It is important to note that in the context of
spin injection in semiconductors, the underlying assumptions of the local charge
neutrality and linear response are often violated. We will revisit the implications
of such violation in Section 2.2 where we consider the case of spin injection in
which both electrons and holes could contribute to the transport.

When a charge current flows across the F/N junction (Fig. 2.3) spin-polarized
carriers in a ferromagnet contribute to the net current of magnetization entering
the non-magnetic region and lead to non-equilibrium magnetization δM , de-
picted in Fig. 2.3(b), with the spatial extent given by the spin diffusion length.
Magnetization can be decomposed into an equilibrium part and a non-equilibrium
part M = M0 + δM , where δM is also equivalent to a non-equilibrium spin ac-
cumulation, first measured in metals by Johnson and Silsbee [48]. In the steady
state δM is realized as a balance between spins added by the magnetization
current and spins removed by spin relaxation.

Here we follow the approach of [49, 50] using the notation introduced in [1].
We show that the main findings: expressions for current spin polarization and
the non-equilibrium resistance due to spin injection across F/N junction can also
be obtained from a simple equivalent resistor scheme proposed by Petukhov [51].
Let us consider a steady-state flow of electrons along the x direction in a three-
dimensional (3D) geometry consisting of a metallic ferromagnet (region x < 0)
and a paramagnetic metal or a degenerate semiconductor (region x > 0). The
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Fig. 2.4. Spatial variation of the electrochemical potentials near a spin-selective
resistive interface at an F/N junction. At the interface x = 0 both the
spin-resolved electrochemical potentials (µλ, λ =↑, ↓, denoted with solid lines)
and the average electrochemical potential (µF , µN , dashed lines) are dis-
continuous. The spin diffusion lengths LsF and LsN characterize the decay
of µs = µ↑ − µ↓ (or equivalently the decay of spin accumulation and the
non-equilibrium magnetization) away from the interface and into the bulk F
and N regions, respectively. From [1].

two regions, F and N, form a contact at x = 0, as depicted in Fig. 2.4. These are
the contact resistance rc and the two characteristic resistances, rN and rF , each
given by the ratio of the spin diffusion length and the effective bulk conductivity
in the corresponding region. Two limiting cases correspond to the transparent
limit, where rc → 0, and the low-transmission limit, where rc 
 rN , rF .

Spin-resolved quantities are labeled by λ = 1 or ↑ for spin up, λ = −1 or ↓ for
spin down along the chosen quantization axis. For a free electron, the spin angular
momentum and magnetic moment are in opposite directions, and what precisely
is denoted by “spin up” varies in the literature [2]. Conventionally, in metallic
systems [52], spin up refers to carriers with majority spin. This means that the
spin (angular momentum) of such carriers is antiparallel to the magnetization.
Spin-resolved charge current (density) in a diffusive regime can be expressed as

jλ = σλ∇µλ, (2.9)

where σλ is the conductivity and the electrochemical potential is

µλ = (qDλ/σλ)δnλ − φ, (2.10)

with q the proton charge, Dλ the diffusion coefficient, δnλ = nλ − nλ0 the
change of electron density from the equilibrium value for spin λ, and φ the
electric potential [we note that often in the literature the same quantity µλ is
also referred to as the (spin resolved) chemical potential, see also Section 2.2].
More generally, for a noncollinear magnetization, addressed in other chapters
in the context of spin-transfer torque and current magnetization reversal, jλ

becomes a second-rank tensor [53].
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In the steady state the continuity equation is

∇jλ = λq

[
δnλ

τλ−λ
− δn−λ

τ−λλ

]
, (2.11)

and τλλ′ is the average time for flipping a λ-spin to λ′-spin. For a degenerate
conductor the Einstein relation is

σλ = q2NλDλ, (2.12)

where σ = σ↑ + σ↓ and N = N↑ + N↓ is the density of states. Using detailed
balance N↑/τ↑↓ = N↓/τ↓↑ [54] together with Eqs (2.10) and (2.12), the continuity
equation can be expressed as

∇jλ = λq2 N↑N↓
N↑ + N↓

µλ − µ−λ

τs
, (2.13)

where τs = τ↑↓τ↓↑/(τ↑↓ + τ↓↑) is the spin relaxation time. Equation (2.13) im-
plies the conservation of charge current j = j↑ + j↓ = const., while the spin
counterpart, the difference of the spin-polarized currents js = j↑ − j↓ is position
dependent. Other “spin quantities,” Xs, unless explicitly defined, are analogously
expressed with the corresponding (spin) polarization given by PX = Xs/X. For
example, the current polarization Pj = js/j, generally different from the density
polarization Pn = (n↑ − n↓)/n, is related to the conductivity polarization Pσ as

Pj = 2(σ↑σ↓/σ)∇µs/j + Pσ (2.14)

where µs = µ↑ − µ↓. In terms of the average electrochemical potential µ =
(µ↑ + µ↓)/2, Pσ further satisfies

∇µ = −Pσ∇µs/2 + j/σ. (2.15)

From Eqs (2.10) and (2.13) it follows that µs satisfies the diffusion equation
[54–57]

∇2µs = µs/L2
s, (2.16)

where the spin diffusion length is Ls = (Dτs)1/2 with the spin averaged diffusion
coefficient D = (σ↓D↑+σ↑D↓)/σ = N(N↓/D↑+N↑/D↓)−1. Using Eq. (2.10) and
the local charge quasineutrality δn↑+δn↓ = 0 shows that µs is proportional to the
non-equilibrium (or excess) spin density δs = δn↑ − δn↓ (s = s0 + δs = n↑ − n↓)

µs =
1
2q

N↑ + N↓
N↑N↓

δs. (2.17)

Correspondingly, µs is often referred to as the (non-equilibrium) spin accumula-
tion.
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The preceding equations are simplified for the N region by noting that σλ =
σ/2, σs = 0, and Dλ = D. Quantities pertaining to a particular region are
denoted by the index F or N.

Some care is needed to establish the appropriate boundary conditions at the
F/N interface. In the absence of spin-flip scattering at the F/N interface (which
can arise, for example, due to spin-orbit coupling or magnetic impurities) the
spin current is continuous and thus PjF (0−) = PjN(0+) ≡ Pj (omitting x = 0±

for brevity, and superscripts ± in other quantities).
Unless the F/N contact is highly transparent, µλ is discontinuous across the

interface and the boundary condition is

jλ(0) = Σλ[µλN(0) − µλF (0)], (2.18)

where

Σ = Σ↑ + Σ↓ (2.19)

is the contact conductivity. For a free-electron model Σ↑ 
= Σ↓ can be simply
inferred from the effect of the exchange energy, which would yield spin-dependent
Fermi wave vectors and transmission coefficients. A microscopic determination
of the corresponding contact resistance (see Eq. 2.22) is complicated by the
influence of disorder, surface roughness, and different scattering mechanisms and
is usually obtained from model calculations [58, 59]. From Eqs (2.18) and (2.19)
it follows that

µsN (0) − µsF (0) = 2rc(Pj − PΣ)j, (2.20)
µN (0) − µF (0) = rc(1 − PΣPj)j, (2.21)

where the effective contact resistance is

rc = Σ/4Σ↑Σ↓. (2.22)

The decay of µs, away from the interface, is characterized by the corresponding
spin diffusion length

µsF = µsF (0)ex/LsF , µsN = µsN (0)e−x/LsN . (2.23)

A non-zero value for µsN (0) implies the existence of non-equilibrium magnetiza-
tion δM in the N region (for non-interacting electrons qµs = µBδM/χ, where χ
is the magnetic susceptibility). Such a δM , as a result of electrical spin injection,
was proposed by Aronov and Pikus [60] and first measured in metals by Johnson
and Silsbee[48].

By applying Eq. (2.14), separately, to the F and N regions, one can obtain
the amplitude of spin accumulation in terms of the current and density of states
spin polarization and the effective resistances rF and rN ,

µsF (0) = 2rF [Pj − PσF ] j, µsN (0) = −2rNPjj, (2.24)
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where

rN = LsN /σN , rF = LsF σF /(4σ↑F σ↓F ). (2.25)

From Eqs (2.24) and (2.20) the current polarization can be obtained as

Pj = [rcPΣ + rF PσF ] /rFN , (2.26)

where rFN = rF + rc + rN is the effective equilibrium resistance of the F/N
junction. It is important to emphasize that a measured highly polarized current,
representing an efficient spin injection, does not itself imply a large spin accumu-
lation or a large density polarization, typically measured by optical techniques.
In contrast to the derivation of Pj from Eq. (2.26), determining Pn requires using
Poisson’s equation or a condition of the local charge quasineutrality.

An alternative approach to study spin injection, based on irreversible ther-
modynamics, was developed by Johnson and Silsbee [61] who were the first to
obtain an expression equivalent to Eq. (2.26). The results obtained here can
also be illustrated using a simple resistor scheme. Petukhov has shown [51] that
Eqs (2.26) and (2.28) (given below) could be obtained by considering an equiv-
alent circuit scheme with two resistors R̃↑, R̃↓ connected in parallel. Each of
these resistors contains three contributions from the F and the N regions and
the contact between them, where

R̃λ = LsF /σλF + 1/Σλ + 2LsN/σN , (2.27)

and R̃↑ + R̃↓ = 4rFN .
For such a resistor scheme, by noting that j↑R̃↑ = j↓R̃↓, Eq. (2.26) is obtained

as Pj = −PR̃ ≡ −(R̃↑ − R̃↓)/(R̃↑ + R̃↓). δR in Eq. (2.28) is then obtained as the
difference between the total resistance of the non-equilibrium spin-accumulation
region of length LsF +LsN [given by the equivalent resistance R̃↑R̃↓/(R̃↑ + R̃↓)]
and the equilibrium resistance for the same region, LsF /σF + LsN/σN .

By examining either Eq. (2.26) or Fig. 2.5 we can both infer some possible
limitations and deduce several experimental strategies for effective spin injec-
tion, i.e. to increase Pj into semiconductors. For a perfect Ohmic contact rc = 0,
the typical resistance mismatch rF � rN (where F is a metallic ferromagnet)
implies inefficient spin injection with Pj ≈ rF /rN � 1, referred to as the con-
ductivity mismatch problem in [57]. Even in the absence of resistive contacts,
effective spin injection into a semiconductor can be achieved if the resistance
mismatch is reduced by using for spin injectors either a magnetic semiconduc-
tor or a highly spin-polarized ferromagnet.1 As can be seen from Eq. (2.26) the
spin-selective resistive contact rc 
 rF , rN (such as a tunnel or Schottky con-
tact) would contribute to effective spin injection with Pj ≈ PΣ being dominated
by the effect rc and not the ratio rF /rN .2 This limit is also instructive to il-
lustrate the principle of spin filtering [63, 64]. In a spin-discriminating transport

1From Eq. (2.25) a half-metallic ferromagnet implies a large rF .
2A similar result was stated previously in [62].
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Fig. 2.5. Equivalent resistor scheme illustrating spin injection across an F/N
junction in a linear regime.

process the resulting degree of spin polarization is changed. Consequently the
effect of spin filtering, similar to spin injection, leads to the generation of (non-
equilibrium) spin polarization. For example, at low temperature EuS and EuSe
can act as spin-selective barriers. In the extreme case, initially spin-unpolarized
carriers (say, injected from a non-magnetic material) via spin-filtering could at-
tain complete polarization. For a strong spin-filtering contact PΣ > PσF , the
sign of the spin accumulation is reversed in the F and N regions, near the in-
terface (recall Eq. 2.20), in contrast to the behavior sketched in Fig. 2.4, where
µsF,N > 0.

The spin injection process alters the potential drop across the F/N interface
because differences of spin-dependent electrochemical potentials on either side of
the interface generate an effective resistance δR. By integrating Eq. (2.15) for the
N and F regions, separately, it follows that Rj = µN (0)−µF (0) +PσFµsF (0)/2,
where R is the junction resistance. Using Eqs (2.21), (2.25), and (2.26) allows us
to express R = R0+δR, where R0 = 1/Σ (R0 = rc if Σ↑ = Σ↓) is the equilibrium
resistance, in the absence of spin injection, and

δR =
[
rN

(
rF P 2

σF + rcP
2
Σ

)
+ rF rc(PσF − PΣ)2

]
/rFN , (2.28)

where δR > 0 is the non-equilibrium resistance. In the previous analysis, spin-
flip processes at an F/N interface have been neglected. However, such processes
could be increasingly important at higher temperatures and would require a
generalization to the usual experimental analysis for spin injection in metallic
systems [65].

2.1.5 Spin relaxation in semiconductors

Spin relaxation is a process in which spin relaxes towards equilibrium. The cor-
responding spin relaxation time is denoted as T1. This time is also called lon-
gitudinal since it is usually defined for the spin population along an applied
magnetic field. Spin dephasing is then a process in which the transverse spin
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randomizes and reaches equilibrium. The corresponding time T2 is thus also
called the transverse time. During spin relaxation energy needs to be exchanged
with the environment (to bring the spin population into equilibrium character-
ized by the magnetic field), in spin dephasing energy is preserved. It turns out
that for small magnetic fields conduction electron spin relaxation and dephas-
ing in cubic systems is the same process, and T1 = T2 = τs [66]. This is due
to motional narrowing: fluctuating microscopic magnetic fields that cause spin
dephasing change on the order of the correlation time τc. Typically for conduc-
tion electrons γB0 � 1/τc, where γ is the gyromagnetic ratio, meaning that
parallel spins will have enough time to precess fully over the dephasing fields,
which then cause equally dephasing and decoherence. As the applied magnetic
field increases, the precession of longitudinal spin is inhibited.

Spin relaxation times T1 and T2 are conventionally defined by the Bloch
equations:

∂Sx/∂t = γ(S × B)x − Sx

T2
, (2.29)

∂Sy/∂t = γ(S × B)y − Sy

T2
, (2.30)

∂Sz/∂t = γ(S × B)z −
Sz − S0

z

T1
, (2.31)

where Si is the ith component of the average spin of the electron statistical
ensemble, B is the applied magnetic field containing a static B0z component
and an oscillating transverse component; S0

z is the equilibrium spin in the z
direction. Microscopic expressions for T1 and T2 can be obtained from model
Hamiltonians and scattering interactions, by deriving effective equations of the
above Bloch form.

We introduce relevant mechanisms of spin relaxation in semiconductors. We
discuss in detail the Dyakonov–Perel mechanism, and use bulk n-GaAs as a nice
illustration of the rich physics involved. Spin relaxation in quantum dots and
quantum wells is discussed in Chapters 3 and 6.

2.1.5.1 Mechanisms of spin relaxation There are four principal mechanisms of
spin relaxation in semiconductors.
(i) In the Elliott–Yafet mechanism [67,68] the spin relaxes by momentum scat-

tering. Bloch states in the presence of spin-orbit coupling are an admixture
of spin up and spin down Pauli states. These states can be oriented in a
way to give the average magnetic moment parallel and antiparallel to a
magnetic field or a chosen spin polarization axis. Scattering, which con-
nects different momentum states, now includes a spin flip. Typically an
electron undergoes a thousand to a million scattering events before its spin
is flipped. The more the electron scatters, the faster its spin relaxes.

(ii) The Dyakonov–Perel spin relaxation [69] operates in systems with no in-
version symmetry (such as zincblende structures). In these systems the
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Fig. 2.6. Spin relaxation mechanisms. In the Elliott–Yafet (EY) mechanism
electrons have a small probability (say 1 per 105 ) of being scattered (here
illustrated on a phonon) with a spin flip. In the Dyakonov–Perel (DP) mech-
anism the electron spins precess in between scatterings. Scattering events
change the precession direction. The Bir–Aronov–Pikus (BIP) mechanism
applies for p-doped semiconductors. Here electron spin is exchanged with the
spin of holes (preserving the total spin), while the hole spin then soon relaxes.
Finally, the mechanism based on the hyperfine interaction (HFI) is dominant
for confined electrons on donors or in quantum dots. The electron spin is
exchanged with that of nuclei. Adapted from [72].

momentum spin doublet is split into spin up and spin down singlets. The
energy difference is proportional to the spin-orbit coupling. This is equiva-
lent of having a momentum-dependent magnetic field. Spins precess in such
a field, then scatter to precess along a different field. Scattering acts to ran-
domize the spin precession and leads to spin dephasing. We will describe
this mechanism below in detail.

(iii) In p-doped semiconductors electron spin relaxation can be due to electron-
hole exchange coupling – the so called Bir–Aronov–Pikus mechanism [70].
Electron spin is exchanged with the spin of holes. While the total spin is
preserved, hole spin decays much faster, providing a randomizing environ-
ment for electron holes.

(iv) Finally, for states localized on donors or in quantum dots, hyperfine cou-
pling [71] is a dominant mechanism of spin decoherence. The four mecha-
nisms are illustrated in Fig. 2.6.

2.1.5.2 Dyakonov–Perel mechanism The mechanism of Dyakonov and Perel
uses the following spin Hamiltonian

H ′ =
1
2

�Ωk · σ, (2.32)
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where Ωk is the precession angle vector simulating the k-dependent spin splitting
of the conduction band in zincblende systems. In bulk GaAs, for example, as first
found by Dresselhaus [73],

Ω = α�
2
(
2m3

cEg

)−1/2
κ, (2.33)

where

κ = [kx(k2
y − k2

z), ky(k2
z − k2

x), kz(k2
x − k2

y)]. (2.34)

The parameter α is about 0.07 for GaAs. Similar spin splittings appear in two-
dimensional systems where quantization of κ (in which k are treated as operators)
along the confining axis leads to terms linear in k. For example, in quantum wells
oriented along [001],

κ = k2
n(−kx, ky, 0), (2.35)

where k2
n is the expectation value of −i∇ along [001]. In addition to this so-called

Dresselhaus term, a term resulting from structure inversion asymmetry arises, as
first observed by Bychkov and Rashba [74,75]. This term has a form independent
of the orientation of the 2D system:

Ω = 2αBR(k × n), (2.36)

where αBR is the Bychkov–Rashba parameter which depends on spin-orbit cou-
pling as well as the degree of the confinement asymmetry, and n is a unit vector
along the confining axis. Typically αBR is of the order of 10−11 eVm. Various
cases of growth orientation are discussed in [1].

We will now give the formula for calculating the spin relaxation time τs in
the Dyakonov–Perel mechanism for an arbitrary function Ωk:

1/τs,ii = γ−1
l τp(Ω2 − Ω2

i ), 1/τs,i �=j = −γ−1
l τpΩiΩj. (2.37)

The spin relaxation rate 1/τs is in general a tensor. The averaging denoted by the
overline is over all directions of k on the energy surface. The factor γl = τp/τ̃l,
where τp is the spin-conserving momentum relaxation time and

1/τ̃l =
∫ 1

−1

W (θ) [1 − Pl(cos θ)] d cos θ, (2.38)

is the effective randomization time for Ω. In the above W is the isotropic scat-
tering form factor and Pl is the lth Legendre polynomial. The power of l is given
by the power of k in Ω [l = 3 for the Dresselhaus bulk term, Eq. (2.33)]. The
derivation of Eq. (2.37) can be found in [76].

For cubic systems 1/τs is a scalar. Calculation for bulk GaAs, using Ω of
Eq. (2.33), gives the following spin relaxation rate for electrons at energy Ek:

1/τs(Ek) =
32
105

γ−1
3 τp(Ek)α2 E3

k

�2Eg
. (2.39)

The numerical value of γ3 depends on the scattering mechanism. For example,
impurity scattering gives γ4 ≈ 6. In this case also τp ∼ T 3/2, so that the spin
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relaxation time decreases as τs ∼ T−3/2. When the electron density is in the
non-degenerate regime, the averaging over the thermal distribution (denoted by
angular brackets) of Ek gives

1/τs = Qτmα2 (kBT )3

�2Eg
, (2.40)

where the thermal momentum relaxation time is

τm = 〈τp(Ek)Ek〉/〈Ek〉, (2.41)

and the coefficient

Q =
16
35

γ−1
3 (ν + 7/2)(ν + 5/2), (2.42)

and ν is the coefficient in the power law τp ∼ Eν
k. Ionized impurity scattering

gives Q ≈ 1.5, in which case also τs ∼ T−9/2, a rather steep decrease.
The peculiar feature of the DP mechanism is the fact that 1/τs ∼ τp, meaning

that more momentum scattering translates into less spin dephasing. The opposite
holds for the Elliott–Yafet mechanism. The reason for the peculiar behavior is
motional narrowing, which is the physics behind DP relaxation. Consider an
electron spin precessing angle δφ = Ωτp in time τp. This is as far as the spin can
precess along a specific Ω. After that time, the angle and magnitude of Ω change
due to momentum scattering. The phase than goes through a random walk. After
time t the average phase will be zero, but the rms φ = δφ(t/τp)1/2. The spin
will be dephased when φ ≈ 1, which happens at time t = τs = 1/(Ω)2τp, which
is roughly Eq. (2.37). It is interesting to point out that the spin diffusion length
Ls = (Dτs)1/2 will not depend on τp, since D ∼ τp and τs ∼ 1/τp.

2.1.5.3 Bulk semiconductors Measured electron spin relaxation times in semi-
conductors range from 100 ns to 1 ps. Holes typically lose their spin orientation
on time scales of τp, since their spin-orbit coupling is much larger. We will il-
lustrate the experimental and theoretical understanding of spin relaxation in
semiconductors on the example of GaAs, the most studied case. Figure 2.7 is a
nice compilation of measured low-temperature τs as a function of doping. The
measured values range over four orders of magnitude. At low temperatures GaAs
undergoes a metal to insulator transition (MIT) at about 2×1016 cm−3. At larger
dopings, where GaAs is metallic and electrons are delocalized in the conduction
band, τs decreases as N2

d , consistent with the DP mechanism induced by ionized
impurity scattering.3 One can see that spin relaxation in reasonably conductive
samples is rather large.

Much has been said about the regime around MIT where τs ∼ 100 ns [78].
Unfortunately, this happens only for a small window of doping levels where elec-
trons are bound on donors and conductivity is through the impurity band. A

3Consider that EF ∼ N
2/3
d and 1/τp ∼ Nd/E

3/2
F (the Brooks–Herring formula). Then

Eq. (2.37) gives τs ∼ N2
d
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Fig. 2.7. Spin relaxation in bulk GaAs. Symbols are measurements and solid
lines are theoretical estimates. Empty symbols come from [77], filled circles
from [78]. The vertical dashed line indicates the metal-to-insulator transition
at Ndc = 2 × 1016 cm−3. The dotted line is the correlation time τc due to
exchange coupling. Adapted from [77].

new mechanism of spin relaxation due to so called anisotropic exchange (of the
type S1 × S2) was suggested by Kavokin [79] to explain this regime. Finally,
at still smaller densities the electron hopping is strongly suppressed and hyper-
fine coupling with Ga and As nuclei causes spin relaxation (HFI mechanism).
The figure also shows the extracted exchange interaction time in this regime (ob-
tained by observing spin relaxation suppression in a longitudinal magnetic field).
It was suggested by Dzhioev [80] that τc is a measure of single-spin decoherence
time. Then it is clear that single spin would lose spin polarization much faster
than the ensemble spin. It is the single spin electron time which is useful for
quantum computation. At higher temperatures also electrons in the low doped
samples become itinerant and the DP mechanism becomes relevant there too.
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A recent report [81], however, finds an apparent breakdown of the DP mecha-
nism, Eq. (2.37), for high mobility samples at T = 77 K, and suggests that our
understanding of this mechanism is still not yet satisfactory.

2.2 Bipolar spin-polarized transport and applications

2.2.1 Spin-polarized drift-diffusion equations

In the absence of any spin polarization, equations which aim to describe spin-
polarized bipolar transport need to recover a description of charge transport. We
recall that conventional charge transport in semiconductors is often accompanied
with large deviations from local charge neutrality (for example, due to material
inhomogeneities, interfaces, and surfaces) and Poisson’s equation needs to be
explicitly included. If we consider (generally inhomogeneous) doping with density
of Na ionized acceptors and Nd donors we can then write

∇ · (ε∇φ) = q(n − p + Na − Nd), (2.43)

were n, p (electron and hole densities) also depend on the electrostatic potential
φ and the permittivity can be spatially dependent. In contrast to the metallic
regime considered in Section 2.1.4, even equilibrium carrier density can have
large spatial variations which can be routinely tailored by the appropriate choice
of the doping profile [Nd(x) − Na(x)]. Furthermore, charge transport in semi-
conductors can display strong non-linearities, for example, the exponential-like
current-voltage dependence of a diode [82].

Returning to the case of spin-polarized transport in semiconductors, we for-
mulate a drift-diffusion model which will generalize the considerations of Eqs (2.9)-
(2.13) to include both electrons and holes [83–85]. We recall that from Eqs (2.9)
and (2.10) the spin-resolved current has a drift part (proportional to the electric
field, i.e., ∝ ∇φ) and a diffusive part (∝ ∇nλ), which we want to extend to
also capture the effects of band bending, band offsets, various material inhomo-
geneities, and the presence of two type of charge carriers.

To introduce the notation and terminology, which is a direct generalization
of what is conventionally used in semiconductor physics [82], we first give an ex-
pression for quasi-equilibrium carrier densities. For non-degenerate doping levels
(Boltzmann statistics) the spin-resolved components are

nλ =
Nc

2
e−[Ecλ−µnλ]/kBT , pλ =

Nv

2
e−[µpλ−Evλ]/kBT , (2.44)

where subscripts “c” and “v” label quantities which pertain to the conduction
and valence bands. For example, Nc,v = 2(2πm∗

c,vkBT/h2)3/2 are effective den-
sities of states with the corresponding effective masses m∗

c,v and kB is the Boltz-
mann constant. We consider a general case where the spin splitting of the con-
duction and valence bands, expressed as 2qζc and 2qζv can be spatially inhomo-
geneous [84]. Splitting of carrier bands (Zeeman or exchange) can arise due to
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Fig. 2.8. Band-energy schemes for a magnetic heterojunction. In equilibrium
the chemical potential µ0 is constant. Conductance and valence-band edges
(Ec and Ev) are spin split in the magnetic p-region, while in the non-magnetic
n-region there is no spin splitting. For a sharp doping profile, at x = w/2,
there are generally discontinuities in the conduction and valence bands (∆Ec

and ∆Ev) and in other quantities, such as effective mass, permittivity, and
diffusion coefficient.

doping with magnetic impurities (see Chapter 1) and/or applied magnetic field.
The spin-λ conduction band edge (see Fig. 2.8)

Ecλ = Ec0 − qφ − λqζc (2.45)

differs from the corresponding non-magnetic bulk value Ec0 due to the electro-
static potential φ and the spin splitting λqζc. The discontinuity of the conduction
band edge is denoted by ∆Ec. In the non-equilibrium state the chemical poten-
tial for λ-electrons is µnλ and generally differs from the corresponding quantity
for holes. While µnλ has an analogous role as the electrochemical potential in
Eqs (2.9) and (2.10), following conventional semiconductor terminology, we refer
to it here as the chemical potential, which is also known as the quasi-Fermi
level. An analogous notation holds for pλ in Eq. (2.44) where, for example,
Evλ = Ev0 − qφ − λqζv.

By assuming the drift-diffusion dominated transport across a heterojunction,
the spin-resolved charge current densities can be expressed as [86]

jnλ = µ̄nλnλ∇Ecλ + qDnλNc∇(nλ/Nc), (2.46)
jpλ = µ̄pλpλ∇Evλ − qDpλNv∇(pλ/Nv), (2.47)

where µ̄ and D are the mobility and diffusion coefficients (we use the symbol µ̄ to
distinguish it from the chemical potential µ). In non-degenerate semiconductors
µ̄ and D are related by Einstein’s relation
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µ̄n,pλ = qDn,pλ/kBT, (2.48)

which differs from the metallic (completely degenerate) case given by Eq. (2.12).
With two type of carriers the continuity equations are more complex than

those in metallic systems (see Section 2.1.4). After including additional terms for
recombination of electrons and holes as well as photo-excitation of electron-hole
pairs, we can write these equations as

−∂nλ

∂t
+ ∇ · jnλ

q
= + rλ(nλpλ − nλ0pλ0) (2.49)

+
nλ − n−λ − λs̃n

2τsn
− Gλ,

+
∂pλ

∂t
+ ∇ · jpλ

q
= − rλ(nλpλ − nλ0pλ0) (2.50)

− pλ − p−λ − λs̃p

2τsp
+ Gλ.

Generation and recombination of electrons and holes of spin λ can be char-
acterized by the rate coefficient rλ, the spin relaxation time for electrons and
holes is denoted by τsn,p and the photo-excitation rate Gλ represents the ef-
fects of electron-hole pair generation and optical orientation (when G↑ 
= G↓, see
Section 2.1.3). Spin relaxation equilibrates carrier spin while preserving the non-
equilibrium carrier density and for non-degenerate semiconductors s̃n = nPn0,
where from Eq. (2.44) the equilibrium polarization of electron density is

Pn0 = tanh(qζc/kBT ), (2.51)

and an analogous expression holds for holes and s̃p.
The system of drift-diffusion equations (Poisson and continuity equations)

can be self-consistently solved numerically [83, 84, 87] and under simplifying as-
sumptions (similar to the case of charge transport) analytically [85, 88]. Hetero-
junctions, such as the one sketched in Fig. 2.8, can be thought of as building
blocks of bipolar spintronics. To obtain a self-consistent solution in such a geom-
etry, only the boundary conditions at x = 0 and x = w need to be specified. On
the other hand, for an analytical solution we also need to specify the matching
conditions at xL and xR, the two edges of the space charge region (or deple-
tion region), in which there is a large deviation from the local charge neutrality,
accompanied by band bending and a strong built-in electric field.

We illustrate how the matching conditions for spin and carrier density can
be applied within the small-bias or low-injection approximation, widely used to
obtain analytical results for charge transport [82]. In this case non-equilibrium
carrier densities are small compared to the density of majority carriers in the
corresponding semiconductor region. For materials such as GaAs a small bias
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approximation gives good agreement with the full self-consistent solution up to
approximately 1 V [84, 87]. To simplify our notation, we consider a model where
only electrons are spin polarized (p↑ = p↓ = p/2), while it is straightforward
to also include spin-polarized holes [85, 86]. Outside the depletion charge region
material parameters (such as, Na, Nd, Nc, Nv, µ̄, and D) are taken to be constant.
The voltage drop is confined to the depletion region which is highly resistive and
depleted of carriers. In thermal equilibrium (µnλ = µpλ = µ0) the built-in voltage
Vbi can be simply evaluated from Eq. (2.44) as

Vbi = φ0R − φ0L, (2.52)

while the applied bias V (taken to be positive for forward bias) can be expressed
as

V = −(δφR − δφL), (2.53)

implying that the total junction potential between x = 0 and x = w is V − Vbi.
Outside of the depletion region the system of the drift-diffusion equations reduces
to only diffusion equations for spin density and the density of minority carriers,
while the density of majority carriers is simply given by the density of donors
and acceptors [84, 85].

From Eq. (2.44) we rewrite the electron density by separating various quan-
tities into equilibrium and non-equilibrium parts as

nλ = nλ0 exp[(qδφ + δµnλ)/kBT ], (2.54)

and the electron carrier and spin density (for simplicity we omit subscript “n”
when writing s = n↑ − n↓) can be expressed as [85]

n = e(δφ+δµ+)/kBT

[
n0 cosh

(
qµ−
kBT

)
+ s0 sinh

(
qµ−
kBT

)]
, (2.55)

s = e(δφ+δµ+)/kBT

[
n0 sinh

(
qµ−
kBT

)
+ s0 cosh

(
qµ−
kBT

)]
, (2.56)

where µ± ≡ (µn↑ ± µn↓)/2, and the polarization of electron density is

Pn =
tanh(qµ−/kBT ) + Pn0

1 + Pn0 tanh(qµ−/kBT )
. (2.57)

If we assume that the spin-resolved chemical potentials are constant for xL ≤
x ≤ xR (which means that the depletion region is sufficiently narrow so that the
spin relaxation and carrier recombination can be neglected there) it follows from
Eq. (2.57) and tanh(qµ−/kBT ) ≡ const. that

P L
n =

P L
n0[1 − (P R

n0)
2] + δP R

n (1 − P L
n0P

R
n0)

1 − (P R
n0)2 + δP R

n (P L
n0 − P R

n0)
, (2.58)

where L (left) and R (right) label the edges of the space-charge (depletion)
region of a p-n junction. Correspondingly, δP R

n represents the non-equilibrium



Bipolar spintronics 65

electron polarization, evaluated at R, arising from a spin source. For a homoge-
neous equilibrium magnetization (P L

n0 = P R
n0), δP L

n = δP R
n ; the non-equilibrium

spin polarization is the same across the depletion region. Equation (2.58) demon-
strates that only non-equilibrium spin, already present in the bulk region, can
be transferred through the depletion region at small biases [83–85].

Our assumption of constant spin-resolved chemical potentials is a generaliza-
tion of a conventional model for charge transport in which both µn and µp are
assumed to be constant across the depletion region [82]. From Eqs (2.53), (2.55),
and (2.56) we can obtain minority carrier and spin densities at x = xL

nL = n0LeqV/kBT

[
1 + δP R

n

P L
n0 − P R

n0

1 − (P R
n0)2

]
, (2.59)

sL = s0LeqV/kBT

[
1 +

δP R
n

P L
n0

1 − P L
n0P

R
n0

1 − (P R
n0)2

]
, (2.60)

which in the absence of non-equilibrium spin (δPR
n = 0) reduce to the well-known

Shockley relation for the minority carrier density at the depletion region [89]

nL = n0LeqV/kBT , (2.61)

and an analogous formula holds for spin

sL = s0LeqV/kBT . (2.62)

2.2.2 Spin-polarized p-n junctions

On one hand, spin-polarized p-n junctions can be thought of as a generalization
of conventional (non-magnetic) p-n junctions in which only a non-equilibrium
spin is introduced. In the absence of equilibrium spin (i.e., equilibrium magneti-
zation vanishes identically, or ζc = ζv = 0), various well-studied charge properties
in conventional p-n junctions also apply to spin-polarized p-n junctions. On the
other hand, spin-polarized p-n junctions can also be viewed as a generalization
of homogeneously doped semiconductors where the optical orientation (see Sec-
tion 2.1.3) was traditionally used to generate the non-equilibrium spin. Here our
goal will be twofold. We will show how, within the framework of spin-polarized
transport equations for p-n junctions, one can recover results previously known
for optical orientation in either homogeneously p- or n-doped semiconductors,
as well as discuss how the presence of inhomogeneous doping, and the resulting
built-in field can lead to novel effects.

To derive the steady-state expressions for the spin polarization due to optical
orientation (see Section 2.1.3), we simplify our considerations from Section 2.2.1
and examine a homogeneously doped non-magnetic semiconductor with unpo-
larized holes. Having spin-unpolarized holes is an accurate approximation in
materials such as GaAs (see Section 2.1.3); the spin-relaxation time for holes
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can be several orders of magnitude shorter than the corresponding time for elec-
trons [40]. We can then adopt the continuity Eqs (2.50) and (2.51) such that
holes would recombine with the electrons of either spin. In the steady state, the
balance between direct electron-hole recombination and optical pair creation can
be expressed from the sum of Eq. (2.50) for λ =↑ and ↓ as

r(np − n0p0) = G, (2.63)

where r = 2r↑ = 2r↓ is the total generation-recombination rate coefficient, and
G = G↑ +G↓ is the total electron-hole photo-excitation rate. Similarly, from the
difference of Eq. (2.50) for λ =↑ and ↓ the balance between spin relaxation and
spin generation is expressed by

rsp + s/τs = Pn(t = 0)G, (2.64)

where Pn(t = 0) is the spin polarization at the moment of photo-excitation,
given by Eq. (2.5). The first term in Eq. (2.64) describes the disappearance of
the spin density due to carrier recombination, while the second term describes the
intrinsic spin relaxation. From Eqs (2.63) and (2.64) we obtain the steady-state
electron polarization as [83]

Pn = Pn(t = 0)
1 − n0p0/np

1 + 1/τsrp
. (2.65)

In a p-doped sample p ≈ p0, n 
 n0, and Eq. (2.65) gives

Pn = Pn(t = 0)/(1 + τn/τs), (2.66)

where τn = 1/rp0 is the electron lifetime. After the illumination is switched off,
the electron spin density, or equivalently the non-equilibrium magnetization, will
decrease exponentially with the inverse time constant [39]

1/Ts = 1/τn + 1/τs. (2.67)

The steady-state polarization is independent of the illumination intensity, being
reduced from the initial spin polarization Pn(t = 0).4 The polarization of the
photoluminescence is Pcirc = Pn(t = 0)Pn [39].

For spin pumping in an n-doped sample, where n ≈ n0 and p 
 p0, Eqs (2.63)
and (2.65) give [92]

Pn = Pn(t = 0)/(1 + n0/Gτs). (2.68)

In contrast to the previous case, the hole lifetime (not to be confused with
the momentum relaxation time) τp = 1/rn0 has no effect on Pn. However, Pn

4The effect of a finite length for the light absorption on Pn is discussed in [90]. The
absorption length α−1 is typically a micron for GaAs. It varies with frequency roughly as
α(�ω) ∝ (�ω − Eg)1/2 [91].
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E

Fig. 2.9. Spin-polarized solar battery. The top figure shows a configura-
tion where circularly-polarized light creates electron-hole pairs at the
p-region (left). Holes are denoted as empty circles while spin up and spin
down electrons are represented by filled and patterned circles, respectively.
Spin-polarized electrons diffuse towards the depletion region where they are
swept by the built-in field E to the n-side. Spin-polarization is pumped into
the majority region. A uniform illumination is assumed throughout the sam-
ple, giving rise to spin-polarized current. Adapted from [87].

depends on the photo-excitation intensity G, as expected for a pumping process.
The effective carrier lifetime is τJ = n0/G, where J represents the intensity of
the illuminating light. If it is comparable to or shorter than τs, spin pumping
is very effective. Spin pumping works because the photo-excited spin-polarized
electrons do not need to recombine with holes. There are plenty of unpolarized
electrons in the conduction band available for recombination. The spin is thus
pumped in to the electron system.

We next consider our proposal for a spin-polarized solar cell which could be a
source of spin electromotive force (EMF) to both generate spin-polarized currents
at no applied bias as well as to provide an open circuit voltage [87]. There is also
a wide range of other structures which have been recently suggested as a source of
spin EMF [93–96], often referred to as spin(-polarized) pumps, cells, or batteries.

We focus on a particular realization based on a spin-polarized p-n junction
which combines (see Fig. 2.9) two key ingredients: (1) non-equilibrium spin pro-
duced by optical orientation and (2) a built-in field which separates electron-hole
pairs created by illumination. Additionally, we show that in such a structure spin
polarizations of current Pj and of electron density Pn have very different behav-
ior.

Consider a GaAs-based sample at room temperature, of length w (extending
on the x-axis from x = 0 to 12 µm), doped with Na = 3 × 1015 cm−3 acceptors
on the left and with Nd = 5× 1015 cm−3 donors on the right [the doping profile,
Nd(x) − Na(x), is shown in Fig. 2.10]. The intrinsic carrier concentration is
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ni = 1.8 × 106 cm−3. For an undoped semiconductor n0 = p0 = ni and can be
expressed from Eq. (2.44) as n2

i = NcNv exp(−Eg/kBT ). The electron (hole)
mobility and diffusion coefficients are 4000 (400) cm2· V−1·s−1 and 103.6 (10.36)
cm2·s−1. The total recombination rate is taken to be r = (1/3) × 10−5 cm3·s−1,
giving an electron lifetime in the p-region of τn = 1/rNa = 0.1 ns, and a hole
lifetime in the n-region of τp = 1/rNd = 0.06 ns. The spin relaxation time (which
is the spin lifetime in the n-region) is τs = 0.2 ns. In the p-region electron spin
decays on the time scale of (recall Eq. 2.67) Ts = τsτn/(τs + τn) ≈ 0.067 ns.
The minority diffusion lengths are Ln = (Dnτn)0.5 ≈ 1 µm for electrons in the
p-region, and Lp = (Dpτp)0.5 ≈ 0.25 for holes in the n-region. The spin decays
on the length scale of Lsp = (DnTs)0.5 ≈ 0.8 µm in the p- and Lsn = (Dnτs)0.5 ≈
1.4 µm in the n-region. At no applied voltage, the depletion region formed around
xd = w/2 = 6 µm has a width of d ≈ 0.9 µm, of dp = (5/8)d in the p-side and
dn = (3/8)d in the n-side.

Let the sample be uniformly illuminated with circularly polarized light with
photon energy higher than the band gap (bipolar photogeneration). The pair
generation rate is chosen to be G = 3 × 1023 cm−3·s−1 (which corresponds to
concentrated solar light of intensity about 1W·cm−2·s−1), so that in the bulk
of the p-side there are δn = Gτn ≈ 3 × 1013 cm−3 non-equilibrium electrons
and holes; in the n-side the density is δp = Gτp = 1.8 × 1013 cm−3. Recall from
Section 2.1.3 that spin polarization at the moment of creation is Pn(t = 0) =
Gs/G = 0.5, where Gs = G↑ − G↓ is the difference in the generation rates for
spin up and down electrons. For homogeneous doping, the spin density in the
p-side would be sp = GsTs ≈ 1 × 1013 cm−3, while in the n-side sn = Gsτs ≈
3×1013 cm−3. The physical situation and the geometry are illustrated in Fig. 2.9.

We solve numerically the drift-diffusion equations for inhomogeneously doped
spin-polarized semiconductors to obtain electron n, hole p, and spin s densities,
as well as charge j and spin js = j↑ − j↓ current densities. We consider ideal
Ohmic contacts attached at both ends of the sample, providing infinite carrier
and spin recombination velocities (so that both non-equilibrium carrier densities
and spin density vanish at x = 0 and x = w).

Calculated spatial profiles of carrier and spin densities, as well as carrier and
current polarizations Pn = n/s and Pj = js/j, are shown in Fig. 2.10. There
is no applied voltage V, but the illumination produces a reverse photo current
jphoto = −eG(Ln + Lp + d) [46]. The behavior of carrier densities is the same as
in the unpolarized case. The spin density essentially follows the non-equilibrium
electronic density in the p-side, sharply decreases in the depletion region, and
then rapidly increasing to a value larger than the normal excitation value in the
n-side, sn. We interpret this as a result of spin pumping through the minority
channel [83]: electron spin excited within the distance Lps from the depletion
region, as well as generated inside that region, is swept into the n-side by the
built-in field, thus pumping spin polarization into the n-region. In the rest of
the n-region, spin density decreases, until it reaches zero at the right boundary.
The carrier spin polarization Pn is reasonably high in the p-side, but diminishes
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Fig. 2.10. Calculated spatial profiles of (top) carrier densities n and p, spin
density s, and (bottom) carrier and current spin polarizations Pn and Pj.
The thin dashed lines show the doping profile Nd(x) − Na(x) (not to scale),
and the two vertical lines at xL ≈ 5.4 and xR ≈ 6.3 indicate the depletion
region boundaries. The thin lines accompanying the numerical curves are
analytical results for an ideal spin-polarized solar cell (if not visible, they
overlap with the numerical results). From [87].

in the n-side. Current polarization, however, remains quite large throughout the
sample. It changes sign in the p-region, and since j(V = 0) = jphoto < 0 is a
constant, Pj shows the negative profile of spin current, and has a symmetric shape
in the n-region, being much larger than Pn. These findings can be confirmed
analytically (see Fig. 2.10) using a low-bias approximation and Shockley relation
for the minority carrier density at the edge of the depletion region [87].

Several trends, shown in Fig. 2.10, are helpful to illustrate important differ-
ences with the unipolar transport from Section 2.1.4. For example, carrier density
in semiconductors can have strong spatial variation and, within a depletion re-
gion, there is a large deviation from local charge neutrality. An applied bias
would change the width of the depletion region and give rise to non-linear I-V
characteristics. While in metallic F/N junctions Pj was calculated to illustrate
the degree of spin injection efficiency, we see from Fig. 2.10 that Pj and Pn can
have a qualitatively different behavior. It is useful to recall from the discussion
of spin LEDs in Section 2.1.3 that spin injection in semiconductors is typically
characterized by measuring Pn rather than Pj.
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Previous discussion of spin injection in F/N metallic junctions gave an intu-
itive picture of non-equilibrium magnetization (spin accumulation) in the non-
magnetic region. The spatial profile of spin accumulation sketched in Fig. 2.3(b)
and Eq. (2.23) suggest that the non-equilibrium magnetization need to mono-
tonically decay away from the point of spin injection (at F/N interface) to the
interior of a non-magnetic material. However, we have shown that spin accumu-
lation can even increase away from the point of spin injection, as a consequence
of inhomogeneous doping in non-magnetic semiconductors. This behavior can
be illustrated in the geometry slightly modified from the one shown in Fig. 2.9
in which optical spin pumping is applied only at the left end of a p-n junction
(where spin-polarized electrons are minority carriers in the p-region). Away from
the point of spin injection, following the increase in n from p- to the n-region,
there will also be an increase in s which we termed spin amplification [83]. Similar
behavior was also confirmed in [97].

2.2.3 Magnetic p-n junctions

For potential spintronic applications (see Section 2.2.4.3), as well as to demon-
strate novel effects due to spin-polarized bipolar transport, it is desirable to have
large carrier spin-subband splitting (see Fig. 2.8). In the absence of a magnetic
field, such a splitting can be realized using ferromagnetic semiconductors (see
Chapter 1), while in an applied magnetic field one could utilize large effective
g-factors either due to magnetic impurities (for example, |g| ≈ 500 at T < 1K)
or due to spin-orbit coupling in narrow band-gap semiconductors (|g| ≈ 50 at
room temperature in InSb), as discussed in [1]. Selective doping with magnetic
impurities and/or the application of an inhomogeneous magnetic field could be
used to realize a desirable, spatially inhomogeneous, spin splitting.

Although practical magnetic p-n junctions are still to be fabricated and the
effects discussed here are currently being experimentally examined [98], mag-
netic p-n junctions have already been demonstrated. Indeed, Wen et al. [99]
were perhaps the first to show that a ferromagnetic p-n junction, based on the
ferromagnetic semiconductor CdCr2Se4 doped with Ag acceptors and In donors,
could act as a diode. Photovoltaic diodes were also fabricated using (Hg,Mn)Te
magnetic semiconductor [100]. However more extensive work on magnetic p-n
junction has begun after the discovery of (III,Mn)V ferromagnetic semiconduc-
tors, discussed in Chapter 1. Heavily doped p-(Ga,Mn)As/n-GaAs junctions were
fabricated [101–105] to demonstrate tunneling interband spin injection. Recently,
Tsui et al. [106] have shown that the current in p-CoMnGe/n-Ge magnetic het-
erojunction diodes can indeed be controlled by a magnetic field.

We discuss several properties of magnetic p-n junctions which rely on the
interplay of the carrier spin-subband splitting (implying that there is a finite
equilibrium spin polarization of carrier density) and the non-equilibrium spin
induced, for example, by optical or electrical means (recall Sections 2.1.3 and
2.1.4). We also focus here on the diffusive regime while a magnetic diode in
a ballistic regime was recently discussed in [107]. For simplicity, we look at a
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Fig. 2.11. Scheme of a magnetic p-n junction. (a) Band-energy diagram with
spin-polarized electrons (arrows) and unpolarized holes (circles). The spin
splitting 2qζ , the non-equilibrium spin polarization at the depletion region
edge δPn(xR), and the region where the spin is injected are depicted. (b)
Circuit geometry corresponding to panel (a). Using circularly polarized light
(photo-excited electron-hole pairs absorb the angular momentum carried
by incident photons), non-equilibrium spin is injected transversely in the
non-magnetic n region and the circuit loop for I-V characteristics is indi-
cated. Panel (c) indicates an alternative scheme to electrically inject spin
into the n region. Adapted from [88].

particular case where the band-offsets (see Fig. 2.8) are negligible and the spin
polarization of holes can be neglected and in both the notation for the carrier
spin-splitting 2qζ and for the spin density s we can omit the index n. Simple
scheme of such a magnetic p-n junction is given in Fig. 2.11.

From Eqs (2.44) and (2.45) we can rewrite the product of equilibrium densi-
ties as

n0p0 = n2
i cosh(qζ/kBT ), (2.69)

where ni is the intrinsic (non-magnetic) carrier density [82] and we notice that
the density of minority carriers in the p-region will depend on the spin splitting
n0(ζ) = n0(ζ = 0) cosh(qζ/kBT ). Similar to the theory of charge transport in
non-magnetic junctions [89] the total charge current can be expressed as the sum
of minority carrier currents at the deletion edges j = jnL + jpR with

jnL ∝ δnL, jpR ∝ δpR, (2.70)
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where δnL is given by Eq. (2.59) with P R
n0 = 0, δpR = p0[exp(qV/kBT )− 1], and

V is the applied bias (positive for forward bias). Equation (2.69) implies that in
the regime of large spin splitting, qζ > kBT , the density of minority electrons
changes exponentially with B (∝ ζ) and can give rise to exponentially large
magnetoresistance [84]. In the absence of an external spin source, a geometry
depicted in Fig. 2.11(a) and (b), can also be used to illustrate the prediction
of spin extraction [84], a process opposite to spin injection. Spin splitting in
the p-region provides spin-dependent barriers for electron transport across the
depletion region. With large forward applied bias and the generation of non-
equilibrium carrier density there can be a significant spin extraction from the
non-magnetic n-region into the magnetic p-region with spin densities having
opposite signs in these two regions (for s0L > 0 there is a spin accumulation
δsR < 0). These findings, obtained from a self-consistent numerical solution
of drift-diffusion equations [84], can also be confirmed analytically, within the
small bias approximation [85]. Similar spin extraction was recently observed
experimentally in MnAs/GaAs junctions [108] and theoretical implications due
to tunneling from non-magnetic semiconductors into metallic ferromagnets were
considered [109].

The interplay between the Pn0 (recall Eq. 2.51) in the p-region, and the non-
equilibrium spin source of polarization δPn in the n-region, at the edge of the de-
pletion region, determines the I-V characteristics of the diodes. The dependence
of the electric current j on qζ and δPn was obtained by both numerical and ana-
lytical methods. Numerical calculations [84] were performed by self-consistently
solving for the system of drift-diffusion equations and analytical results [85, 88]
were obtained using a small-bias approximation (see Section 2.2.1).

To illustrate the I-V characteristics of a magnetic p-n junction, consider the
small-bias limit in the configuration of Fig. 2.11. The electron contribution to
the total electric current can be expressed from Eqs (2.59) and (2.70) as [84, 85]

jnL ∼ n0(ζ)
[
eqV/kBT (1 + δPnPn0) − 1

]
. (2.71)

Equation (2.71) generalizes the Silsbee–Johnson spin-charge coupling [48, 110],
originally proposed for ferromagnet/paramagnet metal interfaces, to the case
of magnetic p-n junctions. The advantage of the spin-charge coupling in p-n
junctions, as opposed to metals or degenerate systems, is the non-linear voltage
dependence of the non-equilibrium carrier and spin densities [84, 85], allowing
for the exponential enhancement of the effect with increasing V . Equation (2.71)
can be understood qualitatively from Fig. 2.11. In equilibrium, δPn = 0 and
V = 0, no current flows through the depletion region, as the electron currents
from both sides of the junction balance out. The balance is disturbed either
by applying bias or by selectively populating different spin states, making the
flow of one spin species greater than that of the other. In the latter case, the
effective barriers for crossing of electrons from the n to the p side is different
for spin up and down electrons (see Fig. 2.11). Current can flow even at V = 0
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Fig. 2.12. Giant magnetoresistance (GMR) effect in magnetic diodes. Cur-
rent/spin-splitting characteristics (I-ζ) are calculated self-consistently for
V = 0.8 V for the diode from Fig. 2.11. Spin splitting 2qζ on the p-side
is normalized to kBT . The solid curve corresponds to a switched-off spin
source. The current is symmetric in ζ. With spin source on (the extreme case
of 100% spin polarization injected into the n-region is shown), the current
is a strongly asymmetric function of ζ, displaying large GMR, shown by the
dashed curve. Material parameters of GaAs were applied. Adapted from [84].

when δPn 
= 0. This is an example of the spin-voltaic effect (a spin analog of
the photovoltaic effect), in which non-equilibrium spin causes an EMF [84, 111].
In addition, the direction of the zero-bias current is controlled by the relative
sign of Pn0 and δPn. Experimental efforts to detect the spin-voltaic effect are
discussed in Chapter 1. We will revisit the implications of the spin-voltaic effect
in three-terminal structures, discussed in Section 2.2.4.3.

Magnetic p-n junctions can display an interesting giant magnetoresistance
(GMR)-like effect, which follows from Eq. (2.71) [84]. The current depends
strongly on the relative orientation of the non-equilibrium spin and the equi-
librium magnetization. Figure 2.12 plots j, which also includes the contribution
from holes, as a function of 2qζ/kBT for both the unpolarized, δPn = 0, and
fully polarized, δPn = 1, n-region. In the first case j is a symmetric function of
ζ, increasing exponentially with increasing ζ due to the increase in the equilib-
rium minority carrier density n0(ζ). In unipolar systems, where transport is due
to the majority carriers, such a modulation of the current is not likely, as the
majority carrier density is fixed by the density of dopants.

If δPn 
= 0, the current will depend on the sign of Pn0 · δPn. For parallel
non-equilibrium (in the n-region) and equilibrium spins (in the p-region), most
electrons cross the depletion region through the lower barrier (see Fig. 2.11),
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increasing the current. In the opposite case of antiparallel relative orientation,
electrons experience a larger barrier and the current is inhibited. This is demon-
strated in Fig. 2.12 by the strong asymmetry in j. The corresponding GMR
ratio, the difference between j for parallel and antiparallel orientations, can also
be calculated analytically from Eq. (2.71) as 2|δPnPn0|/(1 − |δPnPn0|) [85]. If,
for example, |Pn0| = |δPn| = 0.5, the relative change is 66%. The GMR effect
should be useful for measuring the spin relaxation rate of bulk semiconductors
[88], as well as for detecting non-equilibrium spin in the non-magnetic region of
the p-n junction.

2.2.4 Spin transistors
We describe two types of spin transistors: Datta–Das spin field effect transis-
tor and magnetic bipolar transistor. These two represent two different views
on spintronic devices. The Datta–Das transistor is based on individual electron
spin dynamics in an effective microscopic magnetic field. The magnetic bipo-
lar transistor is based on spin population differences, relying on ensemble spin
(magnetization). Other types of spin transistors are discussed in this book in
Chapters 4 and 6 and also reviewed in [1, 112].

2.2.4.1 Datta–Das spin field effect transistor The Datta–Das spin field effect
transistor [113] uses a simple physical picture illustrated in Fig. 2.13. In a field
effect transistor the source and the drain are connected by a conducting channel
formed at a heterostructure interface. The width of the channel, and thus the
conductance through it, is controlled by a gate separated from the channel by
an insulating barrier. Imagine now the source and drain are ferromagnets (could
be ferromagnetic metals or semiconductors), with parallel magnetizations. The
source injects spin-polarized electrons into the channel. In a short channel the
spin would be preserved until the electron enters the drain. What would happen
if the electron’s spin flipped? Then the electron would have a much larger prob-
ability to bounce off the drain, contributing to an increase of resistance. Instead
of a spin flip, we can try to rotate the spin with a magnetic field. In addition,
if this magnetic field could be controlled electronically, we would have full elec-
tronic control over conductance. The difference from the conventional field effect
transistor is that (i) there is no need to change the channel width and thus no
need to waste energy and time on charging (capacitance) effects, and (ii) the in-
formation about the electrical properties of the transistor can be reprogrammed
by changing the magnetization orientations of the source and drain, giving the
transistor the potential for nonvolatile random access memory.

The crucial point in the above picture is the effective field controlled by
the gate. Datta and Das suggested using the Bychkov–Rashba field [74], which
is a microscopic, electron momentum k dependent field giving rise to electron
spin procession. This field is also called structure inversion asymmetry, since
it appears only in low-dimensional systems whose macroscopic structure (con-
finement potentials, effective masses) lacks inversion symmetry. Semiconductor
heterostructures used in field effect transistors are an example of a structure
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Fig. 2.13. Datta–Das spin field effect transistor. The source and drain are fer-
romagnetic metals with parallel magnetizations. The channel is formed at
a heterostructure interface. The gate modifies the Bychkov–Rashba field Ω,
which is perpendicular to both the growth direction n and electron momenta
k. The electrons either enter in the drain if their spin direction is unchanged
(top) or bounce off if the spin has precessed (bottom), giving ON and OFF
states, respectively. Adapted from [1].

inversion asymmetry. The Bychkov–Rashba field arises from spin-orbit coupling
and is most pronounced in narrow gap semiconductors like InAs (where the cou-
pling is enhanced). The corresponding Hamiltonian has a form usual for spin
precession,

H(k) =
1
2

�σ · Ω(k), (2.72)

where σ is the vector of Pauli matrices and

Ω(k) = 2αBR(k × n). (2.73)

Here αBR is the Bychkov–Rashba parameter, the measured values of which are
about 10−11 eV m, and n is the unit vector along the heterostructure growth.
We emphasize that Ω(k) is not a real magnetic field (see Section 2.1.5.1). Indeed,
the Bychkov–Rashba field does not lead to equilibrium spin polarization. Time
reversal symmetry is preserved. What is exciting about the Bychkov–Rashba
field is the fact that it can be tuned by the gate field, by changing the degree of
asymmetry. There have been reports confirming this claim, although the matter
is still not settled (see the discussion in [1], p. 355).

Is the Bychkov–Rashba field strong enough to cause at least a half precession
of the spin? Take the channel width to be L, and electrons traveling ballistically
parallel to the source-drain axis. The time of flight is t = Lm/(�k), where m is the
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electron effective mass. The precession frequency is |Ω| = 2αBRk (see Eq. 2.73).
Then the spin perpendicular to Ω precesses through angle φ = 2αBRmL/�. This
precession angle does not depend on the electron momentum. The probability
to find such a spin in the initial state is then cos2(φ/2), the factor that also
gives the current modulation. If we take L ≈ 0.1 µm, �αBR ≈ 10−11 eV m, the
effective electron mass 0.1 me (where me is the free electron mass), we get φ ≈ 3,
enough to make a half precession. The value of αBR sets the limit on L.

2.2.4.2 Bipolar junction transistor The magnetic bipolar transistor (MBT)
builds on the bipolar junction transistor (BJT), a conventional device scheme
introduced by Shockley [114] and widely used in signal amplification and process-
ing, as well as in fast logic applications. We first introduce BJT and its formalism
in order to recall some standard transistor terminology and to make a smooth
transition to the magnetic case.

Conventional bipolar junction transistors comprise two p-n junctions in se-
ries, forming a three-terminal device. While such an arrangement may sound like
a trivial extension of the p-n junction diode physics, the new structure has the
remarkable novel functionality of amplifying small-current signals. The structure
of a npn BJT is in Fig. 2.14. The emitter is doped with Nde donors, the base with
Nab acceptors, and collector with Ndc donors. The donor (acceptor) densities are
also the electron (hole) majority densities in the respective regions. In equilib-
rium the minority densities are small. For example, the number of conduction
electrons in the base is n0b = n2

i /Nab, where ni is the intrinsic carrier density
in the semiconductor. External biases drive the current. In the most useful form
of transistor operation, the forward active mode, in which the transistor is an
amplifier, the emitter-base junction is forward biased with potential Vbe > 0,
while the collector-base junction is reverse biased with potential Vbc < 0. This
means that the built-in potential in the emitter-base junction is reduced by Vbe,
allowing electron injection from the emitter to the base. The number of minor-
ity electrons in the base close to this junction increases exponentially to the
non-equilibrium density

nbe = n0be
qVbe/kBT . (2.74)

As in Section 2.2.1 we introduce the non-equilibrium (excess) density as

δnbe = nbe − n0b = n0b

(
eqVbe/kBT − 1

)
. (2.75)

Similarly, the non-equilibrium electron density in the base at the base-collector
junction is

δnbc = nbc − n0b = n0b

(
eqVbc/kBT − 1

)
. (2.76)

In the forward active mode δnbc is small (and can be neglected) because Vbc < 0.
It becomes important in other modes. The hole excess densities in the emitter
and collector, close to the depletion region with the base, are
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jcje jb

Vbc

Vbe

forward

collectoremitter

reverse

N N

w  << Lb bn

base

P

Fig. 2.14. Scheme of a conventional npn bipolar junction transistor in the for-
ward active mode. The upper figure shows the overall structure, the lower
figure shows the conduction and valence bands, populated with electrons
(filled circles) and holes (empty), respectively. The dashed lines indicate the
Fermi levels (chemical potentials). The emitter-base junction is forward bi-
ased with potential Vbe > 0, while the collector-base junction is reverse biased
with potential Vbc < 0. The magnitude of the corresponding applied poten-
tials is given by the difference between the Fermi levels. The solid arrows
indicate the carrier flow, while the dashed arrows illustrate recombination.
For effective operation it is required that the base width wb is smaller than
the electron diffusion length in the base Lnb.

δpe = p0e

(
eqVbe/kBT − 1

)
, (2.77)

δpc = p0c

(
eqVbc/kBT − 1

)
. (2.78)

Again, only δpe needs to be considered in the forward active mode.
The emitter current je is formed by the electron injection current into the

base, and the hole injection current into the emitter. As the injected electrons
travel through the base, some of them recombine with the holes and leave the
base through the valence band. Together with the flow of holes in the opposite
direction, this constitutes the hole current jb. Most electrons manage to reach the
collector junction, where they are swept by the large electric field in the depletion
region to the collector. Unless the electrons recombine inside the depletion region,
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they all reach the collector, forming the collector current jc together with the
holes injected to the collector from the base (this is a small contribution in the
forward active mode). The most interesting characteristic of a transistor is the
current gain, defined by

β =
jc

jb
. (2.79)

Typically β ≈ 100, meaning that the small-current signal brought in by varying
jb is amplified a hundred times in the collector circuit. In other words, taking
away one electron (per unit time and area) from the base gives way to a hundred
electrons reaching the collector. If there were no current drawn from the base,
the electrons recombining there would oppose further injection from the emitter,
stopping the current altogether. The sign convention for the current is specified
in Fig. 2.14. The base current is

jb = je − jc. (2.80)

We can calculate β by calculating the currents. A convenient way to write the
currents in BJT is through the non-equilibrium densities of the minority carriers
(see, for example, [115]):

je = jn
gb

[
δnbe

n0b
− 1

cosh(wb/Lnb)
δnbc

n0b

]
+ jp

ge

δpeb

p0e
, (2.81)

jc = jn
gb

[
−δnbc

n0b
+

1
cosh(wb/Lnb)

δnbe

n0b

]
− jp

gc

δpcb

p0c
. (2.82)

The base current is then calculated using Eq. (2.80). The generation currents
jg reflect the flow of thermally generated carriers in their majority regions close
to the depletion region. Such carriers are then swept into the minority sides,
irrespective of the applied bias. The electron generation current in the base is

jn
gb =

qDnb

Lnb
n0b coth

(
wb

Lnb

)
. (2.83)

Here Dnb stands for the electron diffusion coefficient in the base whose width is
wb;5 Lnb is the electron diffusion length in the base. The hole generation currents
in the emitter, jp

ge, and collector, jp
ge, are

jp
ge =

qDpe

Lpe
p0e coth

(
we

Lpe

)
, (2.84)

jp
gc =

qDpc

Lpc
p0c coth

(
wc

Lpc

)
. (2.85)

The notation is similar to the electron case.
5As in the case of diodes, the width of a region is an effective (rather than nominal) width

of the neutral regions, excluding the depletion region whose size depends on the applied bias.
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Equations (2.75)-(2.78) and (2.81)-(2.85) fully describe the electrical charac-
teristics of ideal bipolar junction transistors. Let us calculate the gain β in the
forward active mode. We will generalize this calculation in Section 2.2.4.3 for the
magnetic case. The physics behind amplification becomes manifest by introduc-
ing three additional quantities: the transport factor α, the base transport factor
αt, and the emitter efficiency γe. They are related by

α = αtγe =
jc

je
, (2.86)

where

γe =
jn
e

je
, (2.87)

αt =
jc

jn
e

. (2.88)

The emitter efficiency γe measures the contribution of electrons to the emitter
current. The higher it is, the more electrons (and less holes) are injected across
the base-emitter junction. The base transport factor αt shows how many of the
injected electrons make it across the base to form the collector current. The
current gain is

β =
α

1 − α
. (2.89)

Ideally, α is close to 1, so that β is large. For efficient current amplification both
efficient emitter injection γe ≈ 1 and base transport are needed.

In our npn BJT Eqs (2.81) and (2.82) give for the emitter efficiency6

γe =
1

1 + jp
ge/jn

gb

. (2.90)

The base transport factor is

αt =
1

cosh(wb/Lnb)
. (2.91)

The emitter efficiency is usually increased by heavy emitter and small base dop-
ing, since jp

ge/jn
gb ∼ Nab/Nde. The greater the doping, the smaller the equilibrium

number of minority carriers, and the smaller the corresponding generation cur-
rent. The base transport factor can be increased by making the base narrower
so that wb � Lnb. In this limit the transistor amplification factor becomes

β =
1

w2
b/2L2

nb + jp
ge/jn

gb

. (2.92)

In Si transistors it is usually the emitter efficiency that determines amplifica-
tion, since Lnb is rather large in Si, due to slow electron-hole recombination. In

6Note that δnbc and δpbc can be neglected in the forward active mode.
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Table 2.2 Four (five) operating modes of conventional (magnetic) bipolar tran-
sistors. Forward (reverse) bias means positive (negative) voltage V . Symbols
MA and GMA stand for magneto-amplification and giant magneto-amplification,
while ON and OFF are modes of small and large resistance, respectively; SPSW
stands for spin switch. The spin-voltaic mode applies only to MBT.

mode Vbe Vbc BJT MBT

forward active forward reverse amplification MA, GMA
reverse active reverse forward amplification MA, GMA
saturation forward forward ON ON, GMA, SPSW
cut-off reverse reverse OFF OFF
spin-voltaic null null N/A SPSW

contrast, GaAs derived transistors have very small Lnb and the amplification is
limited by the base transport factor. To reduce this factor, spatially modulated
GaAs heterostructures are used to create electric drift in the base to boost the
transport.

Table 2.2 summarizes different operating modes of both conventional BJT
and magnetic transistors discussed in the next section. We have discussed the
active forward mode where BJT amplify signals. The reverse active mode simply
reverses the biases. In this mode a BJT can also amplify signals, but β is much
smaller because the emitter efficiency is small. Usually transistors have small
collector dopings to have large breakdown voltage in the reverse mode. The
saturation mode is one with both junctions forward biased. The collector and
base currents are similar in magnitude and amplification is inhibited. This mode,
used in logic circuits, is denoted as ON, in contrast to the high-resistance cut-off
(OFF) state in which both junctions are reverse biased and only small currents
of the magnitudes of the generation currents flow. More discussion can be found
in standard textbooks; see, for example, [116].

2.2.4.3 Magnetic bipolar transistor We propose the magnetic bipolar transis-
tor (MBT) as a bipolar junction transistor that incorporates magnetic semicon-
ductors as its active elements [121,122]. Simplified variations of our MBT not in-
cluding the effects of non-equilibrium spin were later considered by Lebedeva and
Kuivalainen [117], Flatté et al. [118], and Bandyopadhyay and Cahay [119]. Ex-
perimental realization of GaAs/(Ga,Mn)As-based MBT is currently in progress
[120]. The magnetic semiconductors can be ferromagnetic or they can have giant
g-factors and placed in a magnetic field. Either way there is a large, compa-
rable to the thermal energy, spin splitting 2qζb of the carrier bands. Here we
illustrate the properties of MBTs using electron spin polarization (leaving holes
unpolarized). Only the base will have equilibrium spin polarization. The excit-
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jcje jb

forward

collectoremitter

w  << Lb bn

N N

reverse

base

magnetic P

Vbc

Vbe

Fig. 2.15. Scheme of a magnetic npn bipolar transistor in the forward active
mode. The notation is as in Fig. 2.14. Only the base has equilibrium electron
spin polarization P0b, illustrated by the spin-split conduction band. Spin up
(down) electrons are pictured as dark (light) filled circles. Holes are unpolar-
ized. The emitter has a source of spin polarization, here shown as circularly
polarized light, giving rise to non-equilibrium spin polarization δPe. The cou-
pling between the equilibrium and non-equilibrium polarizations gives rise to
many new functionalities as described in the text.

ing new features appear when we allow for a non-equilibrium spin to be added.
This can be achieved by optical spin orientation, or electrical spin injection (see
Sections 2.1.3 and 2.1.4). Here we assume that there is a non-equilibrium spin of
polarization δPe in the emitter, and equilibrium spin of polarization P0b in the
base. The magnetic field can modify P0b by changing qζb, since (recall Eq. 2.51)
P0b = tanh(qζb/kBT ). The scheme of a MBT is shown in Fig. 2.15.

The most important new feature of MBT is the spin dependent barrier for the
electron injection from the emitter to the base. In Fig. 2.15 this barrier favors
spin up electrons. More electrons are injected into the lower conduction level
in the base than into the upper one. The equilibrium spin polarization in the
base is preserved. We have learned in Section 2.2.4.2 that the emitter efficiency
γe is a limiting factor in amplification. We can easily modify γe in our MBT.
Indeed, just put more (or less) spin up electrons in the emitter, so that more
(less) electrons are injected through the lower spin barrier. This tuning can be
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done by introducing non-equilibrium spin δPe. In effect, the emitter efficiency
can be controlled by spin-charge coupling. As for the base transport factor αt,
there is not much to be done by either spin or magnetic field. This factor is
governed by electron diffusion.7

The electrical currents through MBTs also depend on the non-equilibrium
minority carrier densities and on the applied biases. The expressions for the
currents are those in the previous section, Eqs (2.81) and (2.82). The difference
now is that the non-equilibrium electron densities depend on spin. The spin-
charge coupling leads to the familiar δPeP0b dependence for electron densities

δnbe = n0b(ζb)
[
eqVbe/kBT (1 + δPeP0b) − 1

]
, (2.93)

δnbc = n0b(ζb)
(
eqVbc/kBT − 1

)
. (2.94)

The influence of the equilibrium spins is felt both in n0b(ζb) = n0b(0) cosh(qζb/kB

T ), which reflects the change of the equilibrium minority density in the magnetic
region, and as well as in the spin-charge coupling factor. The non-equilibrium
spin plays a role only in the latter. The expression for δnbc remains Eq. (2.76).
The excess hole densities are given by Eqs (2.77) and (2.78).

Substituting δnbe from Eq. (2.93) into the formula for je, Eq. (2.81), we
obtain for the emitter efficiency

γe =

[
1 +

jp
ge

jn
gb(ζb)

1
1 + δPeP0b

]−1

. (2.95)

This generalizes Eq. (2.90) to the case of equilibrium spin polarization in the base
and spin-charge coupling. We specify that jn

gb depends on ζb through n0b(ζb). The
base factor αt is given by Eq. (2.91). The gain β is then

β =

[
w2

b

2L2
nb

+
jp
ge

jn
gb(ζb)

1
1 + δPeP0b

]−1

, (2.96)

where we assume the narrow base limit wb � Lnb. The above formula gener-
alizes Eq. (2.92). The amplification depends on both the equilibrium and non-
equilibrium spin. The dependence on the equilibrium spin is through both jn

gb(ζb),
which is an even function of ζb and thus also P0b, and through spin-charge cou-
pling. We call this dependence magneto-amplification (MA), since it allows con-
trol over amplification by the magnetic field, which gives rise to equilibrium spin
polarization. Magneto-amplification is present even without the non-equilibrium
spin and can be used to detect a magnetic field or to measure the equilibrium spin
polarization. In analogy with giant magnetoresistance, we call the effect of a rel-
ative change of β upon switching the sign of δPeP0b giant magneto-amplification

7There is, however, the possibility that Lnb depends on B, leading to small magnetic effects,
observed also with conventional transistors.
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(GMA) [115]. The corresponding giant magneto-amplification factor GMA is
defined as

GMA =
β(parallel) − β(antiparallel)

β(parallel)
, (2.97)

where (anti)parallel refers to the relative orientation of the equilibrium and non-
equilibrium spins P0b and δPe.

Spin and magnetic control of current amplification is optimized when the
emitter efficiency dominates over base transport, as in Si-like transistors or spe-
cially tailored GaAs heterostructure transistors. In this case we can neglect the
factor w2

b/2L2
nb in Eq. (2.96) and write

β =
jn
gb(ζb)
jp
ge

(1 + δPeP0b) . (2.98)

The relative change of β in a magnetic field or spin orientation change is now

GMA = 2
|δPeP0b|

1 + |δPeP0b|
, (2.99)

which, for reasonable values of 50% spin polarizations, give about 40% giant
magneto-amplification.

The above analysis of the forward active mode of MBT applies equally to the
reverse active mode, with the same proviso that the amplification is usually much
smaller due to the transistor design. The saturation mode of MBT differs from
that of BJT. We have found that MBT can amplify signals also in this mode,
solely due to spin-charge coupling which can significantly enhance jc over jb [123].
Suppose non-equilibrium spin is added to both the emitter (δPe) and collector
(δPc). Then one can show that the current amplification can be controlled by
the difference of the two spin polarizations [123]

β =
P0b(P0e − P0c)

w2
b/L2

nb + jp
ge/jn

gb + jp
gc/jn

gb

. (2.100)

The current gain is large because of the denominator which contains the ratio
of the hole to electron equilibrium densities. It is remarkable that the gain can
be made negative by switching from the emitter to collector spin polarization,
or by changing the sign of the polarization. The ON and OFF logic states can
also be tuned within this mode by spin charge coupling. MBT in the saturation
mode can also act as a spin switch. In the cut-off mode MBT is in the OFF
state. Spin effects are inhibited. We include also the spin-voltaic mode, where
Vbe = Vbc = 0. Conventional BJT is in equilibrium, with no currents flowing,
but MBT can be active because of the presence of non-equilibrium spin. In this
mode δnbe = n0b(ζb)δPeP0b, while the non-equilibrium hole densities vanish. All
the activity is controlled by spin-charge coupling. The transistor can act as a
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spin switch, changing the direction of the currents by changing the direction of
spin. Unfortunately, the currents are small, on the order of generation currents.
Since only electrons flow, γe = 1 and amplification in this mode can be very
large since it is solely due to αt. These five modes are summarized in Table 2.2.

What is remarkable MA and GMA is that they do not depend on spin re-
laxation in the base.8 The controlling factor is the carrier injection from the
emitter into the base. Only spin relaxation in the depletion region between the
emitter and base can mask the effect. Fortunately, the depletion region is rather
small, especially in forward bias, and the built-in electric field causes fast spin
drift. Magnetic bipolar transistors can also be used for electrical control of mag-
netism. In high injection limits (beyond the validity of our analytical theory),
where the number of injected electrons from the emitter to the base is compara-
ble to the base doping density, the presence of free carriers can induce ferromag-
netism. Similar considerations would apply to the small regions of the depletion
regions. When depleted more, for example by reverse biases, the regions can
lose ferromagnetism as they are void of free carriers. Such electrical control of
ferromagnetism could be used for magnetic storage.

2.2.4.4 Ebers–Moll model of magnetic bipolar transistor The Ebers–Moll mod-
el is an equivalent circuit to a BJT [116]. Let us introduce some new notation.
Denote by jse and jsc the emitter and collector saturation currents:

jse = jn
gb + jp

ge, (2.101)
jsc = jn

gb + jp
gc. (2.102)

The emitter saturation current is the current that flows if Vbe < 0, Vbc = 0,
and only equilibrium spin present. Similarly for the collector saturation current.
Denote next the forward and reverse currents (terminology from the forward
active mode) as

jf = jse

(
eqVbe/kBT − 1

)
, (2.103)

jr = jsc

(
eqVbc/kBT − 1

)
. (2.104)

Finally, we introduce spin-charge coupling forward and reverse currents

jmf = jn
gbδPeP0be

qVbe/kBT , (2.105)

jmr = jn
gbδPcP0be

qVbc/kBT . (2.106)

Here the subscript “m” stands for magnetic to stress that the current appears
only in magnetic junctions. These currents flow due to the presence of non-
equilibrium spin polarization and are finite even at zero bias (recall our discussion
of this spin-voltaic effect in Section 2.2.3). Here we include also the possibility

8Spin relaxation in the magnetic base is much faster than in the non-magnetic regions.
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of non-equilibrium spin polarization δPc in the collector. The Ebers–Moll model
for MBT then reads [124]

je = jf − αrjr + jmf − αtjmr (2.107)
jc = αfjf − jr + αtjmf − jmr. (2.108)

Here αf has the meaning of the transport factor (see Eq. 2.86) in the forward
active mode, while αr is the transport factor in the reverse active mode in the
absence of spin-charge coupling, as can be seen directly from Eqs (2.107) and
(2.108). As in the conventional model, these two factors satisfy

αfjse = αrjsc, (2.109)

which can be verified by requiring that

je(Vbe = 0, Vbc = V ) = −jc(Vbe = V, Vbc = 0), (2.110)

for δPe = δPc = 0. In our ideal case it is straightforward to show that

αfjse = αtj
n
gb, (2.111)

where the base transport factor αt is given by Eq. (2.91).
The equivalent circuit to Eqs (2.107) and (2.108) is shown in Fig. 2.16. The

voltage sources are arranged for the forward active mode for illustration. The
current flow is the same as in Fig. 2.14. The emitter circuit consists of four
elements: (i) conventional diode with the directional current jf that depends on
Vbe, (ii) conventional current source giving current αrjr that depends on Vbc and
on the transport factor αr measuring the amount of current injected into the
emitter from the collector, (iii) spin diode with the forward current jmf , and
finally, (iv) spin current source αtjmr. The first two elements already appear
in conventional BJTs. The spin diode (iii) appears due to spin-charge coupling,
and works similarly to a diode in the sense that its current is directional with
jmf ∼ exp(qVbe/kBT ). The crucial difference from conventional diodes is that
the direction of the current flow can be changed by changing the sign of δPeP0b.
The symbol for the spin diode reflects this fact. The filled triangle shows the
direction when δPeP0b is positive. The new functionality of MBT lies in the
ability to switch or modify the spin diode during its operation. There is also
a spin current source (iv). This appears due to the electron current from spin-
charge coupling, injected in the base from the collector, and diffusing towards
the emitter through the base (this is why the transport factor αt appears). The
element is a current source because it does not depend on the voltage drop
across it. It is, however, a controlled current source, similar to (ii), which can
be controlled by Vbc. Because (iv) arises from spin-charge coupling, it can also
be controlled by spin and magnetic field. A similar description applies to the
collector circuit.
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ej cj
bj

V   > 0be V   < 0bc

fjα frjα r

fj rj

jmf jmr

mrjα t mfjα t

Fig. 2.16. The Ebers–Moll equivalent circuit of MBT in the forward active
regime. Left is the emitter, right is the collector circuit. The emitter circuit
has a diode for the forward current, and a current source which depends on the
current in the collector circuit. In addition, there are two new elements. A spin
diode whose direction can be flipped: its filled triangle points to the forward
direction when the two polarizations are parallel. If they are antiparallel,
the current direction changes. A new spin current source (dashed arrow),
points in the direction of the current if the two polarizations are parallel.
The direction of the current can also be switched. A similar notation applies
for the right (collector) circuit.

2.2.5 Outlook and future directions
Most of the existing structures which rely on the effects of spin-polarized bipo-
lar transport currently work at low temperature and future progress towards
room-temperature operation will largely be driven by materials improvements.
One can expect that reliable room-temperature operation will mainly be pursued
in either all-semiconductor structures or in hybrid structures combining metal-
lic ferromagnets and semiconductors. In the first approach the key issue will
likely be an integration of ferromagnetic semiconductors with sufficiently high
Curie temperature in relevant device structures. Experiments in (Ga,Mn)As [125]
showing that selective doping can significantly increase the Curie temperature,
as compared to the uniformly doped bulk samples, should also provide valuable
guidance for optimizing ferromagnetism in other materials. Stringent tests of
carrier-mediated ferromagnetism thus far have been performed only at relatively
low temperatures and in a small number of materials (see also the discussion
in Chapter 1). On the other hand, experimental reports of room temperature
ferromagnetism, in an increasing number of semiconductors [126], remain con-
troversial. It is often difficult to identify possible spurious effects. For example,
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early reports of 900K ferromagnetism in La-doped CaBa6 [127–129], were later
revisited suggesting an extrinsic effect [130]. Carrier-mediated ferromagnetism in
semiconductor junctions has been shown to strongly influence neighboring non-
magnetic regions through spin injection and the properties discussed in Chap-
ter 1. However, it remains to be examined what influence non-carrier-mediated
ferromagnetic semiconductors are expected to have on neighboring nonmagnetic
semiconductor regions. There also remain important theoretical challenges. Even
in homogeneous bulk materials the dominant models of ferromagnetism are not
capable of predicting trends in magnetic properties across different non-magnetic
semiconductor hosts [14].

In the second approach, relying on metallic ferromagnets, there is a wide
range of materials with desirably high Curie temperature. However, just knowing
their behavior in the bulk is insufficient since the properties of spin-polarized
transport will be predominantly determined by the nature of their interfaces
with semiconductors. Indeed, as we mentioned in the introduction, the concept
of spin polarization, relevant to potential device structures, is not a bulk property
of a magnetic material [1]. A simple change in the choice of a neighboring non-
magnetic semiconductor could lead to completely different interfacial properties
(for example, GaAs could lead to a Schottky and InAs to an Ohmic contact with
the same magnetic metal). Furthermore, it is known that the lattice mismatch
between metals and semiconductors, as well as the presence of interfacial effects,
can lead to strong effects on the efficiency of spin injection.

There are also several other possible routes to bipolar spin-polarized trans-
port. In structures involving superconductors both electrons and holes could con-
tribute to transport. A formal similarity with continuity equations for bipolar
spin-polarized transport in p-n junctions can already be noticed in a pioneer-
ing proposal for spin injection in a superconductor by Aronov [131]. An inter-
esting interplay between strongly correlated effects and bipolar spin-polarized
transport can be realized in structures involving manganite perovskites. It has
already been demonstrated that in these systems one can fabricate magnetic
p-n junctions which show rectifying behavior [132] and electric modulation of
ferromagnetism [133]. Furthermore, recent measurements of exponentially large
magnetoresistance in manganite-titanite heterojunctions [134] show similar be-
havior to that predicted for semiconductor p-n junctions [84]. Perhaps, one of
the next challenges could be to fabricate three-terminal structures which would
lead to signal amplification.
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[65] S. Garzon, I. Žutić, and R. A. Webb, Phys. Rev. Lett. 94, 176601 (2005).
[66] D. Pines and C. P. Slichter, Phys. Rev. 100, 1014 (1955).
[67] R. J. Elliott, Phys. Rev. 96, 266 (1954).
[68] Y. Yafet, in Solid State Physics, Vol. 14, edited by F. Seitz and D. Turnbull

(Academic, New York, 1963), p. 2.
[69] M. I. D’yakonov and V. I. Perel’, Fiz. Tverd. Tela 13, 3581 (1971), [Sov. Phys.

Solid State 13, 3023 (1971)].
[70] G. L. Bir, A. G. Aronov, and G. E. Pikus, Zh. Eksp. Teor. Fiz. 69, 1382 (1975),

[Sov. Phys. JETP 42, 705 (1976)].
[71] M. I. D’yakonov and V. I. Perel’, Zh. Eksp. Teor. Fiz. 38, 362 (1973), [Sov.

Phys. JETP 38, 177 (1973)].
[72] J. Fabian and S. Das Sarma, J. Vac. Sci. Technol. B 17, 1708 (1999).
[73] G. Dresselhaus, Phys. Rev. 100, 580 (1955).
[74] Y. A. Bychkov and E. I. Rashba, Zh. Eksp. Teor. Fiz. Pisma Red. 39, 66 (1984),

[JETP Lett. 39, 78 (1984)].
[75] Y. A. Bychkov and E. I. Rashba, J. Phys. C 17, 6039 (1984).
[76] G. E. Pikus and A. N. Titkov, in Optical Orientation, Modern Problems in Con-

densed Matter Science, Vol. 8, edited by F. Meier and B. P. Zakharchenya
(North-Holland, Amsterdam, 1984), p. 109.

[77] R. I. Dzhioev, K. V. Kavokin, V. L. Korenev, M. V. Lazarev, B. Y. Meltser,
M. N. Stepanova, B. P. Zakharchenya, D. Gammon, and D. S. Katzer,
Phys. Rev. B 66, 245204 (2002).

[78] J. M. Kikkawa and D. D. Awschalom, Phys. Rev. Lett. 80, 4313 (1998).
[79] K. V. Kavokin, Phys. Rev. B 64, 075305 (2001).
[80] R. I. Dzhioev, V. L. Korenev, B. P. Zakharchenya, D. Gammon, A. S. Bracker,

J. G. Tischler, and D. S. Katzer, Phys. Rev. B 66, 153409 (2002).
[81] R. I. Dzhioev, K. V. Kavokin, V. Korenev, M. Lazarev, N. K. Poletaevx, B. P.

Zakharchenya, E. A. Stinaff, D. Gammon, A. Bracker, and M. Ware, cond-
mat/0407133.



Bipolar spintronics 91

[82] N. W. Ashcroft and N. D. Mermin, Solid State Physics (Saunders, Philadelphia,
1976).
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3 Probing and manipulating spin effects in
quantum dots

S. Tarucha, M. Stopa, S. Sasaki, and K. Ono

3.1 Introduction and some history

Information technology and indeed all electronics have historically been based
primarily on the charge-carrying properties of the electron more than its spin and
magnetic properties. Such is also the case with quantum dots. Initially quantum
dots were, essentially by definition, circumscribed regions of a discrete number
of electrons (specifically conduction band electrons) whose sole good quantum
number was the number of electrons N on the dot. The isolation of the elec-
trons into one small, spatial region of a semiconductor crystal (see Fig. 3.1) was
accomplished by means of sophisticated epitaxial techniques for growing very
pure crystals with well-defined material interfaces and conduction band offsets,
together with advanced microfabrication techniques for depositing metal gates
on the surface of semiconductor wafers in order to modulate the potential land-
scape within the semiconductor. When, with these techniques, an isolated “box”
of electrons is formed such that classically inaccessible (i.e. tunnel) barriers exist
all around, the box has a most-stable electron number N0, just as an atom, with
a given nuclear charge Z, has a maximally stable electron number.

In the atomic case, of course, Z is always an integer and the stable electron
number is equal to that nucleon number. One could imagine, however, Z taking
fractional values whereupon the stable electron number would increase as Z
passed through certain transition points close to half-integer values.9 Further,
when Z was exactly at one of those transition values, neighboring charge states
of the atom, N0 = Z, Z + 1, would be degenerate. This is the principle behind
the phenomena of “Coulomb blockade ” and “Coulomb oscillations” in quantum
dots.

For dots, the “nuclear” charge is actually a background positive charge con-
sisting of ionized donor atoms and charges on nearby surface electrostatic gates
as well as effective charges related to things like band offsets and piezoelectric
effects. This effective background positive charge, often denoted ρ0, (1) is not
necessarily integer and (2) can be tuned by varying the voltages on the gates.
When this effective background charge is not at a transition point, the addition
or subtraction of an electron requires electrostatic energies which are the quan-

9Here we say “close to” half-integer because the spacing of the quantum levels and their
energies also affect the charge degeneracy points.
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Fig. 3.1. Two standard configurations for semiconductor quantum dots. (a)
Lateral dot: a two-dimensional electron gas (2DEG) heterostructure grown
as a modulation doped GaAs wafer capped with 10 nm of AlGaAs is plated,
via e-beam lithography, with surface metal gates. A negative bias applied to
these gates depletes the electron gas underneath leaving a puddle of electrons
connected, via quantum point contact tunnel barriers, to 2DEG leads. (b)
Vertical dot: a double barrier heterostructure with n-doped, 3DEG leads is
etched into a submicron size pillar and an ohmic contact is placed on top
(via an air bridge or a narrow mesa). Current flows vertically between the
top contact and a conducting substrate. A gate surrounding the pillar acts
as a plunger to vary the electron number.

tum dot equivalents of the electron affinity and ionization potential, respectively,
for atoms. In quantum dot physics, the addition energy is known as the charging
energy EC and is often parameterized in terms of some effective capacitance ma-
trix for the dot [1]. For the effective background charge exactly at the transition
point the ground state is degenerate with respect to N, modulo the chemical
potential of the leads, i.e. E(N0 + 1) − E(N0) = µl.

The principal experimental signatures of the underlying physics which we are
interested here in describing fall into the category of transport measurements. In
contrast to optical studies of quantum dots which typically operate by creat-
ing overall neutral electron pairs, transport studies necessarily place electrons
onto dots and remove them, and the charge therefore fluctuates. Therefore, it
is essential that, unlike atoms, quantum dots are typically surrounded by Fermi
seas of electrons that constitute “leads” to the dot. At the degeneracy points of
neighboring charge states, electrons are available to tunnel into and off the dot,
changing the number N of electrons from N = N0 to N0 + 1 and back again.
If a small bias exists across the dot (“source-drain bias”), a current will then
preferentially flow, across the dot, in the direction of the bias. This is known
as a “Coulomb oscillation” in contrast to the values of ρ0 where a particular
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value of N is stable,10 which are called Coulomb blockade regions. Note that the
Coulomb blockade regions also require that the intrinsic quantum level widths
due to tunneling to the leads, with typical element written as �Γ, are smaller
than the charging energy EC (explained below). This is nothing more than the
condition that the dot is closed.

The Coulomb blockade is central to the relevance of quantum dots for spin-
tronics applications. It holds whenever the size of the quantum dot is small
enough that the energy of adding or subtracting an electron, EC, is greater than
kBT and �Γ. For low-temperature experiments it is now easily possible for charg-
ing energies to be much larger than kBT and since Γ is modulated by gates (at
least in lateral dots, see below) it can also be made as small as desired.

As noted above, Coulomb oscillations probe the border between Coulomb
blockade regions. In general transport studies examine the ways in which elec-
trons transit from source to drain, through the “system,” under a variety of
conditions. We will introduce experiments relating to the variation of several
experimental conditions, including a gate voltage Vg (standard Coulomb oscil-
lations), a magnetic field B, the source-drain voltage, Vsd, (non-linear regime)
and, in the case of double quantum dots, a second gate voltage that biases the
second dot. These data can be visualized in various ways, some of which have
become standard in the field, including (1) the usual conductance G (= dI/dVsd)
versus gate voltage Vg; (2) G as a gray scale versus Vg and B; (3) G as a gray
scale versus Vg and Vsd (Coulomb diamonds) and, in the case of double dots,
(4) G as a gray scale in the plane of the two gate voltages Vg1 and Vg2 (honey-
comb stability diagram). In each case one is probing the chemical potential of
the system (dot or dots) and whether it is between that of the source and the
drain; or else whether higher order tunneling processes (cotunneling) are capable
of connecting source and drain via intermediate virtual states in the system.

In many semiconductor quantum dots the individual (typical) quantum level
spacing, ∆, is greater than the kBT and �Γ but smaller than the charging energy:
kBT , �Γ < ∆ � EC. In this case the microscopic state is well-defined in quantum
dots. The condition for electron transport must now include not only the electron
numbers of the two states, but also the quantum states. In other words, when
Ep(N0 + 1) − Eq(N0) = µl, where p and q label all of the quantum numbers
for the two states, a transition in the dot can occur that changes the electron
number from N0 to N0 + 1. Nevertheless, Coulomb oscillations in particular are
assumed to occur between the ground states (i.e. p = 0 and q = 0) of the dot for
the two electron numbers. The reason for this is that while two excited states for
the two charge numbers may be degenerate modulo the chemical potential of the
leads, generally the relaxation time within the dot due to, for example, phonon
coupling is assumed to be much smaller than the time between tunneling events
between the leads and the dot. The result is that the initial state of a transition

10Here, by stable, we mean that the charging energy is greater than both the source-drain
bias and the temperature.
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is usually the ground state for a particular electron number. However, as we
will see in the case of Coulomb diamonds below, transitions to excited states of
the next electron number are possible and frequently observed in the non-linear
regime. Also, there are exceptions to the above principle when a metastable state
of the dot can occur and the signatures of excited to ground or excited to excited
state transitions can be observed [2].

In this chapter we concentrate on the concept of spin electronics. The driving
motivation behind “spintronics” is to control the spin state of a device or system
and, further, to control its transport through the system. We generally think
of the spin as a magnetic entity associated with some kind of internal current
within the electron. Due to the tiny size of the single Bohr magneton, however,
the interaction of this magnetic quantum with those of neighboring electrons is
extremely weak. This property gives spin its long-lived nature, that is, an electron
will preserve its spin quantum number in a disordered, inhomogeneous system
much longer than it will preserve other quantum numbers (e.g. momentum and
energy). This same isolation from its environment makes spin difficult to ma-
nipulate, however. Frequently, the best method for manipulating spin lies in the
deep connection found in quantum electrodynamics between the spin of a parti-
cle and its statistics. Since the electron has spin 1/2, it is necessarily a Fermion
and obeys Fermi statistics. This implies the existence of an exchange interaction
between spins which is electrostatic (rather than magnetic) in origin. Many of
the phenomena we discuss in this chapter, such as the transition between the
singlet and triplet states for pairs of electrons, originate in this exchange effect.

Finally, while control of large numbers of electrons in bulk semiconductors via
optical means have recently been demonstrated, we concentrate here on the most
elementary systems which we can fabricate, i.e. the smallest quantum dots or sets
of quantum dots, so as to explore the spins, to the extent possible, one at a time.
While this approach may lead to concepts for future devices, its principal benefit
and reason for existence is the understanding it provides of electron behavior at
a fundamental level.

3.2 Charge and spin in single quantum dots

3.2.1 Constant interaction model
For spintronics applications, the principal problems are to distinguish and then
manipulate the spin state of the dot. This was still difficult for intermediate size
dots, however, since even for these somewhat smaller dots the confining poten-
tial contour defined by the gates is irregular and furthermore the dot devices
invariably contained disorder due to the donor impurities employed to generate
the electron gas. As a consequence much of the study of the quantum state of
dots at this stage was undertaken from a statistical point of view. It was conjec-
tured that the presumably chaotic nature of the underlying classical dynamics of
quantum dots resulted in the spectral properties of these dots being equivalent
to those of diffusive systems [3]. In this phase, the spectral properties of quan-
tum dots were analyzed with “random matrix theory” (RMT), which eschews
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a computation of the specific properties of a given system in favor of statistical
predictions about level and wave function distributions, based on the class of
Hamiltonian (orthogonal, unitary or symplectic) to which the system belongs.
Thus initial calculations concerned the distribution of spin states, and derivative
properties, resulting from the interplay of fluctuating level spacing and fluctuat-
ing exchange interaction as some external parameter such as a gate voltage or
magnetic field was varied; in effect the RMT, mesoscopic extension of the Stoner
criterion [4, 5]. Experimentally the principal means of access to these and other
properties of the quantum states of the dots was the analysis of the statistics of
Coulomb peak spacings [6, 7].

While RMT and semiclassical methods applied to quantum dots provided
a considerable amount of interesting physics, technologically these approaches
were rendered obsolete by the development of “vertical” quantum dots; see Fig-
ure 3.1(b), whose confining potential profile was much better controlled than
the earlier, 2DEG “lateral” dots (a) and which, furthermore, could be gated
down to a few and even zero electrons [8, 9]. As shown in Fig. 3.1(b), vertical
dots are defined between epitaxially grown barriers (InGaAs between layers of
AlGaAs) which separate the dot from 3DEG n-GaAs leads. The confinement
in the plane of the dot is achieved by etching the initial double barrier wafer
into a pillar and, furthermore, surrounding it with metal gates. Since the het-
erostructure barriers are (nominally) perfect to within an atomic layer and since
the lateral confinement is provided by the Schottky barriers and gates at distant
surfaces, and is therefore very smooth, the potential profile of vertical quantum
dots is unusually regular. Many experiments have shown, in fact, that the po-
tential can be represented, to good accuracy, by a circularly parabolic potential
and, in the growth direction, confined to a single vertical mode (the so-called
“electric quantum limit”). In the case of significant, intentional anisotropy in
the confining potential the lateral potential can be considered to be elliptically
parabolic. The one-electron Schrödinger equation for a 2D parabolic potential
can be solved analytically and the solution is known as the “Fock–Darwin” spec-
trum [10] (Fig. 3.3a). This will be employed and discussed below.

The chemical potential of a quantum dot, which is what is measured by
Coulomb oscillations, is often expressed in the so-called “constant interaction”
(CI) model [11]. This model employs effective capacitances to parameterize the
electrostatic energy of the dot and assumes no coupling between the electro-
static structure and the quantum mechanical spectrum, hence it is fairly radical,
particularly for small N . Nonetheless it is conceptually very useful. One writes:

E (N, {np}) =
∞∑

p=1

npεp +
N2e2

2C
+ eNαVg, (3.1)

where np is the occupancy of single-particle level p with energy εp, C is the dot
self-capacitance (total capacitance to ground) and α = Cg/C is the so-called
“lever arm” of the principal gate (often called the “plunger gate”). Note that
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Fig. 3.2. Conductance (G = dI/dVsd) as a gray scale in the plane of magnetic
field B and gate voltage Vg . Peaks of G are Coulomb oscillations which indi-
cate when the chemical potential of the dot equals that of the leads (which
have a very small source-drain bias). Spacing between oscillations includes a
charging energy but a major portion of the evolution of the Coulomb oscil-
lations comes from the single-particle level at the Fermi surface as approxi-
mated by the Fock–Darwin spectrum.

the quantum state is here given by the set of occupancies of a set of single-
particle levels (which are assumed to be known). The chemical potential must
be defined carefully, since addition and subtraction of an electron generally do
not require the same energy. Further, one should, unless there is no question of
ambiguity, specify the initial and final energies by their electron numbers and
their quantum states as well (be they ground state to ground state or involve an
excited state). In the zero temperature (T ) limit, where np = 1 for p = 1 to N
and zero otherwise, the chemical potential is

µ(N, N + 1) = εN + 1 +
(2N + 1)e2

2C
+ eαVg. (3.2)

Since the dot chemical potential is equal to that of the leads in the small Vsd limit
at the Coulomb oscillation, this expression implies that the Coulomb oscillation
traces the single-particle level energy, since the charging term (the second term)
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Fig. 3.3. (a) Fock–Darwin spectrum of a (2D) circularly parabolic potential in
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evolution of the Fermi level when N = 10. (b) Fock–Darwin + X (FD+X)
plot of electron spin as a gray scale versus magnetic field and N, obtained
from minimizing Eq. (3.5) with respect to N↑. For B = 0 spin maximizes for
half-filled shells (N = 4, 9, 16, 25, etc.). Degeneracies in FD spectrum in (a)
at non-zero B correspond to enhanced spin (beyond 0 or 1/2).

gives a constant increment with N . This is seen in Fig. 3.2, where a typical plot
of conductance through a vertical dot as a function of Vg and B is shown [12,13].
As noted above, the single particle energy levels are given approximately by
the Fock–Darwin spectrum, where each energy level, En,l, has a radial quantum
number n and an angular momentum quantum number l:

En,l = − l

2
�ωc +

(
n +

1
2

+
1
2
l

)
�

√
4ω2

0 + ω2
c , (3.3)

where �ω0 is the lateral confinement energy and �ωc = eB/m∗ is the cyclotron
frequency (m∗ is the effective mass). The lowest few levels of the Fock–Darwin
spectrum are plotted versus B in Fig. 3.3(a).

3.2.2 Spin and exchange effect
As we will discuss later, the spin state of electrons in quantum dots is very robust
and the spin relaxation and decoherence times are surprisingly long. The reason
for this is simply that the spin interacts very weakly with its environment. We
will see that the main mechanisms that shorten spin lifetime in GaAs are spin-
orbit interaction and hyperfine coupling of conduction electron spin to nuclear
spins. Naturally, when a sufficiently large external magnetic field is present, the
Zeeman effect splits the otherwise degenerate energy levels in a quantum dot.
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Nevertheless, the magnetic field produced by the electron and therefore the mag-
netic dipole interaction between electrons is extremely small. The result of this is
that by far the largest spin-dependent term in the interaction between electrons
arises from the relationship between spin and statistics, namely the exchange
interaction. As is well known, the exchange interaction depends on spin because
the Pauli exclusion principle prevents electrons of parallel spin from approaching
too closely to one another. This lowers the Coulomb interaction between elec-
trons with parallel spins and can be considered to be the leading correction to
mean field theory. For a homogeneous electron gas the gain in energy resulting
from spin alignment competes with the loss in energy required to occupy higher
energy plane-wave states. This leads to the “Stoner criterion” for spontaneous
polarization where exchange energy must exceed level spacing. In a confined sys-
tem such as an atom or a dot, the Pauli principle and the exchange energy also
lead to a tendency for spins to align; however, this can generally only occur when
there is a degeneracy, or near-degeneracy in the spectrum, since strong confine-
ment makes the level spacing too large to be overcome by exchange. Thus, in
atoms, an empirical rule known as Hund’s rule, states that for a partially filled
shell (of orbitally degenerate states) the spin will take on its maximum value
consistent with the Pauli principle. As a concrete example, if a shell with eight
degenerate levels is filled with five electrons, four will be spin up and one will be
spin down, for a net spin S = 3/2. Precisely the same rule is expected to hold
in quantum dots insofar as the confining potential is regular enough to produce
sufficiently precise degeneracies (relative to the scale of the exchange energy). A
look at Fig. 3.3(a) shows that the Fock–Darwin spectrum has many degeneracies
occurring at particular values of ωc/ω0 including, notably, zero. The exchange
interaction for two electrons in orbitals ψp and ψq is:

Vex =
∫

dr1

∫
dr2ψ

∗
p(r1)ψ∗

q (r2)V (r1, r2)ψq(r1)ψp(r2), (3.4)

where V (r1, r2) is the (generally screened) Coulomb interaction. A drastic ap-
proximation to the interacting electrons in a parabolic dot is to assume that the
direct Coulomb interaction is entirely incorporated into the bare parabolicity of
the dot and that the exchange term in Eq. (3.4) is independent of level indices.
A total energy functional for the dot, employing the Fock–Darwin spectrum and
a phenomenological exchange constant Vx, can then be written (at T = 0) as:

E (N↑, N↓) =
N∑

p=1

εp −
Vx

2
(N↑(N↑ + 1) + N↓(N↓ + 1)) , (3.5)

where N↑(↓) is the total number of electrons in the dot with spin up (down) and
N = N↑+N↓; (p here is shorthand for the Fock–Darwin quantum numbers). Min-
imizing this expression with respect to N↑ produces a polarization (total spin) as
a function of total energy and magnetic field which is illustrated in Fig. 3.3(b).
While the symmetry of the potential is rarely perfect and verification of spin
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states with S > 3/2 is difficult, nevertheless this simple model, Fock–Darwin +
Exchange (FD+X) provides a reasonable conceptual picture of where spin states
with S different from zero or one-half are expected to be found. In particular,
experimental evidence relating to the shape of the Coulomb oscillations has been
found for various magnetic field-induced degeneracies with relatively small N , a
case which we discuss next.

3.3 Controlling spin states in single quantum dots
3.3.1 Singlet-triplet and doublet-doublet crossings
Reproducible manipulation of interacting two-body states is essential to the real-
ization of the quantum computing paradigm as well as being a means of studying
electron-electron interaction [12–14]. The FD+X model suggests that spin states
beyond S = 0, 1/2 should be common in quantum dots. How does the tran-
sition with gate voltage or magnetic field (or some other external parameter)
between different spin states manifest itself in the transport data, specifically in
the Coulomb oscillations? The signature of these states is best analyzed in the
simplest case: the transition, for N even, between S = 0 and S = 1, which occurs
when two spatial orbitals, at the Fermi surface, cross in energy as a function of
magnetic field B (Fig. 3.4). Since N is even, when the levels are well separated
one orbital is doubly filled and the other is empty. Near the degeneracy point,
however (the anticrossing and Zeeman energies are negligible here) the direct
Coulomb and exchange energies favor parallel spins, as in Hund’s rules, and each
orbital becomes occupied by a single electron.

Our purpose is to determine the change to the Coulomb oscillations traces
that occur in response to this singlet-triplet cross-over and show how this be-
havior is verified experimentally. This requires an analysis that goes beyond the
constant interaction model; so that now we do not describe the charging energy
with capacitances but rather treat the various energies in terms of the direct
and exchange Coulomb matrix elements that make up the many-body energies.
To proceed, we treat all but the two uppermost electrons as an inert core; the
electrochemical potentials are the differences between the one-electron ground
state and the ground and excited states of two electrons

µi = Ui(2, S) − U(1), (3.6)

where S denotes the total spin. With Ea and Eb the bare (B-dependent) levels
(Fig. 3.4), the possible values of Ui(2, S) (i =1-4) are

U1(2, 0) = 2Ea + Caa, (3.7a)
U2(2, 0) = 2Eb + Cbb, (3.7b)
U3(2, 1) = Ea + Eb + Cab − |Kab|, (3.7c)
U4(2, 0) = Ea + Eb + Cab + |Kab|, (3.7d)

where Cij is the direct Coulomb interaction between electrons in levels i and j
and Kab is the exchange energy between a and b for electrons with parallel spins.
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Fig. 3.4. (a) Schematic of level crossing between two dot orbitals with energies
Ea and Eb induced by a changing magnetic field B. The two orbital states
(single-orbital states) cross each other at B = B0. This is the point of crossing
between two doublet states (D-D crossing) for one-electron state. For two
electrons, far from the crossing, both electrons occupy the lower orbital. Close
to the crossing, the gain in direct Coulomb and exchange energy makes single
occupancy of each orbital energetically favorable, with the spins aligned. (b)
Electrochemical potential, µi(2) = Ui(2)−U(1), for two interacting electrons.
The thick line depicts the ground state energy, whereas the thin lines show
the excited states. Near the crossing point, the spin triplet state with µ3(2)
becomes the ground state.

A schematic illustration of the evolution of the chemical potentials as Ea and
Eb vary with magnetic field B is shown in Fig. 3.4. The two orbital states with
Ea and Eb cross with each other at B = B0 . This is the point of doublet-doublet
(D-D) crossing. On both sides of B0 the singlet-triplet (S-T) transition produces
a downward cusp in the ground state chemical potential µ1, which, as we have
seen, is equivalent to the position of the Coulomb oscillation peak. An example
of experimental data is shown in Fig. 3.5.

This figure shows Coulomb peaks for N = 7 to 16 evolving with B field
measured for a vertical InGaAs quantum dot [13]. The Coulomb peaks generally
shift in pairs with B, due to the lifting of spin degeneracy. So from the shift of the
paired peaks on increasing B, quantum numbers (n, l) in the Fock–Darwin states
are assigned to the respective pairs. The wiggles or anticrossings between pairs
of peaks correspond to the crossings of the Fock–Darwin states (Fig. 3.5c). Clear
signatures of a D-D crossing, and two S-T transitions, as illustrated in Fig. 3.4(a),
and (b), respectively, are observed in each of the dotted ovals connecting pairs
of peaks at non-zero B field (Fig. 3.5a). Two examples of the cusp like structure
of the oscillations, found generally for even N as B induces level crossings, can
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Fig. 3.5. (a) Evolution of the ground state energies from N = 7 to 16 as mea-
sured from the current peaks vs. magnetic field at Vsd = 120 mV. The bars
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−0.85 V. The dotted curve indicates the last crossing between single-particle
states. Dashed ovals correlate pairs of ground states for odd and even elec-
tron numbers. Spin transition in the ground states occurs in the ovals for
B 
= 0 T. (b) Magnified plot of the N = 8 and 24 current peaks vs. magnetic
field. The dashed lines illustrate how the interaction energy parameters ∆1

and ∆2 are determined. (c) Fock–Darwin single-particle states calculated for
�ω0 = 2 meV.

be seen in Fig. 3.5(b) at N = 8 and N = 24.
For further analysis, it is convenient to define two energies to characterize

the cusp: ∆1 ≡ µ1 − µ3 = Caa − Cab + |Kab| and ∆2 ≡ µ2 − µ3 = Cbb −
Cab + |Kab|. As shown in Fig. 3.5 (compare also Fig. 3.4 where the energies are
defined graphically), these parameters can be determined from the extrapolation
of the Coulomb oscillations in the vicinity of a S-T transition. We combine the
experimental measure of these characteristic energies with a calculation of the
spectrum based on the Fock–Darwin spectrum (Fig. 3.5c) and the direct and
exchange Coulomb matrix elements to determine the relative strength of these
effects as a function of the electron number N. The parameters ∆1 and ∆2 can
also be calculated with the Fock–Darwin states. We find that the agreement
between calculation and experiment of the N dependence of these parameters
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depends crucially on the assumption of screening in the Coulomb interaction in
the dot [13]. An additional finding of note is that the exchange energy |Kab| falls
off very rapidly with N, due to the shrinking overlap of different states.

3.3.2 Non-linear regime for singlet-triplet crossing

So far we have only considered the case where the source-drain bias is the small-
est energy in the problem (or second smallest, after the temperature). In that
case, the flow of current requires the near degeneracy of the two adjacent charge
states (the ground states). In other words, the chemical potential to add an
electron to the dot must be between the very closely spaced chemical potentials
of the source and drain. If we allow for an expansion of the source-drain win-
dow then information on the excited states can be obtained from the transport
measurement. In particular, in this so-called “non-linear” regime, if we have

µs > µ(N, N + 1∗) > µ(N, N + 1) > µd, (3.8)

where µ(N, N +1∗) is the energy difference between the N electron ground state
and some N +1 electron excited state, then we expect more current to flow than
if only the ground-to-ground chemical potential is between the source and drain
Fermi surfaces. Thus the feature to examine is the differential of the current with
respect to the gate voltage.

Figure 3.6 shows such a dI/dVg plot, taken for µs − µd ≡ Vsd = 2 mV. This
larger voltage opens a sufficiently wide window between the Fermi levels of the
source and drain that both the ground state and the first few excited states can
be detected. The spectrum for N = 8 compares well to Fig. 3.4(b) and we can
clearly distinguish the parallelogram formed by the ground state and the first
excited state. The downward cusp in the ground state for N = 8 is at slightly
higher B than the upward cusp for the excited state. This asymmetry implies
that ∆1 > ∆2, i.e., Caa > Cbb.

The physics of level crossing for N even is more complicated than that for
N odd. The reason is that, for N even, assuming the N − 2 electrons below
the Fermi surface are essentially an inert, spin-zero core, when the bare single-
particle levels cross there are two electrons with four states to choose from. They
tend to choose two spin parallel states to lower their exchange energy and also
reduce the direct energy.11 For N odd, however, the crossing of single-particle
states at the Fermi surface (D-D crossing) results in four states again, but only
a single “valence” electron that has to choose. The Coulomb oscillation in that
case (again as a function of B) exhibits an upward cusp (see, for example, N = 9
in Fig. 3.5a), which is nothing more than the track of the lower single-particle
orbital as the two orbitals cross. We will see later, however, that while the simple
Coulomb oscillations exhibit an essentially trivial behavior for D-D crossing, the

11It should be noted that in addition to the exchange energy physics, the direct Coulomb
repulsion of two electrons also depends on which spatial states they occupy and in particular
the greatest repulsion will result from the two electrons occupying the same state (spin up and
spin down).
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added degeneracy (from 2 to 4) at the crossing point does have a significant
effect on the higher order tunneling processes that constitute the Kondo effect
and its variations.

3.3.3 Zeeman effect
The coupling between an electron spin and an external magnetic field in a semi-
conductor quantum dot, and even in a bulk semiconductor, is more complicated
than that of free electrons or electrons in atoms. For free electrons, the Pauli
equation of relativistic quantum mechanics gives for the gyromagnetic ratio of
the electron γS = 2 [15]. The experimentally observed value differs slightly from
this due to radiative corrections. In atoms, the existence of spin-orbit coupling
causes the energy splitting that results from a magnetic field to be proportional
to the Landé g-factor:

gJ =
J(J + 1) + L(L + 1) − S(S + 1)

2J(J + 1)
+ gS

J(J + 1) − L(L + 1) + S(S + 1)
2J(J + 1)

,

(3.9)

where J , L and S are the total, orbital and spin angular momenta and the result
is generally interpreted in the LS coupling scheme [16]. For s orbitals (L = 0) this
expression reduces to gJ = gS , however in crystals where the conduction band is
formed from an s orbital (such as GaAs) spin-orbit coupling in the valence band
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can lead to a renormalization of gc in the conduction band and the effect is not
negligible. In particular, for the eight-band Kane model, which is used for most
direct-gap semiconductors, the g-factor of the conduction band, denoted gc, is
energy-dependent and is given by

gc(E) = g∗ − 2Ep

3
∆

(Eg + E)(Eg + ∆ + E)
, (3.10)

where g∗ = gS + ∆g and ∆g is a (generally small) contribution from remote
bands; also, ∆ is the spin-orbit splitting at the top of the valence band, Eg is the
band gap, Ep is the so-called Kane parameter which is related to the coupling
between the Bloch functions for the valence and conduction bands via the mo-
mentum operator and E is the energy measured relative to the conduction band
edge [17]. In bulk GaAs, the g-factor for the conduction band is experimentally
known to be gc = −0.44, illustrating the considerable effect that the valence
band plays.

While this result, Eq. (3.10), is established for bulk crystals, the significance
to quantum dots arises from the energy dependence. In particular, the quantized
energy levels of dots raise the electron’s energy above the conduction band edge.
Thus, quantum confinement alone is expected to affect the g-factor. In addition,
the penetration of the electron wave function into material with a different intrin-
sic g-factor (such as AlGaAs) will cause an inevitable variation of the observed
Zeeman splitting. Finally, the g-factor also contains terms related to the bound-
ary conditions on the envelope functions at the interface of different crystalline
materials. These latter effects are more pronounced in nanocrystals than in the
lateral and vertical effective mass quantum dots which we study here. A more
detailed discussion of these effects can be found in Ref. [17].

Direct experimental observation of Zeeman splitting of levels in quantum
dots has only occurred relatively recently [18]. The principal significance of these
observations to quantum information processing relates to the proposal to use
the spin in a quantum dot as a scalable qubit [19]. In contrast to the previously
described case of the S-T transition, the spin decay from Sz = +1/2 to Sz = −1/2
does not change the total angular momentum and therefore does not violate the
selection rule ∆S = 0. As we describe below, the relaxation time for the S-T
transition has been measured to be of the order of hundreds of microseconds. In
the case of Zeeman split levels a smaller, but still appreciable value of relaxation
time T1 has been found [18]. The experimental signature for the Zeeman splitting
of a single level in an N = 1 quantum dot occurs in “Coulomb diamonds”, which
we now describe.

The non-linear bias regime described above provided data that was visualized
as a plot of dI/dVg in the plane of Vg and B. Coulomb diamonds, by contrast,
designate a typically diamond-shaped feature that emerges when we plot dI/dVsd

(also called the differential conductance G) as a gray scale in the plane of Vsd

and Vg. A typical Coulomb diamond plot for a vertical quantum dot is shown
in Fig. 3.7. Along the Vsd = 0 axis the conductance is zero except at a set of
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Fig. 3.7. Characteristic Coulomb diamond plot of conductance in the plane
of the source-drain voltage Vsd and gate voltage Vg. Along Vsd ≈ 0, G is
non-zero only for isolated points of Vg corresponding to Coulomb oscillations.
N changes in integer steps at these points. The threshold Vsd is a function of
Vg, greatest at the diamond centers. The diamond slopes reveal the capaci-
tance ratio (see Eq. 3.11). Lines parallel to the diamond slopes reveal excited
states.

isolated points which correspond to values of Vg where a degeneracy of two charge
states (ground states) occurs. These are the standard linear regime Coulomb
oscillations. For values of Vg away from the Coulomb oscillations, however, a
current can be made to flow if a sufficient source-drain bias is provided, thereby
overcoming the Coulomb blockade. It can be easily shown in the capacitance
model for the charging energy (even completely ignoring the single-particle levels)
that the onset of G as a function of Vg and Vsd is linear [1] with a slope given by

∂Vg

∂Vsd
=

Cdd − Cds

Cdg
, (3.11)

where Cdd is the dot self-capacitance, Cds is the capacitance between the dot
and a lead (here taken as the source) and Cdg is the dot-gate capacitance. The
derivation of this expression begins from writing the full energy within the ca-
pacitance model [1] and demanding that µ(N, N + 1) = µs. This means, in
particular, that the capacitances refer to the energies of adding the (N + 1)st
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electron and could, in principle, be dependent on the single-particle state into
which this final electron is added. Specifically, the electron cloud for this final
charge could be closer to or farther from the gate or lead than other electrons.
The upshot is that the slopes of the Coulomb diamonds could be expected to
show some variation according to the quantum state at the Fermi surface. In the
following, however, we can take the diamond slopes as constant and given simply
by the gross geometry of the dot.

As noted above, recent advances in lateral dot gate design12 have led to the
development of dots whose electron number can be tuned down to zero. The
practical difficulty in achieving this result arises from the variation of the barrier
thickness between the dot and the leads as a function of N in lateral dots. (In
vertical dots, by contrast, the barriers between dot and leads are established
during crystal growth.) Thus, while it was always possible to pump the electron
number in a dot down to an arbitrarily small value, current would cease to flow
at some point and no further evidence of the charge state could be observed.

Employing such a small N lateral dot, recent experiments by Hanson et al.
[18] have revealed, in the N = 1 Coulomb diamond, the signature of an excited
state whose energy, relative to the ground state, is proportional to B (Fig. 3.8).
This excited state appears in the Coulomb diamonds as a line parallel to the
diamond edge but outside the diamond (i.e. at greater absolute bias). The clear
indication is that dI/dVsd shows a jump when an additional, excited quantum
state of the N+1 electron dot enters into the bias window. Such a parallel excited
state line was clearly observed in Fig. 3.8 for N = 1. Of critical importance to the
experiments, however, is the fact that the magnetic field was in plane. Since the
dot is quantum mechanically two dimensional the orbital angular momentum
is almost perfectly perpendicular to the plane of the dot. Therefore, the only
coupling possible for B in the plane of the dot is to the spin of the electrons.
Thus the evolution of the energy of the excited state as a function of B gives
a direct measurement of the Landé g-factor for the dot. The results in Fig. 3.8
demonstrate that the g-factor has a clear B-dependence as

|g(B)| = (0.42 ± 0.04) − (0.0077± 0.0020)B [T]. (3.12)

The magnetic field dependence of g is not yet clearly understood. Equation (3.11)
could provide such a dependence if the energy or the Kane parameter depended
sufficiently on B. Other possible origins include nuclear polarization effects (re-
sulting in a smaller than expected effective magnetic field) or else hyperfine
coupling of the electron spin to nuclear spins. We refer the reader to the origi-
nal paper for details [18]. Similar experiments of Coulomb diamonds have been
performed on GaAs vertical quantum dots to derive the g-factor of |g| = 0.23
[20].

In addition to exhibiting in the non-linear Coulomb diamonds the Zeeman
split level of the one-electron quantum dot and its dependence on B, the same

12Note that very recently control of lateral dot confinement has improved to the point where
N = 1 or 0 are reproducibly accessible [9].
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eral quantum dot, at in-plane B fields of B = 6 T (a), 10T (b), and 14T (c),
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degeneracy is lifted by the Zeeman energy as indicated by arrows. (d) Ex-
tracted Zeeman splitting as a function of B. At high B fields a clear deviation
from the bulk GaAs g-factor of −0.44 (dashed line) is observed.

experiment explores, using a particular gate pulse technique, the lifetime of a
spin in the excited state T1. These and other issues related to spin lifetime and
decoherence will be discussed further below.

3.4 Charge and spin in double quantum dots

3.4.1 Hydrogen molecule model

We have thus far considered only single quantum dots connected to leads. A nat-
ural extension to this system, and one which has great significance for potential
quantum computing applications, is the quantum dot molecule, the simplest ex-
ample of which is the double dot. Double dots have been fabricated in a variety
of configurations including both vertical and lateral geometries [21], as well as a
hybrid vertical/lateral structure [22]. There have also been studies on InAs self-
organized double dots, grown on top of one another in the Stranski–Krastanov
mode, which have been placed in a vertical dot pillar [23]. For double dots, the
current from source to drain flows either in parallel or in series. The literature
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on double quantum dots is already fairly large. We are not interested here in a
full review of all of the experiments and theory on double dots, but instead refer
the reader to the review article by van der Wiel et al. [24] Here we are concerned
with the relevance of double dots to spin physics.

While the spin in a double quantum dot is controlled principally by the
exchange interaction, the spatial state is affected by the competition between
tunneling between the dots and Coulomb repulsion. The physics of the spatial
state is best illustrated by considering the hydrogen molecule [25]. In H2 the two
electrons interact with each other in a double well potential produced by the two
protons. Two possibilities for the two-body wave function of the electrons can
be envisioned. The first is the Heitler–London (HL) ansatz [26] which treats the
ground state as strongly correlated so that two electrons do not co-exist on the
same nucleus:

ΨS
HL =

1
2

[φ1(r1)φ2(r2) + φ2(r1)φ1(r2)] χS , (3.13)

where φ1,2(r) are centered on nuclei 1 and 2 and χS is the two-electron spin
singlet state. In contrast to this wave function, one could imagine solving the
single-particle Schrödinger equation with the external potential given by the two
nuclei and then filling the ground spatial state with two electrons, one spin up
and the other spin down. This single-electron ground state will be the symmetric
state [φ1(r) +φ2(r)]/

√
2 with probability of a half to occupy either nucleus, and

the properly symmetrized two-body wave function is:

ΨS
HF =

1
23/2

[φ1(r1)φ1(r2) + φ1(r1)φ2(r2) + φ2(r1)φ1(r2) + φ2(r1)φ2(r2)] χS ,

(3.14)

where “HF” denotes Hartree–Fock. The difference between the HL and HF wave
functions consists of the first and last terms in Eq. (3.14): the “ionic” configura-
tions where both electrons are near the same nucleus. The HL ansatz represents
the correct asymptotic form when the nucleus are assumed to be far apart, where-
upon each nucleus will contain only a single electron. The HF ansatz is reasonable
in the opposite limit where the two nuclei merge together. Empirically, the hy-
drogen molecule is found to more faithfully represent the Heitler–London state.
The significant fact of quantum dots, however, is that the effective distance of
the “nuclear centers” (actually the interdot barrier height) can be modulated by
metal gates and also by a magnetic field B. Increasing the magnetic field has the
effect of localizing electrons on their respective dots and is therefore similar to
increasing the barrier height.

3.4.2 Stability diagram of charge states

Experimentally realized double quantum dots have only reached the regime of
one electron per dot in the vertical, series transport case, which we discuss further
below. In this case it is difficult to significantly tune the interdot barrier, since it
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region represents both a classical, Coulomb repulsion between the electrons
on the two dots as well as a tunnel repulsion of the single-particle quantum
levels in the two dots.

is established in the crystal growth. For multiple electrons per dot, a useful con-
ceptual device for describing electron numbers N1 and N2 on dots 1 and 2 is the
stability diagram, also called the honeycomb diagram. One assumes that each
dot is biased by a gate and that that gate has the capacity to change the electron
number on the dot (without appreciably affecting the other dot, although such
“cross-capacitance” is in practice a real problem). If the dots are isolated from
each other, the variation of each dot’s gate, Vg1 and Vg2, will result in the increase
of N1 and N2 independently. If one plots the stable electron numbers as a func-
tion of Vg1 and Vg2, then the stable islands will be simple rectangles. However,
when the dots interact, either Coulombically or quantum mechanically, adding
an electron to each dot simultaneously becomes energetically unfavorable. The
result is (see Ref. [24] for details) that the areas of stability become hexagons
and the pattern is that of a honeycomb (Fig. 3.9).

Note that the full honeycomb diagram does not emerge from transport data.
Rather, the experimental signature depends on whether the dots are in parallel
or in series. If they are in series, then in the linear source-drain bias regime, Vg1

and Vg2 must be set so that both dots are at a bi-stable point (i.e. a Coulomb
oscillation) simultaneously. This only occurs at the vertices of the honeycomb.
For the parallel configuration, on the other hand, current can flow through either
dot when it alone is at a Coulomb oscillation, and so the data exhibit all the
lines in the honeycomb where electron numbers on either dot are degenerate.
This includes all lines except the diagonal, “anticrossing” lines, which represent
charge transfer between the dots.
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While each dot in a double dot can exhibit kinks in Coulomb oscillations
corresponding to S-T crossings, we have not so far shown any behavior of spin,
which is intrinsic to double dots. This requires an investigation of the exchange
interaction between dots. Such physics is best illustrated in the artificial hydrogen
molecule (two dots, two electrons), which, as noted, has not yet been realized
in the lateral and/or parallel configuration. Nonetheless, calculations on such
structures, which can be thought of as an artificial hydrogen molecule, have
been done which demonstrate many of the relevant features of such structures.

3.4.3 Exchange coupling in the scheme of quantum computing

The main impetus for this study is the quantum computing proposal of Loss and
DiVincenzo [19]. In this proposal, a single electron on a single dot is envisioned
as the basic qubit. The spins on neighboring dots are made to interact in order
to realize two-qubit operations. In particular, Loss and DiVincenzo showed that
for a spin-spin interaction of the form JS1 ·S2, where J could be tuned by an in-
terdot gate which modulates the interdot tunnel barrier, a spin-swap operation
could be performed. Furthermore, when this two-dot operation was combined
with rotations of single dot spins (via, for example, electron spin resonance) the
so-called XOR (exclusive or) operation could be realized [27]. This XOR oper-
ation, combined with single qubit rotations, is sufficient to allow any quantum
computing operation to be performed.

The form of the “exchange” interaction JS1 ·S2 is more easily understood by
writing S1 · S2 = (S2

T − S2
1 −S2

2)/2 = (S2
T − 3/2)/2, where ST = S1 + S2. Thus,

when the Hamiltonian is written with this as the only spin-dependent part, the
J implicitly contains all terms that make the singlet energy (for N = 2) different
from the triplet energy. While this term is called the “exchange” coupling, it
actually includes terms other than the simple exchange integral (Eq. 3.4). This
can be best illustrated within the “Hund–Milliken” formalism, which we now
briefly describe.

We first assume that, as in real H2, there is an external potential with two
minima and a barrier in between. Various functional forms for this potential for
the case of double dots have been used in calculations in the literature [27, 28].
Two single states localized about each dot are chosen as the basis, similar to φ1

and φ2 used for H2 above. The Heitler–London state (Eq. 3.13) is used as one of
three two-electron singlet basis states. Rewriting this with the other two basis
states we have

ΨS
HL(r1, r2) =

1
2

[φ1(r1)φ2(r2) + φ2(r1)φ1(r2)]χS , (3.15)

ΨS
L(r1, r2) = φ1(r1)φ1(r2)χS , (3.16)

ΨS
R(r1, r2) = φ2(r1)φ2(r2)χS , (3.17)

i.e. these latter two are the states with double filling of the “left” dot and double
filling of the “right” dot. The triplet state, which must be antisymmetric in its
spatial indices, cannot have double occupancy of a single orbital due to the Pauli



Probing and manipulating spin effects in quantum dots 113

Magnetic field B (T)

0.05

-0.05

0.0

0.1

0.50.0 1.0 1.5 2.0

∆S
-T

 (
m

eV
)

∆SAS (B=0) (meV)

bar alley

0.58

0.47

0.34

0.61

0.46

0.35

Fig. 3.10. The singlet-triplet splitting as a function of magnetic field for the
N = 2 double dot. The two sets of curves, solid and dotted, are for two
different gate patterns shown in insets (“bar”, left, solid and “alley”). For
the alley cross-over occurs at the same value of B for all values of the initial
barrier height (at B = 0), whereas a dispersion is seen for the crossing of the
bar. Numbers indicate symmetric-antisymmetric splitting at B = 0 in meV.

exclusion principle. Therefore, the only triplet state that can be formed with two
orbitals is

ΨT(r1, r2) =
1
2

[φ1(r1)φ2(r2) − φ2(r1)φ1(r2)] χT, (3.18)

where χT represents the three spin triplet states. The total Hamiltonian of the
system contains the kinetic energy term (with a vector potential if a magnetic
field is included) and the external potential as the single-body effects. It then
contains the Coulomb interaction, which consists of two-body integrals. The
Coulomb integrals must usually be calculated numerically, but given these, the
diagonalization of the singlet 3×3 matrix is simple and the triplet case contains
only the single 1 × 1 term. Without writing down the entire solution (see Ref.
[27] for details) approximate expressions for the singlet and triplet ground state
energies are fairly intuitive:

ES = 2ε + Vinter + Vex − 4t2

Vintra − Vinter
, (3.19)

ET = 2ε + Vinter − Vex, (3.20)

where the bare energies of the two dots (assumed equal) are ε, the tunnel cou-
pling between the two dots is t, the direct intradot Coulomb matrix element is
Vintra and the direct interdot Coulomb matrix element is Vinter. These results
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are easily interpreted. The singlet, which is always the ground state (if B = 0),
is lowered by the delocalization afforded by the two double occupancy states,
even though the charging energy cost may be high. By contrast, the triplet is
lowered relative to the singlet by exchange. Considerable study has gone into
the difference between the singlet and triplet energies, since this is the origin
of J and it must therefore be tuned in order to perform two qubit operations.
We conclude simply by noting that when a full calculation of J , including the
realistic geometry of an actual lateral double dot and also including correlation
via an exact diagonalization treatment, are performed, the evolution of J , as
a function of B is non-trivial (Fig. 3.10) and, in particular, crosses to negative
values as B increases [29]. Further, the nature of the crossing is affected by the
exact shape of the interdot barrier. These and other issues of the interdot spin
interaction will need to be further clarified before practical quantum computing
operations can be implemented

3.5 Spin relaxation in quantum dots

3.5.1 Transverse and longitudinal relaxation
The concept of controling spin effects in semiconductor nanostructures is embod-
ied in recent experiments for probing and manipulating electronic spins, such as
the observation of long spin dephasing times [30], injection of spin-polarized cur-
rent into semiconductor material [31], spin filtering using quantum dots [32], and
spin rectification in double quantum dots [33]. Now it is established that spin is
a robust, operable quantum number in semiconductor nanostructures. This fea-
ture is characterized by spin relaxation times – longitudinal relaxation time, T1

and transverse relaxation time, T2 –, which are much longer than corresponding
times for the orbital relaxation. This has been well-studied both experimentally
and theoretically for electrons in bulk and quantum wells [34]. These times can
be even longer in quantum dots because there are no inhomogeneous broaden-
ings as encountered by mobile electrons in 2D and 3D systems. Further, spectral
discreteness reduces the number and efficiency of spin scattering mechanisms like
phonon assisted spin-orbit interaction and hyperfine interaction.

Studies of the relaxation of the electronic spin degree of freedom in quan-
tum dots have started only recently. Electronic spin coherence was measured for
a collection (105) of CdSe nanocrystals using a pump-probe Faraday rotation
technique [35]. The obtained transverse relaxation time or dephasing time, T ∗

2 ,
was a few nsec. This T ∗

2 is much shorter than that (∼ 100 nsec) obtained for
n-GaAs but not so short if we consider the large inhomogeniety resulting from
the large size distribution and composition fluctuations. While the technique of
electron spin resonance (ESR) allows direct measurement of spin coherence, the
typical response to ESR is very weak. To this end there are no reports of suc-
cessful ESR experiments for either collections of many quantum dots or single
quantum dots.

On the other hand, a spin-flip energy relaxation for a single electronic spin
in a quantum dot was first measured for a vertical quantum dot [36]. Here, we
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review the experiment. For N = 2 the ground state of a vertical quantum dot is a
singlet state (1s2: S = 0) having two antiparallel spin electrons both in the lowest
state 1s. The first excited state is a spin triplet (1s2p: S = 1) having two parallel
spin electrons in the 1s and 2p orbitals. The scheme for measuring relaxation
from the first excited state to the ground state is illustrated in Fig. 3.11. A
double-step pulse gating is employed to measure a spin-flip energy relaxation
time much longer than 100 nsec. Suppose a dot is initially empty with the gate
voltage at a large, negative value. Then the gate voltage is abruptly changed to
the positive such that just two electrons are non-adiabatically injected from the
source contact to form either a spin singlet state (1s2 with S = 0, ground state)
or a triplet state (1s2p with S = 1, first excited state) in the N = 2 Coulomb
blockade regime. Note, electrons are preferentially trapped by the dot through
the source contact barrier if the tunnel barriers of the dot are asymmetric such
that Γs (∼ (3 nsec)−1) 
 Γd (∼(100 nsec)−1), where Γs (Γd) is the tunneling
rate through the source (drain) contact barrier. If and only if the triplet state
is populated, it starts to relax with a time constant, τST, to the singlet state
via a spin-flip and a momentum relaxation from 2p to 1s. Then after a waiting
time (th), the gate voltage is stepped down such that the triplet state only is
located between the Fermi levels of the source and drain. If the triplet state is
still populated after th, an electron in the triplet state escapes from the dot on
the time scale of Γ−1

d (∼ 100 nsec) to generate a current. Note, single-electron
transport through the triplet state between the contact leads continues in this
stage before the singlet is populated, but this only gives a background current if
τST 
 Γ−1

d . Finally the gate voltage is restored to the initial level to make the dot
empty again. In this gating cycle, at most one electron generates a net current
with a probability of 〈ne〉 = A exp(−th/τST) (< 1), where A is a constant related
to the tunneling rates between the ground and excited states. By repeating this
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from the exponential decays (solid lines).

gating cycle a number of times (∼ 107), the current reaches a measurable level.
Thus measured 〈ne〉 vs. th at 0.1 K for B = 0 T is shown in Fig. 3.12(a). The
excitation energy of the 1s2p triplet state is 0.6 meV. The data points fall on
the curve of exp(−th/τST) with a time constant of τST = 0.2 msec. This τST is
almost constant with B between 0 and 2 T, applied perpendicular to the dot
plane, and much longer than the energy relaxation time, τ1s2p without spin-flip
measured for the same dot but for relaxation of a one-electron state from 2p to
1s. The measured τ1s2p ranges from 10 to 3 nsec for B from 1 to 4.5 T. In this
B range the excitation energy, ∆ε1s−2p, of the 2p state changes from 2.3 to 1.4
meV. Electron-acoustic phonon scattering is a major mechanism for τ1s2p, and
the experimental data of τ1s2p compare well to calculations using Fermi’s Golden
rule, which includes scattering by piezoelectric and deformation potential effects.
The increase of τ1s2p with decreasing B or increasing ∆ε1s−2p is attributable to
the reduced electron-phonon scattering in quantum dots, the so-called “phonon
bottleneck effect”. This effect is predicted to appear when the acoustic phonon
wavelength λph is shorter than the characteristic size of the system [37]. In this
experiment λph ∼ 10 nm for ∆ε1s−2p = a few meV is much shorter than the
effective lateral size (50 to 100 nm) of the dot.

The measured τST of 0.2 msec is influenced not only by intrinsic spin-flip
relaxation in the quantum dot but also by inelastic cotunneling (see Section



Probing and manipulating spin effects in quantum dots 117

3.7.1). Theory predicts that the cotunneling effect becomes strong as the occu-
pied triplet state approaches the Fermi levels of the source and drain. In this
experiment the measured τST becomes short as the energy difference between
the Fremi level and the triplet state is reduced as a function of gate voltage, fol-
lowing inelastic cotunneling theory. Therefore, the measured τST is still a lower
bound of the intrinsic spin-flip relaxation time T1. Note the effect of thermaliza-
tion can be ruled out, because the measured τST is constant with temperature
for T < 0.5 K and starts to decrease for T > 0.5 K.

Using the same technique, the spin-flip relaxation time, τZ, was measured for
Zeeman sublevels of a lateral quantum dot, as shown in Fig. 3.12 (b) [18]. The
measured τST is 50 µsec at B = 7.5 T as a lower bound of T1. In addition, the τZ

decreases with B−5 as B increases, reflecting a phonon-assisted spin-orbit effect
[38]. τZ for Zeeman sublevels has also been measured for InAs self-assembled
dots, using a combined electrical and optical pump-probe technique [39]. The
measured τZ is 30 msec at an in-plane B field of 4 T, and much longer than that
for a GaAs lateral dot. In addition, B−5 dependence of τZ is observed, the same
as for lateral GaAs dots, reflecting the effect of spin-orbit interaction. The long τZ

is assigned to the strong confinement of self-assembled dots and attendant large
level spacing. The electron-phonon interaction can then be strongly reduced.
Note in this experiment a large number (104) of quantum dots are optically
excited, but the large distribution of dot size does not influence T1.

3.5.2 Effect of spin-orbit interaction
The spin-flip relaxation time observed for quantum dots is five to six orders of
magnitude longer than the orbital relaxation time. This indicates that the spin
degree of freedom in quantum dots is well isolated from the environment, and
also implies that the decoherence time is much longer for spin than for charge.
To account for the experimentally observed long T1, theories including spin-orbit
coupling and hyperfine coupling have been presented for relaxation between a
spin triplet and singlet states [40] and between Zeeman sublevels [41, 42].

Spin-orbit interaction, which mixes the spin and orbital degrees of freedom,
is known to be a dominant spin-flip mechanism in a semiconductor 2DEG. This
interaction arises from the broken inversion symmetry, either in the elementary
crystal cell (bulk inversion asymmetry) or at the heterointerface (structural in-
version asymmetry) [34]. However, as discussed in Ref. [41], the interaction is
significantly weakened in quantum dots. The spin-orbit interaction term appears
only if either the admixture of the higher states in the z-direction, or else higher
orders in the expansion of the in-plane momentum, are considered. This further
weakens the spin-orbit interaction, and finally results in extremely low spin-flip
rates of electrons in the dots. For Zeeman sublevels, one-acoustic phonon scat-
tering can mediate the spin-flip relaxation by mixing the Zeeman sublevels via
the spin-orbit interaction. Perturbation theory [41, 42] predicts that the rate by
such a spin relaxation process is given by

Γsf ∼ A(gµBB)5/�(�ω0)4, (3.21)
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where A is a dimensionless constant that represents the strength of the effective
spin-piezophonon coupling in the heterostructure. Note the acoustic phonon has
an energy equivalent to the Zeeman energy (∆εZ = gµBB). For a GaAs lateral
quantum dot, Γsf of Eq. (3.21) is ∼ (1 msec)−1 at B = 1 T, which is compara-
ble to experiment [18, 38]. In addition, Γsf in Eq. (3.21) is proportional to B5,
and this is also consistent with experiment [38, 39]. Note for the Zeeman sub-
levels, the phonon wavelength is longer than the dot size in all directions, and no
phonon bottleneck effect is expected. However, this is not the case for the spin-
flip transition from triplet to singlet in the experiment of Fig. 3.12(a), because
the transition energy is large and only gradually decreases with decreasing B.

Suppose an electronic spin precesses about a static DC B field. T1 is in-
fluenced by fluctuations of B perpendicular to the precession axis, whereas T2

is only influenced by fluctuations along the precession axis. Perturbation the-
ory [42] predicts that spin-orbit interaction, in first order, can only cause B to
fluctuate perpendicularly to the precession axis and therefore T2 = 2T1 in the
dissipation limit. T1 and T2 can then be comparable for quantum dots, although
this has not yet been experimentally confirmed. If so, such a long T2 (> 0.1 msec)
is well qualified for making qubits with quantum dots in the scheme of quantum
computing.

3.6 Spin blockade in single-electron tunneling

3.6.1 Suppression of single-electron tunneling
Coulomb blockade discussed to date solely reflects charge discreteness. In this
scheme, the number of electrons in a dot is varied one-by-one (single-electron
tunneling), so that the N electron ground state can only be constructed by adding
(subtracting) one electron to (from) the N −1 (N +1) electron ground state (see
Section 3.2). However, in some cases the ground state cannot be constructed in
this way because of the correlation effect, as we now describe. Particularly, in the
presence of internal ferromagnetic or antiferromagnetic spin couplings, the total
spin for the N electron ground state, S(N), can differ from that for the N − 1
electron ground state, S(N−1) by more than 1/2: |∆S(N)| = |S(N)−S(N−1)| >
1/2. Thus the transition between these N and N − 1 ground states is impossible
via the tunneling of a single electron since the total spin can then only change by
±1/2. This leads to suppression of single-electron tunneling, which is called “spin
blockade” [43, 44]. This blockade is usually not so strong as Coulomb blockade,
because it can be lifted by spin relaxation in the quantum dot. A couple of
experiments on spin blockade have been reported for lateral quantum dots [45].
In these experiments, however, it is difficult to isolate the spin effect because the
electronic configuration is not well defined.

Pauli exclusion can also lead to a simple spin effect to block single-electron
tunneling which arises directly from the Fermionic nature of electrons. The Pauli
exclusion principle states that a single quantum state cannot be occupied by more
than one electron. In other words two parallel spin electrons cannot occupy the
same orbital state. This can lead to suppression of single-electron tunneling, for
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example, in a system such that electrons in the source contact are fully spin
polarized, because parallel spin electrons cannot be consecutively filled into the
same orbital state in the quantum dot even when |∆S| = 1/2. The 2DEG in the
contact lead can be fully spin-polarized in the presence of a sufficiently high B
field, reaching the ν = 1 quantum Hall region. However, in such a strong B field
the states in the quantum dot can also be confined to the spin-polarized lowest
Landau state, and then no suppression of single-electron tunneling results. This
makes it difficult to facilitate the experiment (ideally one would like polarized
leads with a dot in zero magnetic field). Instead, we have recently used a weakly
coupled double quantum dot to demonstrate the Pauli effect [33]. In the following
subsections we show that in transport through a series of 0D sites, with symmetry
under inversion appropriately broken, the Pauli effect, in combination with the
Coulomb blockade, can be used to block current altogether in one direction
while permitting it to flow in the opposite direction. Before we describe the
Pauli effect, one other recently observed phenomenon that deserves mention is
the suppression of current arising from the formation of the ν = 2 edge channels
in the contact leads [46]. In this experiment, the dot-lead tunneling probability
is very much smaller for down-spin electrons in the inner edge channel than for
up-spin electrons in the outer edge channel. Then single-electron tunneling for
adding a down-spin electron to the dot is significantly reduced.

3.6.2 Pauli effect in coupled dots

Consider two sites, site 1 and site 2, weakly coupled with one electron perma-
nently trapped on site 2 (see Fig. 3.13). Now consider serial transport of a second
electron through the system between two contact leads. The number of electrons
on site 1 (2), N1 (N2), varies between 0 and 1 (1 and 2). An electron can only be
transported through the system when the transition between the two-electron
states (N1, N2) = (0, 2) and (1, 1) is allowed. This condition is met when the
necessary energy cost to add one more electron to the system is compensated for
by the action of a nearby plunger gate voltage, or the voltage between the leads,
which is a familiar single-electron tunneling phenomenon. Crucially, spin effects
also markedly influence the electron transport. Because the tunnel coupling be-
tween the two sites is sufficiently weak, the (N1, N2) = (1, 1) spin-singlet and
spin-triplet states are practically degenerate. Additionally, for (N1, N2) = (0, 2),
only a spin singlet is permitted because of Pauli exclusion. Therefore, electron
transport is only allowed for a channel made from the (1, 1) and (0, 2) singlet
states. This always holds true for reverse bias when the Fermi level of the left
lead, µl, nearest site 1, is lower than that of the right lead, µr, nearest site 2,
because only an antiparallel spin electron can be injected onto site 2 from the
right lead (Fig. 3.13). On the other hand, for forward bias, µl > µr, either the
(1, 1) singlet or triplet can be populated with more or less the same probability
by injection of an electron onto site 1 from the left lead. If the (1, 1) singlet is
populated, this subsequently generates a single-electron tunneling current that
can flow through the singlet state. Once the triplet is populated, however, sub-
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Fig. 3.13. Model for current rectification by the Pauli effect in a series of two
quantum dots, dot 1 and 2. Each quantum dot holds just one spin degener-
ate orbital state, and an up-spin electron is permanently trapped in dot 2.
Single-electron tunneling occurs via the two-electron state in the double dot:
from the left (right) to the right (left) lead for forward (reverse) bias.

sequent electron transfer from site 1 to 2 is blocked by Pauli exclusion. Thus the
(1,1) triplet will sooner or later be occupied on a time scale sufficiently longer
than the electron tunneling time between the leads, and this should lead to clear
current suppression, for example, in DC measurement.

Here experiments using a vertical double quantum dot device are explained.
Two 2D harmonic In.05Ga.95As quantum dots (labeled dot 1 and 2) are vertically
weakly coupled (see Fig. 3.14a). The tunnel coupling energy (= 0.3 meV [48,49])
between two dots is much smaller than both the 2D harmonic potential energy
(�ω0 ∼ 4 meV), as well as the charging energy for each dot (U ∼ 4 meV).
Note the total number of electrons in the double dot system, N (= N1 + N2),
where N1 (N2) is the number of electrons in dot 1(dot 2), can be varied one-by-
one as a function of gate voltage, VG, starting from N = 0. The transmission
coefficients for all the tunnel barriers are sufficiently small that electrons are only
sequentially transported between the source and drain.

The situation of Fig. 3.13 can be reproduced in this device (see Fig. 3.14c),
if there is an appropriate potential offset, 2δ, between the two quantum dots
at Vsd = 0 V. Then, just one electron is trapped in the 1s orbital state of dot
2, and the two-electron ground state is a spin singlet state with (N1, N2) =
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Fig. 3.14. (a) Schematic of a vertical device containing two quantum dots,
which are made in a 0.6 micron diameter circular mesa of two In0.05Ga0.95

As wells, a Al0.3Ga0.7As central barrier, two Al0.3Ga0.7As outer barriers and
two n-GaAs contact leads. Two two-dimensional harmonic quantum dots are
connected, located between the heterostructure barriers. (b) Coulomb peaks
(I vs. VG) corresponding to adding N = 1 to 3 electrons to the double dot.
(c) Spin blockade of single-electron tunneling current in a weakly coupled
double dot system: I versus Vsd curve measured for VG fixed at the second
Coulomb peak in (b).

(0, 2). The first and second excited states are a spin triplet, and singlet state
for (1, 1). These two states are closely spaced, split by the exchange coupling
energy. Note well above these excited states a (0, 2) triplet excited state can
be formed by putting two parallel spin electrons in the 1s and 2p states in dot
2. When viewing Fig. 3.14(c), we can see that electrons can be transported via
the (0, 2) and (1, 1) singlet states for reverse bias, whereas for forward bias, the
(1, 1) triplet can be populated, leading to the blockade of electron transport.
This is valid unless the triplet configuration is not degraded. We now define the
electrochemical potential of the (N1, N2) ground state to be µ(N1, N2), and the
Fermi level or chemical potential of the source (drain) contact to be µr (µl).

In the experiment the situation in Fig. 3.13 can be realized by adjusting the
source-drain voltage, Vsd and gate voltage, VG and by using a device with an
appropriate potential offset 2δ. Note about 10% of Vsd is dropped between the
two dots. Potential offsets ranging from 0.5 to a few meV are usually present in
all devices probably due to a small decrease in the effective electron density in
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the cylindrical mesa just above the two dots relative to that below [49]. For this
experiment a double dot device having an appropriate value of 2δ, such that the
condition µ(1, 1) = µ(0, 2) is satisfied at Vsd = 0 V, is used.

Figure 3.14(b) shows the first three Coulomb peaks in the dI/dVsd vs. VG

measured for Vsd ∼ 0 (linear regime). The first peak (X) is very small but
definitely present at VG ∼ −2 V, and this indicates the transport through the
double-dot system for N fluctuating between 0 and 1. The second peak (P) and
the third peak (Q) are much larger. This implies that tunneling is elastic between
the source and drain leads for N = 1 ↔ 2 (second peak) and 2 ↔ 3 (third peak).
However, because of the potential offset 2δ, this is not the case for N = 0 ↔ 1
(first peak). Electrons tunneling through the lowest state in dot 2 must tunnel
virtually through higher states in dot 1 in order to reach the drain [50]. We then
study non-linear transport through the two-electron states by measuring the
I − Vsd for VG fixed at the second Coulomb peak (Fig. 3.14c, main curve). The
data reveal a large, nearly constant dI/dVsd at Vsd ∼ 0 for both bias polarities,
and this is due to elastic tunneling in the linear response region. Tunneling here
occurs via the (1, 1) and (0, 2) singlet states, which are aligned at Vsd ∼ 0 by the
potential offset. For non-linear transport (|Vsd| ≥ 1mV), the current is clearly
suppressed in forward bias because of spin blockade, whereas a large current
flows in reverse bias because of inelastic tunneling via the singlet states. The
spin blockade is lifted for Vsd > 7 mV when an electron can be ejected from the
lowest state of dot 2 to the source. The spin blockade is further confirmed from
measurements of non-linear transport for various VG values [33].

From the level of the current (I = 1 ∼ 2 pA) in the Pauli spin blockade
region, we estimate the lifetime of the spin triplet to be e/I ∼ 100 ns. This is
markedly longer than the time taken for just single-electron inelastic tunneling
between the contact leads (e/I ∼ 16 ns) for Vsd < −1 mV. As well as by the
second-order tunneling processes, a small current can also be induced by spin-
flips inside the dot. This, for example, can arise from spin-orbit interaction. Note
that the current level in the Pauli spin blockade region is much higher than that
in the region of Coulomb blockade (< 100 fA), as described before in Section
3.6.1.

3.6.3 Lifting of Pauli spin blockade by hyperfine coupling

Spin-orbit interaction is discussed as a dominant source for spin relaxation in
Section 3.5.2. Another important source for spin relaxation is hyperfine coupling
to nuclei of the host material. For the present vertical quantum dots all of the
constituent atoms of 71Ga, 69Ga, and 75As have nuclear spin of I = 3/2, and can
interact with electronic spins via hyperfine interaction. The interaction Hamil-
tonian includes a flip-flop term between an electronic spin and nuclear spin,
conserving spin and energy between the systems of electrons and nuclei. This
interaction is usually very weak in quantum dots due to the discreteness of the
electron energy [51]. For example, the Zeeman energy is greater for electronic
spin by more than two orders of magnitude compared to nuclear spin. However,
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Fig. 3.15. (a) Zeeman effect on the (N1, N2) = (1, 1) triplet state (first excited
state) and singlet state (second excited state) in a weakly coupled double dot.
(b) Leakage current at a Vsd in the middle of the Pauli spin blockade region
(Fig. 3.14c) as a function of in-plane magnetic field (BDC) for the sweep up
(black) and sweep down (gray). Detailed positions of the step and largest
fluctuations depend on the BDC sweep rate and values of Vsd and VG.

the triplet and singlet two-electron states (1,1) discussed in Section 3.6.2, can be
tuned to near-degeneracy insofar as the triplet has three branches Sz = 1, 0 and
−1. The energy separation between these states is calculated to be a few tens of
µ eV for the present device [52]. Application of B therefore leads to degeneracy
of the singlet and one of the three branches (Sz = −1 state in this case) of
the triplet state (Fig. 3.15a). Then transition between the singlet state and the
triplet, Sz = −1 state costs an energy comparable to the nuclear Zeeman energy.
We have examined this effect by measuring the leakage current changing with
in-plane B field in the Pauli spin blockade region [53].

Figure 3.15(b) shows the result of such an experiment. The in-plane B field,
BDC, is changed with a constant field sweep rate of 2 min/T. As the B field
initially increases, the current I is nearly constant for BDC < 0.5 T, and rises
with a sharp step at BDC ∼ T. Then it starts to fluctuate more strongly with
increasing BDC up to ∼ 0.87 T, and suddenly decreases for BDC > 0.9 T. A
similar characteristic, but shifted to lower field, is observed for sweeping down
the B field. The B field shift is about 0.2 T, and becomes smaller for a slower
BDC sweep rate until it saturates at about 0.15 T for a sweep rate slower than
1 hour/T. Similar characteristics are observed at different (Vsd, VG) within the
Pauli spin blockade region. For any BDC field in the current fluctuation regime
(0.6 to 0.87 T), the current shows periodic oscillations as a function of time,
lasting for longer than 15 hours. Both the period and amplitude of the current
oscillations increase with BDC, and become maximal with a period as long as
∼ 200 sec and amplitude of ∼ 0.4 pA near 0.87 T. The time scales of minutes
for the current oscillation period and also for the BDC sweep over the range of
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Fig. 3.16. Time period of the current oscillations measured for various frequen-
cies of the AC magnetic field applied perpendicular to the plane of the dot.
Inset: DC in-plane magnetic field (BDC) dependence of the BAC resonance
frequency fres observed in the oscillation period

the current hysteresis loop can be associated with the nuclear spins, which have
an unusually long relaxation time T1(> 10 min at low temperatures) [54].

As is well known in the context of NMR, nuclear spin effects can be examined
with an AC magnetic field. We use a three-turn coil of 3 mm diameter located
just above the device to apply a vertical AC magnetic field, BAC, and measure
the change in the oscillatory current for various frequencies of BAC at BDC = 0.85
T. A strong reduction in both the oscillation period and amplitude is observed
when the BAC frequency matches the 71Ga and 69Ga nuclear spin resonance
(Fig. 3.16 for resonance of 71Ga). The resonance frequency changes linearly with
BDC (inset).

It is interesting to note the oscillations are consistently described if we assume
that larger nuclear polarization leads to larger period and amplitude of the cur-
rent oscillations. The nuclear polarization grows with increasing magnetic field,
gradually grows (decays) by turning on (off) the spin blockade, and resonantly
decays under the NMR condition. Based on this knowledge we propose a model
that accounts for only the dynamic polarization of nuclei in the spin blocked
double dot at a certain BDC field, where the SZ = −1 triplet and the singlet
states are degenerate as described before. Around this BDC field, the hyperfine
flip-flop scattering from SZ = −1 triplet to the singlet states should be much
favored compared to the scatterings from SZ = 0 or +1. Thus a nuclear spin will
be flopped from “down” to “up” rather than “up” to “down”. Because of the
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long relaxation time of nuclear spins at low temperatures, the flopped nuclear
spins are steadily accumulated over cycles where the triplet scatters to the sin-
glet, leading eventually to dynamic polarization of nuclei. Assuming an electron
g-factor of −0.44 the degeneracy of the SZ = −1 triplet and singlet states occurs
at BDC = 0.4–2 T. This agrees with the experimental BDC field where a step
and oscillations are observed.

The Overhauser effect due to the dynamic nuclear polarization is known to
affect the electron spin and its transport characteristics [55]. However, this effect
simply detunes the singlet-triplet cross-over and does not cause the oscillatory
behavior. The results suggest the presence of more complicated feedback from the
polarized nuclei to the electron spin. It has recently been predicted for double
dot systems that the coupled electron-nuclear spin system exhibits instability
near the singlet-triplet cross-over [56].

3.7 Cotunneling and the Kondo effect

3.7.1 Cotunneling
Thus far we have been considering the regime where the relaxation time of the dot
to its ground state is much smaller than the time between tunneling events to and
from the leads. We noted, however, that the possibility for long-lived metastable
states existed which violates this condition. Away from those metastable states,
however, the rapid relaxation of the dot implies that tunneling into and out
of the dot, from source to drain, occurs sequentially, i.e. the dot is effectively
coupled to a heat bath such that information relating to the tunneling across
the first barrier is lost before the electron tunnels across the second barrier.
This implies in particular that the peak conductance for a Coulomb oscillation
is proportional to Γ�pΓrq/(Γ�p + Γrq) (i.e. the reciprocals of the rates add to
the reciprocal of the total). Here � and r refer to left and right leads and p
and q are arbitrary quantum numbers. Now we wish to explicitly consider the
regime where the tunnel junctions between dot and leads become increasingly
transparent and the level widths of the various states, Γp, become increasingly
large. The main physical consequence of this is that the dot begins to show
transport characteristics beyond the sequential regime in what are referred to
as “cotunneling” events [50]. In cotunneling, two tunneling events occur around
a virtual intermediate state wherein the dot possesses one fewer or one greater
electron than the stable number, that is: N = N0±1. The energy of this state can
be greater than the energy of the initial state and the duration of its occupancy
is limited by the uncertainty principle.

Cotunneling events can be categorized as either “elastic” or “inelastic” de-
pending on whether the two tunneling events occur between the leads and the
same dot level (thereby leaving the dot in its initial state) or else the two tun-
neling events occur between the leads and two different levels (whereupon the
final state of the dot is different from the initial state). As a concrete exam-
ple, suppose the dot is initially in its T = 0 ground state with levels 1 through
N0 occupied and all other levels empty. Suppose further that the dot is in the
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Fig. 3.17. Measured stability diagram of a quantum dot at 15 mK and zero
magnetic field. dI/dVsd is plotted in gray scale as a function of (Vsd, Vg).
Dotted lines have been superimposed to highlight the onset of inelastic co-
tunneling. The dot-dashed lines indicate the onset of first-order tunneling via
an excited state. Inset: scanning electron micrograph of the dot used in the
study.

Coulomb blockade regime, i.e. it is not at the degeneracy point of two charge
states. An inelastic cotunneling process could occur such that the (N0+1)st level
is filled by an electron from the source simultaneously (within the uncertainty
principle) with the exiting to the drain of the electron that initially occupies
the N0th level. After this process the dot is in an excited state with levels 1
through N0 − 1 and level N0 + 1 filled and level N0 empty. However, while the
virtual intermediate, N = N0 +1 state can be “off the energy shell” via quantum
uncertainty, the energy to excite the dot to the final excited N = N0 state must
come from somewhere. For sufficiently low temperature this energy must come
from the source-drain chemical potential difference, i.e. the bias. The signature
of this effect, seen in Fig. 3.17, is best seen in the Coulomb diamonds [57]. Here,
it is assumed that an excited state of the dot exists (perhaps due to just a single
particle-like excitation as we just described). At Vsd ≈ 0 the inelastic cotunnel-
ing process that fills this excited state does not have enough energy to occur.
However, beyond a threshold value |eVsd| = E∗ − E, where E∗ and E are short-
hand for the excited and ground state energies, the current can flow through this
cotunneling process. The result is that the insides of the diamonds are shaded
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Fig. 3.18. Schematic temperature dependence of the resistance in the presence
of the Kondo effect (a) in a bulk metal containing magnetic impurities and
(b) in a quantum dot having a finite magnetic moment.

outside the threshold limits, as seen in the figure.

3.7.2 The standard Kondo effect

Because cotunneling involves higher order processes that relate specifically to
the excited states of the dot, they are interesting in that they give an immediate
experimental signature of properties beyond the ground state. However we might
ask: what properties of cotunneling relate specifically to spin? The answer to
this question, which forms the basis of a considerable amount of work on the
physics of quantum dots, is that cotunneling is the lowest order element in the
phenomenon of the Kondo effect.

The electrical resistance of a metal usually decreases monotonically as the
temperature, T , decreases because phonon scattering is suppressed at low tem-
perature. The resistance may eventually saturate due to crystal defects and im-
purities, or suddenly drop to zero if the metal undergoes a transition to a su-
perconducting phase. However, the resistance of some metals containing a small
amount of magnetic impurities was found to increase at some low temperature
as depicted in Fig. 3.18(a). The mechanism of this anomalous resistance increase
remained a mystery until Jun Kondo explained in 1964 that it arises from scat-
tering by the magnetic impurities that are antiferromagnetically correlated with
spins of the conduction electrons [58]. The temperature which marks the upturn
of the resistance due to this spin interaction is called the Kondo temperature,
TK.

More recently, the Kondo effect was predicted to occur also in artificial nanos-
tructures such as a quantum dot [59–61]. When the dot holds an odd number
of electrons, the uppermost energy level has an unpaired electron while all the
other underlying levels (ignored as an inert core) are occupied by electron pairs.
Then, the dot acts as a single magnetic impurity with a spin 1/2, and its in-
teraction with Fermi seas in the leads can be modeled as a Kondo system. The
Hamiltonian for this system is the Anderson Hamiltonian:
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H =
∑

σ=↑,↓
εdnd,σ + Und,↑nd,↓ +

∑
α,k,σ

εα,kc†α,k,σcα,k,σ

+
∑

α,k,σ

(
Γα,kc†d,σcα,k′,σ + h.c.

)
,

(3.22)

where the bare discrete level has energy εd, the number operator for discrete level
d with spin σ (=↑, ↓) is nd,σ and that of the continuum level k in lead α with
spin σ is nα,k,σ; the connection coefficients between the discrete level d and the
leads is Γα,k and the creation and annihilation operators for the lead states and
the discrete states are c†α,k,σ, cα,k,σ and c†d,σ, cd,σ, respectively. The Kondo effect
proceeds from the Anderson Hamiltonian by developing a perturbation series in
Γα,k. Since the initial state of the N = 1 dot (or impurity) is spin degenerate,
and since the Hamiltonian contains no terms which explicitly couple spin up and
spin down (such as spin-orbit interaction), the only way for the dot spin state
to make a flip is via an intermediate virtual state with one greater or one less
electron, i.e. a cotunneling process. The derivation of the Kondo effect begins
by showing that such cotunneling processes produce an off-diagonal coupling
in the N = 1 submatrix of the Hamiltonian. In so doing, the Hamiltonian is
transformed into the so-called s-d Hamiltonian

Hsd =
∑
k,k′

Jk,k′
[
S+c†k,↓ck′,↑ + S−c†k,↑ck′,↓, +Sz

(
c†k,↑ck′,↑ + c†k,↓ck′,↓

)]
, (3.23)

where we have suppressed the lead index α and where the internal dynamics of
the dot have been reduced to operators representing its spin: spin raising S+,
spin lowering S− and spin z-component Sz .

Without a prolonged derivation, the essential physics of the Kondo effect can
be stated as follows. The cotunneling process produces a coupling between up
and down spins which is absent when the Fermi seas don’t exist. This reduces
the Hamiltonian to one where the only relevant internal characteristic of the
dot is its spin: up or down. What Kondo demonstrated was that a perturbation
series in S+ and S− produces non-vanishing terms to all orders due to the non-
commutativity of these operators. This in turn leads to a hybridization of the
spin up and spin down states and the generation of a screening spin cloud in the
leads.

Figure 3.19 shows an energy diagram of a quantum dot that has one spin-
up electron at the uppermost level whose energy is εd. The dot is coupled with
source- and drain-leads via tunnel barriers. The parameters ΓL and ΓR are the
tunnel coupling strength (tunnel rate) for the left and right barriers, respectively.
εd is adjusted so that εd < µ < εd + U , where µ is the Fermi energy and U is
the charging energy. Then, the first-order tunneling through the dot is inhibited
because of U (Coulomb blockade). However, when the temperature is lowered
to ∼ TK, the electron in the dot forms an antiferromagnetic coupling with a
spin-down electron in the lead, and concurrent tunneling of these two electrons
contributes to a net electron transfer between the source and drain leads as
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Fig. 3.19. Schematic energy diagram of a quantum dot coupled with the source
and drain leads via tunnel barriers. The dot has spin S = 1/2 when an up-
permost level has an unpaired electron. The Kondo effect enhances the con-
ductance through higher order tunneling of antiferromagnetically correlated
spin pairs at T < TK.

depicted in Fig. 3.19. At the same time, a Kondo resonance peak appears in
the local density of states (DOS) at the Fermi energy. Therefore, the resistance
(conductance) starts to drop (increase) at T ∼ TK as shown in Fig. 3.18(b). This
behavior is qualitatively opposite to that in bulk metals because the current path
is only through the “magnetic impurity” in the case of the quantum dot. TK is
given as

TK =
√

ΓU

2
exp [−π(µ − εd) (U − µ + εd) /ΓU ] , (3.24)

where Γ = ΓL + ΓR. The above second-order tunneling occurs coherently and
tends to screen the initial localized magnetic moment in the dot through the
dot-lead spin singlet formation.

The number of electrons, N , contained in the quantum dot can be changed
one by one by adjusting the gate voltage as shown in Fig. 3.20(a). The conduc-
tance shows normal Coulomb blockade oscillations at T 
 TK (dashed line).
The peaks appear when N changes by one. The conductance in the Coulomb
blockade valleys of odd N increases as T is lowered below TK due to the Kondo
effect, while that of even N slightly decreases because of suppressed cotunneling
(solid line). When the gate voltage is fixed at the odd N Kondo valleys (open
triangles in Fig. 3.20a), a peak appears at zero source-drain bias, Vsd, in the
dI/dVsd vs. Vsd characteristic reflecting a peak in DOS as shown in Fig. 3.20(b).
The conductance, G, of this zero-bias peak shows a temperature dependence

G =
2e2

h

4ΓLΓR

(ΓL + ΓR)2
f(T/TK), (3.25)

where f(T/TK) is a universal function that shows a linear logT dependence at
T ∼ TK and saturates to 1 at T � TK (the unitary limit), as schematically
illustrated in Fig. 3.20 (c). An empirical form of f is given by



130 S. Tarucha, M. Stopa, S. Sasaki, and K. Ono

Gate voltage

N−1(odd)
S=1/2

N(even)
S=0

N+1(odd)
S=1/2

T<TK

T>>TKC
on

du
ct

an
ce

0 Vsd
logT

TK

Vsd = 0

(a)

(b) (c)

dI
/d

V s
d

dI
/d

V s
d

Fig. 3.20. (a) Coulomb blockade oscillations for T 
 TK (dashed line) and for
T < TK (solid line). The conductance of only the odd N valleys increases
due to the Kondo effect. (b) The differential conductance vs. source-drain
bias characteristic when the gate voltage is fixed at the center of the odd N
valleys. (c) Temperature dependence of the Kondo zero-bias peak showing a
linear logT behavior at T ∼ TK.

f(x) =
1[

x2
(
21/s − 1

)
+ 1
]s , (3.26)

where s is a fitting parameter (close to 0.2 in the case of a spin 1/2 system)
[62,63]. These are the experimental “fingerprints” of the Kondo effect in a quan-
tum dot observed in the first reports in 1998 [64–66]. Since then, there has been
renewed interest in the Kondo effect in artificial systems. One can tune relevant
parameters by, for instance, gate voltage and external magnetic field, thus open-
ing up unprecedented opportunities of studying rich aspects of Kondo physics.

One of the most remarkable findings in the quantum dot related Kondo
physics is the observation of the unitary limit shown in Fig. 3.21 [67]. The inset
shows the AFM image of the device structure: GaAs/AlGaAs 2DEG is con-
stricted by combined dry-etching and surface Schottky gates to form a quantum
dot of a size 100 nm embedded in each arm of a larger ring structure. In the fol-
lowing, the ring structure is irrelevant and we focus on only one of the dots. The
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Fig. 3.21. Temperature dependence of the Coulomb oscillations in a lateral
quantum dot between 15 mK and 800 mK. The unitary limit is reached at
the odd N valley marked by an arrow. The inset shows an atomic force
microscope image of the lateral dot device embedded in a ring.

dot has two long gates that define ΓL and ΓR, and another shorter gate (plunger
gate) that mainly modifies the electrostatic potential of the dot. Figure 3.21
shows the temperature dependence of the Coulomb oscillation characteristics
when one of the long gates is swept. Here, the long gate is used for modifying
both ΓL and the electrostatic potential. The conductance in the Coulomb block-
ade valley marked by an arrow increases as the temperature decreases, while
that in the adjacent valleys shows the opposite temperature dependence. This
indicates that the Kondo effect occurs in the marked valley because N is odd and
spin S is 1/2 there. Moreover, the conductance saturates to a value close to 2e2/h
at the low-temperature limit, thus reaching the unitary limit. This corresponds
to ΓL = ΓR and T/TK � 1 in Eq. (3.25).

3.7.3 The S-T and D-D Kondo effect

Since we have assumed no orbital degeneracy so far, no Kondo effect should
occur for even N. However, an exceptional case was reported where the Kondo
effect was observed for even N in addition to odd N [68]. This was followed by a
more detailed report of the Kondo effect for even N [69] in a “vertical” quantum
dot having well-defined N and S [12]. This novel Kondo effect was found to occur
when a magnetic field induces a spin singlet (S = 0)-triplet (S = 1) degeneracy
in the multi-orbital ground state [70–73].
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Fig. 3.22. Schematic energy diagrams involving two orbitals for (a) large Zee-
man splitting with even N, (b) small Zeeman splitting with even N, and (c)
small Zeeman splitting with odd N . Coulomb interaction between the two
electrons is implicit in (a) and (b).

Figure 3.22 shows three cases of magnetic field induced degeneracy involving
two orbital states. First, Fig. 3.22(a) is for even N and large Zeeman splitting
compared to an orbital shift. In this case, one of the three Zeeman split sublevels
of the triplet state becomes degenerate with the singlet state in a magnetic
field (dotted circle). It was theoretically shown that the Kondo effect occurs for
such a situation in spite of even N [71], and later experimentally realized in a
carbon nanotube [74]. Figures 3.22(b) and (c) are relevant for GaAs-based quan-
tum dots with a small Zeeman splitting. In Fig. 3.22(b) with even N, all three
triplet sublevels can be regarded as degenerate. Then, there are four degenerate
levels at the magnetic field induced singlet-triplet degeneracy (dotted circle).
This enhanced degeneracy compared to the conventional S = 1/2 case (two-
fold degeneracy) leads to enhanced TK as experimentally [69] and theoretically
[70] demonstrated. A similar four-fold degeneracy is realized for odd N when
two doublet states associated with two different orbitals become degenerate as
shown in Fig. 3.22(c). The enhanced Kondo effect for this case is observed [75]
as described in more detail below.

The inset to Fig. 3.23 schematically shows the vertical quantum dot struc-
ture. It is in the form of a submicron-sized circular mesa fabricated from an Al-
GaAs/InGaAs/AlGaAs double barrier structure. Current flows vertically through
the mesa, and N is changed with a gate electrode wrapped around the mesa. S
and N can be unambiguously determined in this type of vertical quantum dot
owing to the highly symmetric lateral confinement potential and a built-in dot-
lead coupling Γ via AlGaAs barriers [12]. Γ for the present dot device is 400 µeV
for the first electron entering the dot and gradually increases as N increases. We
apply a magnetic field parallel to the current.

Figure 3.23 shows a gray-scale plot of the linear conductance, G, as a function
of gate voltage, Vg, and magnetic field, B, at 60 mK. Bright stripes correspond to
Coulomb oscillation peaks showing an evolution of the N -electron ground state
with B. Large Coulomb blockade gaps at N = 2 and 6 at B = 0 reflect the shell
filling of 1s and 2p orbital states, respectively, formed in a disk-shaped circular
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Fig. 3.23. Grey-scale plot of the linear conductance observed in a verti-
cal quantum dot as a function of the gate voltage and magnetic field.
Black corresponds to zero conductance, and white to G = 50 µS. The
inset shows a schematic diagram of the dot structure made from a Al-
GaAs/InGaAs/AlGaAs double barrier tunnel diode. The magnetic field is
perpendicular to the dot plane.

artificial atom [12]. The overall evolution of stripes with B agrees with successive
filling of the single-particle levels, or Fock–Darwin states, En,l, of Eq. (3.3) by
spin-up and spin-down electrons. The pairwise motion of the stripes in Fig. 3.23
is due to the spin degeneracy of each En,l state.

When the Kondo effect occurs at T < TK, the conductance in the Coulomb
blockade gap increases. In our vertical quantum dot, Γ gradually increases with
increasing Vg. Therefore, TK generally increases as Vg increases, and the enhance-
ment of the conductance due to the Kondo effect is noticeable in the Coulomb
blockade gaps for Vg > −1.0 V.

The solid lines in Fig. 3.24(b) schematically show a magnetic field dependence
of the electrochemical potential, µ, for electron numbers from N + 1 (odd) to
N + 4 (even) when electrons are added to the two crossing orbitals. Coulomb
interaction favors a spin triplet state (S = 1) for N + 2 in the vicinity of the
magnetic field where a single-particle level crossing occurs, and the ground state
shows a downward cusp [13]. The S-T Kondo effect is expected on the dotted lines
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Fig. 3.24. (a) Fock–Darwin states calculated with �ω0 = 1 meV. (b) Schematic
magnetic field dependence of the electrochemical potential for electron num-
bers from N + 1 (odd) to N + 4 (even) occupying two crossing orbitals. (c)
Detailed measurement conducted in region A in Fig. 3.23. S, T, and ∆ denote
states with S = 0 (singlet), S = 1 (triplet), and S = 1/2 (doublet).

with a considerably higher Kondo temperature, T S−T
K , than the conventional

S = 1/2 Kondo temperature, TD
K , because of the larger degeneracy [69].

Figure 3.24(c) shows detailed measurements conducted in region A marked
in Fig. 3.23. The last orbital crossings occur between En,l states with (n, l) =
(0,−1) and (0, l)(l > 1) on the dotted line, and all the electrons occupy the
ground Landau level at higher B (filling factor n = 2). A spin triplet state is
observed at N = 16 and B = 1.2 T, where states (n, l) = (0,−1) and (0, 7) are
occupied by electrons having parallel spins (see the circle in Fig. 3.24a). In the
N = 16 Coulomb blockade gap, the conductance is enhanced by the S-T Kondo
effect at B = 1.1 and B = 1.3 T, corresponding to the dotted lines in Fig. 3.24
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Fig. 3.25. Grey-scale plot of the conductance in the Vg–Vsd plane (Coulomb
diamonds) at B = 1.12 T. Dashed lines mark the boundary of the N = 16
Coulomb blockade region.

(b). As for N = 15 and 17, the conventional S = 1/2 Kondo effect is expected.
However, the conductance enhancement in the Coulomb blockade gaps is not
clearly observed except in the regions corresponding to the dash-dotted lines in
Fig. 3.24(b), where two S = 1/2 states with different total angular momentum,
M , are degenerate. When such an orbital degeneracy is present for odd N, a
total of four states, i.e., M = M1, M2 (M1 
= M2), SZ = ±1/2, are involved in
forming the Kondo singlet state (if one can neglect the Zeeman splitting), and
enhancement of TK similar to the S-T Kondo effect is expected. We refer to this
new multilevel mechanism for odd N as the “doublet-doublet” (D-D) Kondo
effect. Because TD

K is much lower than the D-D Kondo temperature, TD−D
K , only

a slight conductance enhancement is observed in the odd N Coulomb blockade
regions when there is no orbital degeneracy. Then, a honeycomb pattern is formed
in a B-N diagram, as is clearly captured in Fig. 3.24(c), due to the S-T and D-D
Kondo effects that occur consecutively for different orbital crossings, provided
TD

K < T < T S−T
K , TD−D

K .
Figure 3.25 shows a gray-scale plot of G as a function of Vg and source-

drain bias, Vsd (Coulomb diamonds). B is tuned to 1.12 T where the S-T Kondo
effect occurs at N = 16. The edges of the N = 16 Coulomb blockade region are
shown by the dashed lines. A clear conductance peak, or ridge, is observed along
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Vsd = 0 within the N = 16 diamond, further evidence of the Kondo effect. The
peak height decreases with increasing temperature as expected for the Kondo
effect. By fitting this temperature dependence to Eq. (3.25), we have deduced
T S−T

K = 700 mK. A similar curve fitting conducted for the D-D Kondo effect at
N = 15 yielded TD−D

K = 490 mK. The higher TK for the S-T Kondo effect may
be due to the larger Γ, and it is difficult to experimentally determine which is
larger, T S−T

K or TD−D
K , for the same Γ. The unitary limit conductance of 2e2/h

[67] is not reached in our device at the low-temperature limit probably because
of the asymmetry in the two tunnel barriers; it is impossible to tune Γ for the two
barriers separately as is commonly done in a lateral quantum dot. The expected
Zeeman splitting of ∼ 30 µeV at B = 1.12 T is smaller than TK estimated above.
Therefore, no Zeeman splitting of the Kondo peak is observed, and we treat all
four S-T and D-D states as quasidegenerate.

The strong S-T and D-D Kondo effect is expected to disappear when the
degeneracy is lifted by changing B. Figures 3.26(a) and (b) show a gray-scale
plot of dI/dVsd in the B-Vsd plane for the D-D Kondo effect (N = 15) and
for the S-T Kondo effect (N = 16), respectively, with Vg fixed in the center
of the respective Coulomb blockade gap. Conductance peaks at Vsd = 0 are
observed near the degeneracy field, B0. The two zero-bias S-T Kondo peaks in
Fig. 3.26(b) at B0 = 1.12 T and 1.25 T correspond to the two conductance
maxima in the N = 16 Coulomb blockade gap (see Fig. 3.24c). Because the S-T
or D-D degeneracy is lifted as |∆B| = |B − B0| increases, the Kondo effect is
broken and the zero-bias peak is suppressed. At large |∆B|, a peak or step is
observed at eVsd = ±∆, where the brightness suddenly changes. Here, ∆ is the
B-dependent energy difference between the singlet and triplet states, or between
the two doublet states. This peak/step is due to cotunneling associated with the
two states separated by ∆ [69], and is therefore observed within the Coulomb
blockade gap (∼ 0.6 meV).

Figure 3.26(c) shows Vsd values of the conductance peak/step as a function of
∆B. Peak/step positions for the S-T (B0 = 1.12 T) and the D-D (B0 = 1.25 T)
Kondo effect almost coincide, indicating that they involve the same orbital states,
namely, (n, l) = (0,−1) and (0, 7). Figure 3.26(d) shows the relative conductance,
∆G, measured from the degeneracy (∆B = 0) at Vsd = 0, as a function of ∆B.
In the S-T Kondo effect, the conductance drops more quickly on the singlet side
(∆B < 0) compared to the triplet side (∆B > 0) because there is no Kondo
effect for S = 0. The conductance drops even more slowly and symmetrically in
the D-D Kondo effect.

Figure 3.26(e) shows the ∆ dependence of TK (∆) for both the S-T and
D-D Kondo effect obtained by scaling calculation [70, 75]. TK (D) and ∆ are
normalized by TK(0). TK drops according to the power law TK(∆) ∝ 1/∆γ with
γ = 2 +

√
5 for the triplet side [70, 71] in the S-T Kondo effect. On the other

hand, γ = 1 is obtained by considering an SU(4) model in the case of the D-D
Kondo effect [75]. Thus, TK drops more slowly than in the S-T Kondo effect.
These are in qualitative agreement with the above experimental results.
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Fig. 3.26. Grey-scale plot of dI/dVsd in the B-Vsd plane for (a) the N = 15
D-D Kondo effect and (b) the N = 16 S-T Kondo effect with Vg fixed in
the center of the respective Coulomb blockade gap. Black corresponds to
G = 10 mS and white to G = 35 µS. (c) Vsd values of the conductance peak or
step obtained from (a) and (b) as a function of the magnetic field difference
∆B = B − B0, where B0 is the degeneracy magnetic field. (d) Relative
conductance measured from the degeneracy (∆B = 0) at Vsd = 0, for the
D-D (solid line) and the S-T (dotted line) Kondo effect. (e) Calculated results
of TK/TK(0) as a function of ∆/TKK(0), on a log-log scale.

The honeycomb pattern in Fig. 3.24(c) may be reminiscent of the “chessboard
pattern” discussed in a “lateral” quantum dot [76–79]. Figure 3.27(b) shows a
gray scale plot of the linear conductance, G, as a function of B and Vgl observed
in a lateral quantum dot shown in Fig. 3.27(a) [79]. The dark regions correspond
to large or small G. For the most negative values of Vgl, the coupling of the dot
to the leads is weak. This results in relatively sharp Coulomb peaks and low
valley conductance. However, if Vgl is increased, the valley conductance reaches
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Fig. 3.27. (a) Scanning electron micrograph of the lateral dot device. Metal
gates are light gray; the dot is indicated by a circle. (b) Gray scale plot of the
experimental linear conductance G through the dot as function of B and Vgl

at 10 mK. The dotted hexagons highlight the shape of a few chessboard fields;
ellipses indicate some regions where Coulomb peak suppression occurs. (c)
Calculated self-consistent potential landscape of device; white lines denote
contours of the metal gates.

considerable values (∼ e2/h) in certain regions due to the Kondo effect. Most
strikingly, the regions of low and high valley conductance alternate both along
the Vgl and the B axis in a regular fashion, resulting in the aforementioned
chessboard pattern.

The transition from low to high valley conductance is associated with an
abrupt jump of the Vgl position of the Coulomb peaks. This jump occurs every
time rearrangement of the electrons within the dot occurs between the inner
orbital associated with the second Landau level, and the outer orbital associated
with the first Landau level. In a lateral quantum dot, a “single channel” in the
leads preferentially couples to the outer orbital. Then, the Kondo effect occurs
when the number of electrons in the “outer” orbital, rather than the “total”
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number of electrons, is odd. In a vertical quantum dot, on the other hand, one
can assume that the orbital quantum numbers are conserved in tunnel processes
between the dot and leads due to their same rotational symmetry. Hence we
expect “two channels” of conduction electrons in the leads when two orbitals
are relevant in the quantum dot; each channel couples to only one of the two
orbitals. Therefore, the chessboard pattern is not observed there.

3.8 Conclusions

In this chapter we have described how to probe and manipulate spin effects in
quantum dots. The electronic configuration in quantum dots is tunable with var-
ious parameters such as number of electrons, magnetic field, and symmetry in
the confinement, and also with coupling strength for systems of coupled dou-
ble quantum dots and coupled quantum dot-contact leads. This is particularly
true for spin configurations as we have typically discussed for Zeeman splitting,
crossings of spin states and exchange coupling. These spin-related phenomena
are sufficiently robust that they manifest themselves in the electronic properties.

We have also shown that control over the spin configurations enables a new
approach to spin-related phenomena such as Pauli spin blockade and the novel
Kondo effect in single-electron transport, and in addition, can provide a novel
concept of spintronics, i.e., spin-based quantum computing. Long decoherence
time and good tunability of spin in quantum dots are embodied both experimen-
tally and theoretically. These are quite advantageous for implementing qubits and
quantum gates for quantum computing. Probing decoherence for single electron
spin in individual quantum dots and correlation between two spins in two quan-
tum dots are currently two major subjects. The next step is to facilitate local,
temporal access to single spins for making one or more qubits, and exchange
coupling for making quantum gates. For this purpose, new techniques such as
a local, pulsed ESR and a local, pulsed gating of the tunnel coupling between
two dots will be necessary. In addition, readout of a single spin orientation and
control of entanglement between two spins are also key technologies.
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4 Spin-dependent transport in single-electron
devices

Jan Martinek and Józef Barnaś

Electron tunneling in ferromagnetic junctions [1] is of current interest due to
possible applications in magnetic storage technology and in spin-electronics de-
vices [2–6]. The key effect for these applications is the tunnel magnetoresistance
(TMR) in simple planar junction, i.e., a decrease (increase) in the junction re-
sistance when its magnetic configuration changes from antiparallel to parallel.
Tunneling in complex junctions, particularly in mesoscopic ones, where charging
effects become important, is still purely explored. Specific kinds of such sys-
tems are double-barrier junctions with a small central electrode, known also as
single-electron transistors (SETs). Tunneling in such devices has been extensively
studied in the past decade, but only in the non-magnetic limit [7–10].

Recent experiments on magnetic nanostructured materials revealed new phe-
nomena associated with the interplay of ferromagnetism and discrete charging
effects. A typical example is a ferromagnetic single-electron transistor, i.e., a
small grain or quantum dot coupled by tunnel junctions to ferromagnetic elec-
trodes. The interplay of charge and spin degrees of freedom in such a system
was studied only very recently both experimentally and theoretically. First fer-
romagnetic single-electron transistors were fabricated by Ono et al. [11] and
later by Brückl et al. [12]. Recently ferromagnetic granular film systems, where
the Coulomb interaction also plays an important role, were investigated by sev-
eral groups [13–16]. Transport through a ferromagnetic single-electron transis-
tor with a non-magnetic metallic island, both normal and superconducting was
also measured [17–19]. From the technical point of view it is easier to attach
a metallic island to ferromagnetic leads than a semiconducting quantum dot.
One strategy is to use ferromagnetic semiconductor materials as electrodes [20]
for a semiconducting dot. Another possibility is related to ultrasmall metallic
nanoparticles attached to metallic ferromagnets, where due to the small size the
quantum electronic structure becomes important [21]. Also magnetic impurities
in the middle of the tunnel barrier of a ferromagnetic tunnel junction [22] can
be considered as quantum dots with very strong Coulomb interaction. Another
group of single-electron devices are molecular ferromagnetic transistors [23] and
especially ferromagnetically contacted carbon nanotubes [24]. In this chapter
we will review basic transport characteristics of a ferromagnetic single-electron
transistor in the sequential tunneling, cotunneling and strong coupling (Kondo)
regimes. In particular, we will discuss such properties of the device like electric
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and spin currents, tunnel magnetoresistance, spin and charge accumulation and
fluctuations, shot noise, exchange interaction, RKKY interaction, spin torque
and precession, as well as the Kondo effect.

In the first part of this chapter we introduce the basic principles of single-
electron transport (Section 4.1) and present an effective model Hamiltonian (Sec-
tion 4.2) describing the metallic and/or ferromagnetic island (or quantum dot) in
the presence of strong Coulomb interaction and attached to ferromagnetic leads.
In the next section different transport regimes are introduced (Section 4.3). This
gives us the framework for further discussion of the system properties. In the
weak coupling regime such transport properties like spin accumulation, spin pre-
cession in the non-collinear geometry, magnetoresistance, shot noise and others
are thoroughly described (Section 4.4). The next two sections deal with the
cotunneling (Section 4.5) and Kondo effect in the strong coupling regime (Sec-
tion 4.6). In the former case a scheme of direct detection of the chemical potential
spin-splitting is analyzed, whereas in the latter case the properties of the Kondo
effect in the presence of ferromagnetism are discussed in terms of various tech-
niques beyond perturbation theory. In the last part (Section 4.7) we review recent
results on the RKKY interaction between semiconducting quantum dots.

4.1 Single-electron transport
During the last few decades continuous progress in micro- and nanofabrication
techniques have allowed workers to fabricate small metallic or semiconducting
tunnel junctions and small islands with capacitances in the range of C ≈ 10−15 F
or less [7–10]. In such systems, the classical electrostatic energy associated with
addition or removal of a single electron charge e from the island, given by

EC = e2/2C , (4.1)

can be as high as of the order of 10−4–10−5 eV, which corresponds to the temper-
ature range T ≈ 1–10 K. This implies that electron transport in the low temper-
ature regime is strongly dominated by the charging effects. At low temperatures
and small bias voltage V , (kBT, |eV | � EC), a complete suppression of trans-
port through the island, the so-called Coulomb blockade, occurs far away from
the degeneracy points. The linear response conductance then shows Coulomb
oscillation as a function of gate voltage Vg, i.e., a series of peaks with a uni-
form spacing. The low-temperature transport between the degeneracy points is
possible only with a large bias voltage V , which generally also leads to some
non-equilibrium effects.

The electrostatic energy required to add N excess electrons (corresponding
to the total charge Q = eN) to the island, while keeping constant the voltages
VL and VR in the left and right electrodes and the gate voltage Vg, is given by

Ech(N, nx) = EC(N − nx)2 . (4.2)

In the above equation the term −ECn2
x has been dropped because it is indepen-

dent of N . Here, the total island capacitance is the sum of the capacitances of
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Fig. 4.1. (a) The charging energy Ech(N, nx) of a single-electron transistor as
a function of nx (controlled also by a gate voltage Vg) for different numbers
N of excess electrons on the island. The solid line depicts the ground state
energy. (b) The average number of excess electrons on the island as a function
of nx for different temperatures kBT/EC = 0.4 (dashed line), 0.2, 0.05, and
0.

the left and right junctions and of the gate, C = CL + CR + Cg. The external
charge enx ≡ CLVL + CRVR + CgVg accounts for the effect of applied voltages,
and can be continuously tuned be means of Vg. The charging energy Ech(N, nx)
for different numbers of excess electrons N is plotted in Fig. 4.1(a). With tuning
the gate voltage Vg, the electron number on the island changes in discrete steps
from N to N + 1 at the degeneracy points (near half-integer values of nx). At
finite temperatures and for weak coupling to the external electrodes, the average
occupancy of the island is given by the Boltzmann distribution

〈N(nx)〉 =
1

Zch

∑
N

Ne−Ech(N,nx)/kBT , (4.3)

where Zch denotes the partition function. The results for different temperatures
are presented in Fig. 4.1(b).

For a very small island, whose spatial dimensions are comparable with the
Fermi wavelength λF = 2π/kF, the size quantization effects become important,
too. Electrons residing on the dot then occupy quantized energy levels εj with
some average level spacing ∆ε. The total energy is then given by
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Fig. 4.2. Geometry of the ferromagnetic single-electron transistor. The central
electrode (island) can be non-magnetic or magnetic. The orientation of mag-
netization of each element can be independently controlled. For a small island
discrete energy levels become resolved and the island becomes a quantum dot.

E(N, nx) = Ech(N, nx) +
N∑

j=1

εj . (4.4)

Usually the following two limits are considered:
(i) a metallic island with a continuous density of states ρ(ω) for ∆ε � kBT ,

and
(ii) the quantum dot (QD) limit with a discrete spectrum and large level spac-

ing, ∆ε � kBT .
In this chapter we will discuss transport properties in both situations assuming
that the island is attached to ferromagnetic leads.

4.2 Model Hamiltonian

The ferromagnetic single-electron transistor consists of a small ferromagnetic
or non-magnetic metallic grain or quantum dot (island) connected via tunnel
barriers to two ferromagnetic leads, as shown schematically in Fig. 4.2. It can be
described by the Hamiltonian

H =
∑

r=L,R

Hr + HI + Hch + HT ≡ H0 + HT . (4.5)

Here H0 describes the system decoupled from the leads, and HT takes into
account tunneling processes between the island and leads.

The ferromagnetic leads are described by

Hr =
∑
kσ

εrkσc†rkσcrkσ , (4.6)

where crkσ are the Fermi operators for electrons with a wavevector k and spin σ in
the lead r (r = L, R). Within the Stoner model of itinerant ferromagnetism [25]
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we assume a spin-split electron band in the leads, with a strong spin asymmetry
in the density of states, ρr+(ω) 
= ρr−(ω), for majority (+) and minority (−)
electrons. For the density of states, which is assumed to be independent of energy,
ρrσ(ω) = ρrσ, it is convenient to introduce an effective spin polarization factor
of the leads, defined usually as Pr ≡ (ρr+ − ρr−)/(ρr+ + ρr−). For non-magnetic
leads the spin polarization vanishes, PL = PR = P = 0, whereas for half-metallic
ones P = 1 (only one type of spins is present at the Fermi level).

In this chapter we restrict considerations mainly to collinear lead magneti-
zations, and assume that by means of a weak magnetic field it is possible to
change magnetic the configuration from the parallel to antiparallel alignment.
Non-Collinear magnetic configurations will be considered in Section 4.4.2.

4.2.1 Metallic or ferromagnetic island

For a metallic island the density of states are continuous, and the number of
electrons on the island is large. The Hamiltonian then reads

HI + Hch =
∑
qσ

εqσd†
qσdqσ + EC(N − nx)2 , (4.7)

where dqσ are the Fermi operators for electrons on the island, described by the
wavenumber q and spin σ. The last part of the Hamiltonian,

HT =
∑

r=L,R

∑
kqσ

Trkqσc†rkνσdqνσe−iϕ̂ + h.c. , (4.8)

describes tunneling processes. The phase operator ϕ̂ is the conjugate to the
charge eN on the island, and the operator e±iϕ̂ describes changes of the island
charge by ±e. When writing Eq. (4.8) it has been assumed that the electron
spin is conserved during tunneling. One usually assumes that the tunnel matrix
elements Trkqσ depend only on the junction index r, Trkqσ = Tr , and are related
to the spin-dependent tunneling resistance of the barriers via the relation

1/Rrσ = (2πe2/�)Nc |Tr |2 ρrσρIσ , (4.9)

where ρrσ is the spin-dependent density of electron states at the Fermi level
in the electrode r, ρIσ the density of states per spin in the island, and Nc the
number of transverse channels.

4.2.2 Quantum dot – Anderson model

In the limit of ∆ε � kBT, |eV | effectively only a single energy level εdσ par-
ticipates in the transport and the level can be occupied by zero, one, or two
electrons. The physical properties of such a single-level quantum dot coupled to
ferromagnetic electrodes can be effectively described by the Anderson model:

HI + Hch =
∑

σ

εdσd†
σdσ + Ud†

↑d↑d
†
↓d↓ , (4.10)
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where the charging energy U is associated with a double occupation. In the
presence of an external magnetic field, the energy level experiences a Zeeman
splitting, εd↑ − εd↓ = gµBB.

Tunneling between the leads and dot is described by the standard tunneling
Hamiltonian

HT =
∑
rkσ

(
Trkσc†rkσdσ + T ∗

rkσd†
σcrkσ

)
. (4.11)

The tunneling processes lead to a broadening of the dot level, defined as

Γrσ(ω) = π
∑

k

|Trkσ|2δ(ω − εkσ) = πρrσ(ω)|Tr|2 , (4.12)

where in the last step we assumed Trkσ = Tr . The level width is then spin-
dependent due to the spin asymmetry of the density of states in the leads.

4.3 Transport regimes

The transport properties of a ferromagnetic single-electron transistor or a quan-
tum dot strongly depend on the coupling strength to the leads and on how far
the system is from resonance (degeneracy point). It is convenient to distinguish
different transport regimes, for which one can expect significantly different be-
haviors.

Sequential tunneling. In the limit of weak dot–lead coupling, Γ � kBT , for
quantum dots and high tunnel barriers for metallic islands, referred to as the
sequential-tunneling regime, transport is dominated by processes of the first
order in the coupling (unless we are not far from resonance). In this limit one can
determine the transition rates by the Fermi Golden-Rule. The rate of tunneling
of an electron from one of the states k in the left lead into one of the available
states q in the island, which changes the electron number from N to N + 1, is
given by

α±
rσ(∆N ) =

∫ ∞

−∞
dεkdεq|Trkq|2ρrσ(εrkσ)ρIσ(εqσ)

×f±
r (εrkσ)f∓

I (εqσ)δ(∆N − µrσ + εqσ − εrkσ) , (4.13)

where f+(x) denotes the Fermi function and f−(x) = 1−f+(x). In the tunneling
process considered the charging energy changes by ∆N = Ech(N + 1, nx) −
Ech(N, nx). The integrals over the electron states in Eq. (4.13) can be performed
analytically. The resulting single-electron tunneling rate is [7]

α±
rσ(ω) = ±α0

rσ

ω − ∆µr

exp[±β(ω − ∆µr)] − 1
, (4.14)

where the dimensionless conductance of the junction r for spin σ is given by
α0

rσ = h/(4π2e2Rrσ), ω is the energy of the tunneling electron, β ≡ 1/kBT , and
∆µr = µr − µI.
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In a similar way one can calculate the tunnel rates for a quantum dot

2π� γ±
rσ(ω) = Γrσ(ω)f±

r (ω) , (4.15)

where f+
r (ω) ≡ [1 + exp((ω − µr)/kBT )]−1 and f−

r (ω) ≡ 1 − f+
r (ω) with the

electrochemical potential µr = −eVr

Cotunneling. Sequential tunneling is exponentially suppressed in the Coulomb
blockade regime and transport is dominated by cotunneling [26], i.e., second-
order processes. But the second-order corrections also become important on res-
onance for intermediate coupling strengths, Γ ∼ kBT . If a transport voltage V is
applied, higher order tunneling processes transferring an electron charge through
the system are energetically allowed, and the states with an excess charge in the
island exist only virtually. Second-order perturbation theory gives the cotunnel-
ing rate [26]

αi→f =
2π

�

∣∣∣∣∣∑
q

〈i|HT|q〉〈q|HT|f〉
εq − εi

∣∣∣∣∣
2

δ(εi − εf ) . (4.16)

This tunneling rate is only algebraically suppressed rather than exponentially as
for the sequential tunneling regime. Because of that, even at low temperatures
and in the strong Coulomb blockade regime the higher-order rates do not vanish.
For a metallic island the cotunneling process leaves an electron-hole excitation in
the island, making this process inelastic. Since only a single level participates in
transport through quantum dots, cotunneling is a coherent elastic process unless
the tunneling is accompanied with a spin-flip in the dot.

Strong coupling. For strong coupling of the metallic island to electrodes, the
tunneling of electrons leads to logarithmic corrections and perturbation theory
fails at the degeneracy points of two consecutive charge states. In the case of
quantum dots additionally the Kondo effect appears at low temperatures (below
the Kondo temperature T � TK) leading to an enhanced conductance in the
linear-response regime [27]. In Section 4.6 we will discuss how the Kondo effect
is modified by the presence of ferromagnetic leads.

4.4 Weak coupling – sequential tunneling

4.4.1 Quantum dot

In the sequential tunneling limit, kBT > Γrσ, the dynamics of the system can be
modeled by the time evolution of the occupation probabilities p̂ ≡ [pd, p↑, p↓, p0]
described by the master equation

dp̂

dt
= M̂ p̂ . (4.17)

Here pd, p↑, p↓, and p0 denote the probabilities that there are respectively two
electrons on the dot, a single electron with spin ↑ or ↓, and the dot is empty.
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Fig. 4.3. (a) Current vs. voltage curve for an aluminum quantum dot coupled to
cobalt and aluminum electrodes for B = 1 T, showing the range of V where
tunneling occurs via one pair of Zeeman-split energy levels. (b) Energy-level
diagrams at each current step. Black horizontal arrows show the threshold
tunneling transition. Gray arrows depict other transitions which contribute
to the current. From Deshmukh and Ralph [21].

The total probability obeys the normalization condition
∑

χ pχ = 1. The matrix
M̂ is given by [28, 29]

M̂ =


∑

σ γ−
σU γ+

↓U γ+
↑U 0

γ−
↓U −γ−

↑ − γ+
↓U 0 γ−

↑
γ+
↑U 0 −γ−

↓ − γ+
↑U γ+

↓
0 γ−

↑ γ−
↓

∑
σ γ+

σ

 . (4.18)

The stationary probabilities obtained from M̂ p̂ = 0 can be used to calculate the
average value of the tunneling current through the r barrier as

Ir =
∑

σ

Irσ = −e
∑

σ

[
γ+

rσp0 − γ+
rσpσ + γ+

rσUpσ − γ−
rσUpd

]
, (4.19)

where γ±
rσ ≡ γ±

rσ(εd) and γ±
rσU ≡ γ±

rσ(εd + U) are given by Eq. (4.15).
Using Eqs (4.17), (4.18, and (4.19), one can model the transport measure-

ments of individual energy levels in an aluminum quantum dot attached to one
ferromagnetic (cobalt) and one non-magnetic (aluminum) electrodes obtained
by Deshmukh and Ralph [21]. The I − V characteristics corresponding to the
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Fig. 4.4. Current (a), the occupation probabilities p↑ and p↓, and the spin
accumulation m ≡ p↑ − p↓ (b) vs. bias voltage for a quantum dot coupled
to a ferromagnetic and normal electrode calculated for the same parameters
as in the experimental situation shown in Fig. 4.3. Here we use PCo = 0.1,
ΓAl = 1.5 ΓCo and kBT/εd = 0.025.

Zeeman splitting B = 1 T are presented in Fig. 4.3(a), whereas in Fig. 4.4 the
calculated current, occupancy probabilities, and spin accumulation m ≡ p↑ − p↓
are shown for the same parameters as in Fig. 4.3. The first step in current for
either sign of bias V corresponds to electron transport through only a spin-↑
state. The current is then fully spin-polarized and the above model predicts that
the two currents I1+ and |I1−| (see Fig. 4.3a) should have the same magnitude,
I1+ = |I1−|. The difference in the occupancy p↑ for these two currents (Fig. 4.4b)
is related to a charge accumulation due to different coupling between the dot and
the Al (ΓAl) and Co (ΓCo = Γ↑ + Γ↓) electrodes (ΓAl ≈ 1.5ΓCo). When |V | in-
creases to permit tunneling through either the spin-↑ or spin-↓, the currents for
positive and negative V are different I2+ 
= I2−. Using the values of I1+, I2+, and
I2−, it is possible to determine ΓAl, Γ↑, and Γ↓ as well as the resulting spin po-
larization PCo ≈ 0.08−0.12 [21]. When both spin states participate in transport,
the presence of a ferromagnetic electrode induces a non-zero spin accumulation
m 
= 0, with different sign for positive and negative bias V (Fig. 4.4b). For the
case of a quantum dot coupled to both normal leads the spin accumulation is
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Fig. 4.5. Current (a), occupation probabilities p↑, p↓, spin accumulation
m ≡ p↑ − p↓ (b), and TMR (c) vs. bias voltage for a quantum dot symmetri-
cally coupled to two ferromagnetic electrodes, calculated for kBT/U = 0.02,
εd/U = 0.3, and P = 0.5.

absent, m = 0.
Let us consider a symmetrical junction, i.e., the case when both barriers are

ferromagnetic and identical PL = PR and ΓL = ΓR [29]. Since now I(−V ) =
I(V ), the discussion will be restricted to positive bias only, V > 0. Figure 4.5(b)
shows typical variations of the occupation numbers p↑ and p↓ with the bias volt-
age V , calculated for both parallel and antiparallel configurations. In both cases,
the first step in p↑ and p↓ occurs at the bias, when the discrete level εd crosses
the Fermi level of the left (source) electrode. On the other hand, the step at a
higher voltage corresponds to the case when εd + U crosses this Fermi level. It
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is also interesting to note that in the parallel configuration p↑ = p↓, whereas
in the antiparallel configuration p↑ 
= p↓. The situation is similar to that in the
case of symmetrical junctions with large central electrodes (islands), where the
difference in spin asymmetry for tunneling rates across the left and right barriers
(which takes place in the antiparallel configuration only) gives rise to a spin split-
ting of the island Fermi level, and consequently leads to spin accumulation [29].
No such effect occurs when the spin asymmetry for both barriers is the same,
PL = PR, which for symmetrical junctions occurs only in the parallel configu-
ration. Figure 4.5(a) shows the tunneling current calculated for both magnetic
configurations. There are two steps in the current, which correspond to the steps
in the occupation numbers. At each step a new channel for tunneling becomes
open. Figure 4.5(c) shows the corresponding tunnel magnetoresistance (TMR),
defined quantitatively as

TMR ≡ IP − IAP

IAP
, (4.20)

where IAP and IP denote the current in the antiparallel and parallel configura-
tions, respectively. The magnetoresistance is significantly enhanced in the bias
range bounded by the voltages corresponding to the two steps in the current,
i.e., when the dot is occupied by a single electron.

4.4.2 Non-Collinear geometry

In this section we will discuss transport properties of a quantum dot attached to
ferromagnetic leads with non-collinear directions of magnetizations. There are
different quantization axes n̂L and n̂R in both electrodes. It turned out to be
convenient to quantize the dot spin σ =↑, ↓ along the z-direction of the coordinate
system in which the basis vectors êx, êy, and êz are along n̂L + n̂R, n̂L− n̂R, and
n̂R×n̂L, respectively (Fig. 4.6). The tunneling Hamiltonian for the left tunneling
barrier is then given by [30–32]

HT,L =
TL√

2

∑
k

(
a†
Lk+, a†

Lk−
)(

eiφ/4 e−iφ/4

−eiφ/4 e−iφ/4

)(
c↑
c↓

)
+ h.c. (4.21)

The tunneling Hamiltonian for the right junction, HT,R, is of the same form, but
with L → R and φ → −φ.

The state of the dot is described by the reduced density matrix

ρdot =


p0
0 0 0 0
0 p↑↑ p↑↓ 0
0 p↓↑ p↓↓ 0
0 0 0 pd

d

 , (4.22)

where the diagonal elements pχ ≡ pχ
χ are the probabilities of finding the dot

in the corresponding state χ. The non-vanishing complex off-diagonal elements,
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Fig. 4.6. A quantum dot is connected to two ferromagnetic leads (FM) with
magnetizations n̂L and n̂R, respectively. The choice of the coordinate system:
the z-axis is perpendicular to both n̂L and n̂R. Here, the tunneling Hamil-
tonian in the form of Eq. (4.21) is used. The quantum-dot spin is quantized
along the z-axis.

p↑↓ = (p↓↑)
∗, reflect the fact that spin accumulation in the dot is not restricted to

the z-direction but can also have a finite x- and y-component. A finite spin can
only emerge for a single occupancy. The average spin �S with S = [Sx, Sy, Sz]
is related to the density matrix elements via Sx = 1

2 (p↑↓ + p↓↑), Sy = i
2 (p↑↓ − p↓↑),

and Sz = 1
2
(p↑↑ − p↓↓).

The reduced density matrix is given by the generalized master equation in
Liouville space,

(εχ1 − εχ2) pχ1
χ2

+
∑

χ′
1,χ′

2

p
χ′

1
χ′

2
Σχ′

1,χ1

χ′
2,χ2

= 0 , (4.23)

where χ1 and χ2 label the quantum dot states, and εχ1 and εχ2 are the corre-
sponding energies. The terms Σχ′

1 χ1

χ′
2 χ2

act as generalized transition rates in Liou-
ville space. They are defined as irreducible self-energy parts of the dot propagator
on a Keldysh contour, and can be expanded in powers of the dot-lead coupling
strength Γ. In the weak dot-lead coupling, only the terms linear in Γ can be
retained.

The transport current through the dot can be expressed in terms of Keldysh
Green’s functions [33]

Ir =
−e i

2h

∫
dω Tr

[
Γ̂rf

+
r (ω)G>(ω) + Γ̂rf

−
r (ω)G<(ω)

]
. (4.24)

The functions G<(ω) =
(

G<
↑↑(ω) G<

↑↓(ω)
G<

↓↑(ω) G<
↓↓(ω)

)
and G>(ω) are the Fourier trans-

forms of the usual lesser and greater Green’s functions, respectively. The coupling

matrices are defined as Γ̂L =
ΓL

2

(
1 PL e−iφ/2

PL e+iφ/2 1

)
, and for Γ̂R with the

substitutions L → R and φ → −φ.
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Fig. 4.7. Normalized exchange field Bexch as a function of the level position εd
for three different values of temperature.

It is possible to obtain self-energies Σχ′
1 χ1

χ′
2 χ2

and Green’s functions using, e.g., a
real-time diagrammatic technique [30–32] and then calculate transport properties
of the system. At a non-zero bias voltage electric current flows through the system
and a certain average spin accumulates on the dot. To describe the dot state in
the linear-response regime, eV � kBT , it is sufficient to expand the steady-state
solution of Eqs (4.23) and (4.24) up to terms linear in V . The spin accumulation
is then

∂|S|
∂(eV )

∣∣∣∣
V =0

=
P (p↑ + p↓)

4kBT
cos α(φ) sin

φ

2
. (4.25)

In Ref. [30, 31], it has been shown that due to the exchange interaction between
the quantum dot spin and ferromagnetic leads, the dot spin experiences a torque,
which results in spin precession. This exchange interaction can be described by
the effective exchange field

Bexch = −PΓ
π

Re
[
Ψ
(

1
2

+ i
β(εd)
2π

)
− Ψ

(
1
2

+ i
β(εd + U)

2π

)]
, (4.26)

where Ψ(x) denotes the digamma function. The exchange field Bexch is shown
in Fig. 4.7 as a function of the level position for several values of temperature.
Out of resonance (εd/U 
= 0, 1), it depends only weakly on temperature. In
the absence of an exchange field, the accumulated spin is oriented along y. The
exchange field Bexch leads to a precession of the spin in the yz-plane about the
x-axis by the angle α with the y-axis, where

tan α(φ) = − Bexch

Γ[1 − f(εd) + f(εd + U)]
cos

φ

2
. (4.27)
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Fig. 4.8. (a) Linear conductance (normalized by Γ/kBT and plotted in units
of e2/h) as a function of level position εd for five different angles φ. (b) The
derivative of accumulated spin S with respect to bias voltage V normalized
by kBT . (c) The angle α between the quantum-dot spin and the y-axis. The
charging energy is U/kBT = 10 and P = 1.

The factor (Γ[1 − f(εd) + f(εd + U)])−1 ≡ τ in Eq. (4.27) can be identified as
the lifetime of the dot spin, limited by electron tunneling out of the dot or by
tunneling in of a second electron with opposite spin. Since both the lifetime and
exchange field are of first order in Γ, the angle α acquires a finite value.

The spin accumulation dS/d(eV ) is plotted in Fig. 4.8(b). It is high for a
single occupation of the dot, in the valley between the two conductance peaks.
Figure 4.8(c) presents the evolution of the rotation angle α as a function of
the level energy εd. At the special point, εd = −U/2, the exchange interaction
vanishes due to particle-hole symmetry and changes sign. As a consequence,
α shows a sharp transition from positive to negative values. For a large angle
α both the magnitude of the accumulated spin and the relative angle to the
magnetization of the drain electrode are reduced. Both effects enhance transport
through the dot. Figure 4.8(a) shows the linear conductance for several values
of the angle φ. With increasing angle φ, transport is suppressed due to the spin-
valve effect.

The angular dependence of the linear conductance, given by
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Fig. 4.9. Normalized linear conductance as a function of φ for U/kBT = 10,
P = 1, and four different values of the level position.

Glin(φ) = Glin(0)
(

1 − P 2 cos2 α(φ) sin2 φ

2

)
, (4.28)

is presented in Fig. 4.9. For values of the level position εd at which the rotation
angle α is small, ε/kBT = 3 and 1, the φ-dependence of the conductance follows
the cosine law, as predicted by Slonczewski [34] and observed experimentally [35]
for a single magnetic tunnel junction. For εd/kBT = −1 and −3, however, the
spin-valve effect is strongly reduced, and conductance is enhanced, except in the
regime close to antiparallel magnetization, φ = π.

The detailed analysis of the lowest order transport through a quantum dot
attached to ferromagnetic leads with a non-collinear geometry is presented in
Ref. [30–32]. There is also a discussion of the non-linear response regime, where
a spin blockade and negative differential conductance due to spin precession were
predicted.

In Ref. [36] Braun et al. demonstrate, using the formalism described in this
section, the possibility of the Hanle effect in a dot weakly coupled to ferromag-
netic leads. In this geometry the magnetizations of the electrodes are collinear
but the direction of the external magnetic field is perpendicular. Due to preces-
sion of a spin located in the dot around the magnetic field the spin accumulation
is reduced and the transport enhanced.

4.4.3 Ferromagnetic island

For ferromagnetic single-electron transistors with ferromagnetic islands the spin-
flip relaxation time is usually short because of typically strong spin-orbit coupling
in such systems. The device can be then described by a straightforward extension
of the formalism used for non-magnetic single-electron transistors, simply by
taking into account the fact that the resistances of both tunnel barriers are spin
dependent Rr↑ 
= Rr↓ and also depend on the magnetic configuration of the
junction. Using tunneling rates defined by Eq. (4.14) one can write a master
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Fig. 4.10. TMR ≡ (RAP − RP)/RP, shown for several values of the ther-
mal energy. The parameters assumed for the parallel configuration are
RP

L↑ = (5/3)RP
L↓ = 250 MΩ, RP

R↑ = (7/3)RP
R↓ = 70 MΩ, CL/CR = 2,

EC = 10 meV, and for the antiparallel alignment RAP
r↑ = RAP

r↓ = (RP
r↑R

P
r↓)

1/2.

equation for probabilities p(N) to find the island in the state with N excess
electrons

d

dt
p(N) = −

∑
rσ

[α+
rσ(∆N) + α−

rσ(∆N)]p(N )

+
∑
rσ

α+
rσ(∆N−1)p(N − 1) + α−

rσ(∆N+1)p(N + 1) , (4.29)

with the normalization condition
∑

N p(N) = 1. The rates and probabilities
determine the current, which for the r-th junction is given by

Ir =
∑

σ

Irσ = −2πe

h

∑
Nσ

[α+
rσ(∆N) − α−

rσ(∆N )]p(N ) , (4.30)

where I = IL = −IR due to charge conservation.
Using this approach, an enhancement of the TMR effect and also oscillations

in the TMR with increasing bias voltage (Fig. 4.10) have been predicted [37, 38]
and were recently observed experimentally [15, 16].



Spin-dependent transport in single-electron devices 161

4.4.4 Metallic island
Ferromagnetic single-electron transistors with non-magnetic islands attract at-
tention, too, since in such systems one can expect spin accumulation on the
normal island when the spin-flip relaxation time is sufficiently long. To account
for this effect one can also apply the approach described above, but now one
should allow for a spin-dependent splitting of the chemical potential of the is-
land due to spin accumulation, µI↑ 
= µI↓. The resulting single-electron tunneling
rate is

α±
rσ(ω) = ±α0

rσ

ω − ∆µrσ

exp[±β(ω − ∆µrσ)] − 1
, (4.31)

where ∆µrσ = µr − µIσ is now spin-dependent. In such an approach, the spin
accumulation can be determined only self-consistently using the condition of spin
current conservation, ILσ = IRσ [39–41].

Recently, a more general approach has been developed [42], which takes into
account spin degrees of freedom explicitly and allows us to calculate the system
properties without additional assumptions. In such an approach the electron
transport in the stationary state is governed by the solution of the generalized
master equation [42, 43]

0 = −{Γ(N↑, N↓) + Ω↑,↓(N↑, N↓) + Ω↓,↑(N↑, N↓)}p(N↑, N↓)
+Γ+

↑ (N↑ − 1, N↓)p(N↑ − 1, N↓) + Γ+
↓ (N↑, N↓ − 1)p(N↑, N↓ − 1)

+Γ−
↑ (N↑ + 1, N↓)p(N↑ + 1, N↓) + Γ−

↓ (N↑, N↓ + 1)p(N↑, N↓ + 1)
+Ω↑,↓(N↑ − 1, N↓ + 1)p(N↑ − 1, N↓ + 1)
+Ω↓,↑(N↑ + 1, N↓ − 1)p(N↑ + 1, N↓ − 1) . (4.32)

Here p(N↑, N↓) denotes the probability to find N↑ and N↓ excess electrons on
the island (N = N↑ + N↓ is the total number of excess electrons). The first
term in Eq. (4.32) describes how the probability of a given configuration de-
cays due to electron tunneling to or from the island, whereas other terms de-
scribe the rate at which this probability increases. The Ω terms account for
spin-flip relaxation processes. The coefficients entering Eq. (4.32) are defined
as Γ±

σ (N↑, N↓) =
∑

r=L,R Γ±
rσ(N↑, N↓) and Γ(N↑, N↓) =

∑
q=±

∑
σ Γq

σ(N↑, N↓),
where Γ±

rσ(N↑, N↓) are the tunneling rates for electrons with spin σ, which tunnel
to (+) the grain from the lead r = L, R or back (−). These coefficients are given
by

Γ±
rσ(N↑, N↓) =

∑
i

γr
iσF∓

σ (Eiσ|N↑, N↓)f±(Eiσ + E±
r (N) − EF),

Ωσσ̄(N↑, N↓) =
∑

i

∑
j

ωiσ,jσ̄F +
σ (Eiσ|N↑, N↓)F−

σ̄ (Ejσ̄|N↑, N↓). (4.33)

Here, f+(E) (f− = 1 − f+) is the Fermi function, whereas F +
σ (Eiσ|N↑, N↓)

(F−
σ = 1 − F +

σ ) describes the probability that the energy level Eiσ is occupied by
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an electron with spin σ for the particular configuration (N↑, N↓). The parameter
γr

iσ is the tunneling rate of electrons between the lead r and the energy level
Eiσ of the island, and ωiσ,jσ̄ is the transition probability from the state iσ to
jσ̄ due to the spin-flip processes. The energies E±

L (N) and E±
R (N) are given

by E±
L (N) = (CR/C)eV + U±(N) and E±

R (N) = −(CL/C)eV + U±(N), where
U±(N) = EC[2(N − Nx) ± 1] and Nx = CgVg/e.

From the solution p(N↑, N↓) of the master equation (Eq. 4.32) one can obtain
the current flowing through the island,

Ir = −e
∑

σ

∑
N↑,N↓

p(N↑, N↓)
[
Γ+

rσ(N↑, N↓) − Γ−
rσ(N↑, N↓)

]
. (4.34)

For further evaluation one may assume that the discrete energy levels Eiσ are
equally separated with the level spacing ∆ε. The tunneling rates γr

iσ are then
given by the formula γr

iσ = ∆ε/e2Rrσ [44,45]. For spin-flip processes one usually
assumes ωiσ,jσ̄ = 1/τsf δi,j .

To emphasize the role of spin accumulation we assume that the intrinsic
spin relaxation time on the island is long enough to neglect all intrinsic spin-
flip processes. In Fig. 4.11(a) we show the I-V characteristics for the parallel
and antiparallel alignments. In both cases the electric current is blocked below a
threshold voltage (≈ 13 mV). Above this voltage a typical “Coulomb staircase”
appears with additional small steps due to the discrete levels. The effects due
to discrete charging and discrete electronic structure are more clearly seen in
the differential conductance shown in part (b). The difference between the I-V
characteristics for the parallel and antiparallel configurations is due to a different
spin accumulation in both geometries. In Fig. 4.11(c) we present the average
value of the difference between the numbers of spin-up and spin-down excess
electrons on the island, 〈M〉 ≡ 〈N↑ −N↓〉, i.e., the spin accumulation. As shown
in part (c), there is no significant spin accumulation in the parallel configuration.
The number M ≡ N↑ −N↓ of spins accumulated on the island fluctuates around
its average value 〈M〉, as shown in Fig. 4.11(d), where the standard deviation
(〈M2〉−〈M〉2)1/2 ≡ [〈(N↑−N↓)2〉−〈N↑−N↓〉2]1/2 is plotted against the voltage
V . It is worth noting that although there is almost no spin accumulation in the
parallel configuration, the corresponding fluctuations are relatively large.

The difference between the I-V curves in the parallel and antiparallel con-
figurations leads to the tunnel magnetoresistance. The TMR ratio is shown in
Fig. 4.11(e), where the broad peaks correspond to the Coulomb steps, while the
fine structure originates from the discrete structure of the density of states.

It is possible to extend the presented formalism for the case of a ferromagnetic
island [46] and calculate non-equilibrium spin accumulation on the ferromagnetic
grain as well. Using this approach Inoue and Brataas [47] analyzed the possibility
of magnetization reversal induced by spin accumulation rather than by means
of spin current torque. They found that magnetization reversal is possible when
the free energy change due to non-equilibrium spin accumulation is comparable
to the anisotropy energy.
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Fig. 4.11. Voltage dependence of the tunnel current I (a), the differential con-
ductance G ≡ dI/dV (b), spin accumulation 〈N↑ − N↓〉 (c), standard de-
viation [〈(N↑ − N↓)2〉 − 〈N↑ − N↓〉2]1/2 (d), and tunnel magnetoresistance
TMR (e), calculated at T = 2.3 K. The solid and dashed curves in (a), (c)
and (d) correspond to the antiparallel and parallel configurations, respec-
tively. The other parameters are: ∆E = 3 meV, CL/CL = 5, EC = 10 meV,
RL↑ = 2RL↓ = 200 MΩ, RR↑ = 2RR↓ = 4 MΩ and RR↑ = 2 MΩ for the
parallel alignment (2RR↑ = RR↓ = 4 MΩ for the antiparallel alignment).
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4.4.5 Shot noise

From the application point of view, an important characteristics of the system is
the current noise. The noise can also be an additional source of information on
the system properties [48]. The shot noise in ferromagnetic single-electron tran-
sistors and quantum dots attached to ferromagnetic leads in the weak coupling
regime was studied theoretically in a recent paper [49], where the generation-
recombination approach [50] for multi-electron channels was extended by gener-
alization of the method developed for spinless electrons in single-electron tran-
sistors [51–53]. The time correlation function of the quantities X and Y is
expressed as [50]

〈X(t)Y (0)〉 =
∑

N′
↑,N ′

↓;N↑,N↓

XN′
↑,N ′

↓p(N ′
↑, N

′
↓; t|N↑, N↓; 0)YN↑,N↓p0(N↑, N↓). (4.35)

Here, p(N ′
↑, N

′
↓; t|N↑, N↓; 0) is the conditional probability of finding the system

in the final state with N ′
↑ and N ′

↓ excess electrons at time t, if there was N↑ and
N↓ excess electrons in the initial time t = 0. The probability p0 is determined
from Eq. (4.32) written in the matrix form dp̂/dt = M̂ p̂ and in the stationary
condition, M̂ p̂0 = 0, where M̂ is the matrix which enters the master equation.

According to this procedure the Fourier transform of the charge-charge SNN

(upper sign) and spin-spin SMM (lower sign) correlation functions are given
by [49]

SNN(MM)(ω) = 4
∑

N′
↑,N ′

↓;N↑,N↓

(N ′
↑ ± N ′

↓)(N↑ ± N↑)

×Re
[

1
iω1̂ − M̂

]
N′

↑,N ′
↓;N↑,N↓

p0(N↑, N↓) , (4.36)

while the current-current correlation function is given by

SII (ω) = SSh
II + Sc

II(ω) , (4.37)

where the Schottky value (the frequency independent part) is

SSh
II =

2e2

C2

∑
N↑,N↓,r

(
CLCR

Cr

)2

Γr(N↑, N↓)p0(N↑, N↓) (4.38)

and the second term in Eq.(4.37) is given by
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Fig. 4.12. Voltage dependence of the current shot noise at ω = 0 (a) for
4RL↑ = RL↓ = 8 MΩ, RR↑ = 4RR↓ = 240 MΩ for the antiparallel align-
ment (RL↑ = 4RL↓ = 8 MΩ, for the parallel configuration); other parameters
as in Fig. 4.11. In part (b) SII (ω = 0) is split into two components: SSh

II

(upper curves) and Sc
II(ω = 0) (lower curves).

Sc
II (ω) =

4e2

C2

∑
N′

↑,N ′
↓;N↑,N↓

∑
r

(
CLCR

Cr

) [
Γ+

r (N ′
↑, N

′
↓)

− Γ−
r (N ′

↑, N
′
↓)
]
Re
[

1
iω1̂ − M̂

]
N′

↑,N ′
↓;N↑,N↓

×
∑

q=±1

q
{[

CRΓ±
L↑(N↑ − q, N↓) −CLΓ±

R↑(N↑ − q, N↓)
]
p0(N↑ − q, N↓)

+
[
CRΓ±

L↓(N↑, N↓ − q) −CLΓ±
R↓(N↑, N↓ − q)

]
p0(N↑, N↓ − q)

}
.(4.39)

Here, the Green’s function Ĝ(ω) = [iω1̂−M̂ ]−1 is defined in the two-dimensional
space of states (N↑, N↓), in contrast to spinless single-electron transistors [51–53],
where the corresponding Green’s function is defined in the one-dimensional space.

Figure 4.12(a) shows the bias dependence of the zero-frequency current noise
SII (ω = 0). The current noise is always smaller in the antiparallel configuration
than in the parallel one. This is because in the presence of spin accumulation
(which is significant only in the antiparallel alignment) the amplitude of fluctua-
tions is smaller. In Fig. 4.12(b) SII(ω = 0) is split into two parts; the frequency-
independent component SSh

II and the contribution Sc
II(ω = 0) arising from the
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Fig. 4.13. Frequency dependence of the current shot noise Sc
II(ω) in the system

defined in Fig. 4.12 for the antiparallel configuration.

frequency dependent part of the current noise (see Eq. 4.37). The component
SSh

II is almost constant ≈ 2eI(C2
1 + C2

2 )/C2 at the plateaux of the I-V curve
and increases with opening of new channels. Dynamical correlations between the
currents are described by Sc

II (ω). Its value in the limit ω → 0 can be positive
between the I-V steps and negative when new channels become open. This is
evident for the antiparallel alignment at V ≈ 26 mV, when opening a tunneling
channel for electrons with σ =↓ leads to negative dynamical correlations. This
effect is almost compensated by an increase in SSh

II , and therefore one gets only
a small reduction of the current noise SII (ω = 0).

In the power spectrum of the current Sc
II (ω) (Fig. 4.13) [49], one can distin-

guish two distinct relaxation times, one in the high and another one in the low
frequency ranges. In a wide voltage range the corresponding relaxation times are
very close to the effective relaxation times for the charge and spin noise.

The asymmetry between the tunneling channels for electrons with opposite
spins leads to activation of the spin component in the current noise. We extracted
from Sc

II the components Sc
II charge and Sc

II spin corresponding to the charge
and the spin noise, respectively. The results are presented in Fig. 4.14 as a
function of the spin polarization P . It can be seen that the charge component
is almost constant whereas the spin component increases with P and for P → 1
can be much larger than the charge component. This analysis shows that both
charge and spin fluctuations are relevant for the shot noise of the current in
ferromagnetic single-electron transistors.

It is important to point out that both in the results presented in Fig. 4.12 for
a multilevel grain and in a single-level quantum dot contacted to ferromagnetic
leads [28] there is the possibility of a super-Poissonian Fano factor, SII (0)/2eI >
1, due to lifting of the spin degeneracy. Recently an interacting three-terminal
quantum dot with ferromagnetic leads was considered [54]. The dot operated as
a beam splitter: one contact was a source and the other two acted as drains. The
authors found a dynamical spin blockade (spin-dependent bunching of tunneling
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Fig. 4.14. Two components of Sc
II(ω = 0) corresponding to the charge and

spin noise plotted as a function of P ≡ (Rr↑ − Rr↓)/(Rr↑ + Rr↓). The other
parameters assumed here are: RR↓ = 60 MΩ, RR↑ = (1 + P )/(1 − P )RR↓,
RL↓ = 2 MΩ, RL↑ = (1+P )/(1−P )RL↓, and other parameters as in Fig. 4.11.

events) and positive zero-frequency cross-correlations of the current in the drain
electrodes.

4.5 Cotunneling

4.5.1 Ferromagnetic island

In single-electron transistors consisting of ferromagnetic metals [11, 12] and hy-
brid tunnel junctions containing ferromagnetic granules of nanometer size in the
tunnel barrier [13–16] an enhancement of tunnel magnetoresistance has been
observed in the Coulomb blockade regime. A similar effect was also observed
in highly resistive magnetic granular systems. This effect is related to higher-
order tunneling processes present in a small ferromagnetic double-tunnel junc-
tion. Since cotunneling is a higher-order process, where two electrons tunnel in
a correlated way through both barriers, such tunneling events probe the spin
asymmetry of both junctions and are very sensitive to the relative orientation
of magnetization between electrodes and an island. Takahashi et al. [5, 55] have
found that in this system the TMR ratio is given by TMR = 2P 2/(1−P 2) in the
sequential-tunneling regime (for kBT � EC) and TMR = 4P 2/(1 − P 2)2 in the
cotunneling regime (for kBT � EC). Therefore, the TMR is enhanced by the fac-
tor 2/(1−P 2) in the Coulomb blockade regime. A similar mechanism, also related
to higher than second order tunneling processes, leads to a large enhancement
of magnetoresistance. Wang and Brataas [56] have analyzed transport through a
ferromagnetic single-electron transistor in the strong-coupling limit beyond the
low-order sequential tunneling and cotunneling regimes using Monte Carlo sim-
ulations. They found further enhancement of the tunnel magnetoresistance ratio
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at low temperatures.

4.5.2 Metallic island

In the preceding sections we discussed transport characteristics and spin accu-
mulation in the sequential-tunneling regime. In the Coulomb blockade regime,
where sequential tunneling is suppressed, there are still tunneling processes of
higher order (cotunneling) [55] which contribute to the electric current and also
to spin accumulation [57,58]. Close to resonance both sequential and cotunneling
currents may be comparable.

To calculate the tunneling current and associated spin accumulation (spin
splitting of the chemical potential) the real-time diagrammatic formalism[59,
60] has been used. This technique is applicable for arbitrary temperature and
arbitrary transport voltage.

The dominant second-order (cotunneling) contribution to the electric cur-
rent can be divided into three parts, I(2) =

∑3
i=1 I

(2)
i , with I

(2)
i =

∑
σ I

(2)
iLσ =

−∑σ I
(2)
iRσ. These terms are given by the following equations:

I
(2)
1rσ =

4π2e

h

∑
N

p
(0)
N

∫
dω
[
α−(ω)α+

rσ(ω) − α+(ω)α−
rσ(ω)

]
Re RN(ω)2, (4.40)

I
(2)
2rσ = −1

2
4π2e

h

∑
N

(
p
(0)
N + p

(0)
N+1

) α−(∆N )α+
rσ(∆N) − α+(∆N)α−

rσ(∆N)
α(∆N)

×
∫

dω α(ω)Re
[
RN(ω)2 + RN+1(ω)2

]
, (4.41)

I
(2)
3rσ = −1

2
4π2e

h

∑
N

(
p
(0)
N + p

(0)
N+1

) ∂

∂∆N

[
α−(∆N)α+

rσ(∆N)−α+(∆N)α−
rσ(∆N)

α(∆N)

]
×
∫

dω α(ω)Re [RN(ω) − RN+1(ω)] , (4.42)

where RN(ω) = 1/(ω −∆N + i0+)− 1/(ω −∆N−1 + i0+) . Here ∆N = Ech(N +
1) − Ech(N) = EC [1 + 2(N − nx)], and α±

rσ(ε) are the forward and backward
propagators α±

rσ(ε) on the Keldysh contour in Fourier space given by Eq. (4.14).
Apart from this we introduced α±(ω) =

∑
rσ α±

r,σ(ω) and α(ω) = α+(ω) +
α−(ω). The probabilities p

(0)
N obey the equation p

(0)
N α+(∆N)−p

(0)
N+1α

−(∆N ) = 0

(equivalent to Eq. 4.29) with
∑

N p
(0)
N = 1.

The terms I
(2)
2 and I

(2)
3 describe renormalization of the tunneling conductance

and energy gap, respectively, and become important at resonance. The spin ac-
cumulation on the island (or equivalently spin splitting of the electrochemical
potential) is determined from the condition of spin current conservation∑

r

(
I(1)
rσ + I(2)

rσ

)
− eµσDI/τsf = 0 . (4.43)
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and transport V voltages in a gray-scale representation in the (a) parallel and
(b) antiparallel configurations calculated for Co electrodes in the cotunneling
and (c) and (d) for the sequential-tunneling regime.

Here I
(1)
rσ is obtained from Eq. (4.30). The spin-flip processes in the island are

taken into account, and characterized by the relaxation time τsf .
In Fig. 4.15 we show the differential conductance for Co electrodes versus gate

Vg and transport V voltages in a gray-scale representation for both parallel and
antiparallel magnetic configurations in the sequential tunneling and cotunneling
limits, calculated for T/EC = 0.03 and for no spin-flip processes. We find well-
resolved splitting of the conductance peak in the antiparallel alignment, which
is a result of the spin splitting of the corresponding electrochemical potential of
the island (see Fig. 4.16).

The above described splitting in the transport characteristics is directly re-
lated to the spin splitting of the electrochemical potential, and therefore can
be used to detect spin accumulation. Generally, there are several experimental
techniques by which the spin accumulation can be detected indirectly [61, 62].
However, the question whether spin splitting of the electrochemical potential can
be observed directly, for instance by spectroscopic methods analogous to tunnel-
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Fig. 4.16. Energy diagrams for a symmetric magnetic double tunnel junction
with a normal metallic island for the antiparallel configuration (a) without
and (b) with the Coulomb blockade. Here µL, µR are the electrochemical
potentials for the left and right electrodes and µ↑, µ↓ are the electrochemical
potentials for spin-up and spin-down electrons on the island. N = 1 , 0 denotes
the island charge.

ing spectroscopy for the superconducting gap, is still open. One can expect that
the peculiarities in the transport characteristics of ferromagnetic single-electron
transistors with a normal metallic island offer new possibilities.

4.5.3 Quantum dot

A detailed analysis of this transport regime for ferromagnetically contacted quan-
tum dots can be found in Ref. [63], which includes, among others, the prediction
and explanation of a peculiar zero-bias behavior for the antiparallel alignment.
In Ref. [63], the cotunneling transport through a single-level and singly occu-
pied quantum dot attached to ferromagnetic leads were study in the Coulomb
blockade regime, far from resonance, where transport is dominated by cotun-
neling processes. When source and drain electrodes are magnetized antiparallel
to each other, there is a pronounced zero-bias anomaly that is not related with
Kondo correlations. It is rather a consequence of the interplay of non-equilibrium
spin accumulation and spin relaxation due to spin-flip cotunneling. A finite spin
accumulation on the quantum dot partially suppresses transport. Single-barrier
spin-flip cotunneling provides a channel of spin relaxation and, hence, reduces
the spin accumulation. In the absence of a magnetic field it plays a role only in
linear response, |eV | � kBT , but is negligible in the opposite limit. This leads to
a zero-bias anomaly in the differential conductance. For parallel alignment, the
exchange field gives rise to a finite and gate-voltage dependent spin polarization
of the dot, n↑ 
= n↓, even at zero bias; however in the Coulomb blockade regime
it does not affect the transport.
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4.6 Strong coupling – Kondo effect

The Kondo effect [27] in electron transport through a quantum dot predicted in
Ref. [64] is experimentally well established [65, 66]. A dot with an odd number
of electrons possesses a local spin which at low temperatures, kBT ≤ kBTK � Γ,
and in the presence of strong coupling to the electrodes, behaves effectively like
a magnetic Kondo impurity and leads to the Kondo effect. Screening of the
dot spin due to the exchange coupling with the lead electrons leads then to
the formation of a singlet state, which manifests itself as a Kondo resonance in
the impurity density of states. This Kondo-correlated state is accompanied with
an increased transmission through the dot, and gives rise to a sharp zero-bias
anomaly in the conductance-voltage characteristics. The successful observation
of the Kondo effect in molecular quantum dots like carbon nanotubes [67, 68]
and single molecules [69] attached to metallic electrodes opened the possibility
to study the influence of many-body correlations in the leads (superconductivity
[70] or ferromagnetism [23, 71]) on the Kondo effect.

In this section we discuss how the presence of ferromagnetic leads influences
the Kondo effect. In the extreme case of half-metallic leads, minority-spin elec-
trons are completely absent, i.e., the screening of the dot spin is not possible,
and no Kondo-correlated state can form. What happens, however, for the case
of partially spin polarized leads?

In heavy-fermion systems [72] there is strong competition between the Kondo
physics and magnetic RKKY interactions. The former and latter are character-
ized by the energy scales TK and TRKKY, respectively. Depending on the rela-
tion between the relevant energy scales TRKKY and TK, either the local spin
is quenched and no magnetic order occurs (for TK > TRKKY), or the local
molecular field removes spin degeneracy and suppresses the Kondo effect (for
TK < TRKKY). A similar competition appears for a quantum dot attached to fer-
romagnetic leads; however in special situations ferromagnetism and the Kondo
effect can coexist.

The possibility of the Kondo effect in a quantum dot attached to ferromag-
netic electrodes was discussed in a number of publications [73–79], and it was
shown that the Kondo resonance is split and suppressed in the presence of fer-
romagnetic leads [77–79]. However, it was also demonstrated that this splitting
can be compensated by an appropriately tuned external magnetic field to restore
the Kondo effect [77, 78], as will be discussed in detail below.

In the following we consider the two cases of parallel and antiparallel align-
ment of the lead magnetic moments. For the antiparallel configuration and zero
magnetic field and bias voltage, the model is equivalent (by canonical transfor-
mation [64]) to a quantum dot coupled to a single lead with density of states
ρL↑ + ρR↑ = ρL↓ + ρR↓. In this case, the usual Kondo resonance forms, which is
the same as for non-magnetic electrodes [27]. The situation changes for the par-
allel configuration, where there is an overall asymmetry for up and down spins,
say ρL↑+ρR↑ > ρL↓+ρR↓. To understand how this asymmetry affects the Kondo
physics we discuss first the results obtained by the poor man’s scaling technique
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[80, 81].

4.6.1 Perturbative-scaling approach

It is possible to analyze basic properties of a quantum dot attached to ferro-
magnetic leads in the Kondo regime using the perturbative-scaling approach.
For details of the following calculations we refer to Ref. [77]. We consider first
the result obtained with the poor man’s scaling technique [80], performed in two
stages [81]. In the first stage, when high-energy degrees of freedom are integrated
out, charge fluctuations are dominant. In the second stage, the resulting model
is mapped to a Kondo Hamiltonian, and the degrees of freedom involving spin
fluctuations are integrated out.

First one reduces the energy scale of the effective bandwidth D from D0,
which is the smaller value of the bar bandwidth and the onsite repulsion U [81].
Charge fluctuations lead to a renormalization of the level position εdσ according
to the scaling equations

dεdσ

d ln(D0/D)
=

Γσ̄

2π
, (4.44)

where σ̄ is opposite to σ. Since the renormalization is spin dependent, a spin
splitting of the level is generated. In the presence of a magnetic field, this spin
splitting simply adds to the initial Zeeman splitting ∆εd. One then obtains the
solution

∆ε̃d = ε̃d↑ − ε̃d↓ = −(1/π)PΓ ln(D0/D) + ∆εd . (4.45)

The scaling of Eq. (4.44) is terminated [81] at D̃ ∼ −ε̃d. When plugging in
D0 = U and D = εd, one finds that the generated level splitting exactly reflects
the zero-temperature limit of the exchange field Bexch, Eq. (4.26).

To reach the strong-coupling limit, one can tune the external magnetic field
B such that the total effective Zeeman splitting vanishes, ∆ε̃d = 0. In the second
stage [80], spin fluctuations are integrated out. To accomplish this, one can per-
form the Schrieffer–Wolff transformation [27] to map the Anderson model (with
renormalized parameters D̃ and ε̃d) to the effective Kondo Hamiltonian

HKondo = J+S+
∑
rr′kq

a†
rk↓ar′q↑ + J−S− ∑

rr′kq

a†
rq↑ar′k↓

+Sz

Jz↑
∑

rr′qq′
a†

rq↑ar′q′↑ − Jz↓
∑

rr′kk′
a†

rk↓ar′k′↓

 , (4.46)

plus terms independent of either dot spin or lead electron operators, with J+ =
J− = Jz↑ = Jz↓ = |T |2/|ε̃d| ≡ J0 in the large-U limit. Although initially identi-
cal, the three coupling constants J+ = J− ≡ J±, Jz↑, and Jz↓ are renormalized
differently during the second stage of scaling. The scaling equations are
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d(ρ±J±)

d ln(D̃/D)
= ρ±J±(ρ↑Jz↑ + ρ↓Jz↓) , (4.47)

d(ρσJzσ)

d ln(D̃/D)
= 2(ρ±J±)2 , (4.48)

with ρ± = √
ρ↑ρ↓, ρσ ≡ ∑

r ρrσ. To solve these equations we observe that
(ρ±J±)2 − (ρ↑Jz↑)(ρ↓Jz↓) = 0 and ρ↑Jz↑ − ρ↓Jz↓ = J0p(ρ↑ + ρ↓) is constant
as well. There is only one independent scaling equation. All coupling constants
reach the stable strong-coupling fixed point J± = Jz↑ = Jz↓ = ∞ at the Kondo
energy scale, D ∼ kBTK . For the parallel configuration, the Kondo temperature
in leading order,

TK(P ) ≈ D̃ exp
[
− 1

(ρ↑ + ρ↓)J0

arctanh(P )
P

]
, (4.49)

depends on the polarization P in the leads. It is maximal for non-magnetic leads,
P = 0, and vanishes for P → 1.

We point out here that the occurrence of the Kondo effect requires spin
fluctuations in the dot as well as zero-energy spin-flip excitations in the leads.
Indeed, a Stoner ferromagnet without full spin polarization −1 < P < 1 provides
zero-energy Stoner excitations [25], even in the presence of an external magnetic
field.

4.6.2 Numerical renormalization group
We will now discuss the results obtained by the numerical renormalization group
(NRG) technique [27] – one of the most accurate methods available to study
strongly correlated systems in the Kondo regime. Recently, it was adapted to
the case of a quantum dot coupled to ferromagnetic leads [78, 79].

The simple way of modeling the ferromagnetic leads in the standard NRG
procedure is to take the density of states in the leads to be constant and spin-
independent, ρrσ(ω) ≡ ρ, the bandwidths to be equal D↑ = D↓, and lump all
spin-dependence into the spin-dependent hybridization function, Γrσ(ω), which
can be taken as ω-independent, Γrσ(ω) ≡ Γrσ. The NRG method, with recent
improvements related to high-energy features and finite magnetic field [82–84],
is a well-established method to study Kondo impurity (quantum dot) physics. It
allows one to calculate the level occupation ndσ ≡ 〈d†

σdσ〉 (a static property), the
quantum dot spin spectral function, Im χz

s(ω) = F {iΘ(t)〈[Sz(t), Sz(0)]〉}, where
F denotes the Fourier transform, and the spin-resolved single-particle spectral
density Aσ(ω, T, B, P ) = − 1

π ImGret
d,σ(ω) for arbitrary temperature T , magnetic

field B and polarization P . Here Gret
d,σ(ω) denotes a retarded Green function.

Using the spectral function one can find the spin-resolved linear conductance

Gσ =
e2

�

ΓLσΓRσ

(ΓLσ + ΓRσ)

∫ ∞

−∞
dωAσ(ω)

(
−∂f(ω)

∂ω

)
(4.50)

with f(ω) denoting the Fermi function.
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-1 -0.5 0 0.5 1
P

0

0.2

0.4

0.6

0.8

1

  nd �

  nd � + n d �

  nd �

-1 0 1
P

-0.2

0

0.2

B
/Γ

co
m

p

-1 0 1
P

0

0.5

1

B / �=0.1

(a)

(b)

(c)

Fig. 4.17. Spin-dependent occupation of the dot level at (a) B = 0 and (b)
B = −0.1Γ, as a function of spin polarization P . (a) For B = 0, the condition
nd↑ = nd↓ only holds at P = 0. (c) For finite P it can be satisfied if a finite,
fine-tuned magnetic field, Bcomp(P ), is applied, whose dependence on P is
shown in (b). Here U = 0.12D, εd = −U/3, Γ = U/6, and T = 0.

4.6.2.1 Generation and restoration of spin splitting. In the following we focus
on the properties of the system at T = 0 in the local moment – Kondo regime,
where the total occupancy of the level obeys the condition nd =

∑
σ ndσ ≈ 1.

The occurrence of charge fluctuations broadens and shifts the position of the
dot levels (for both up and down spin orientations), and hence changes their
occupation. For P 
= 0, the charge fluctuations, and hence level shifts and level
occupations, become spin-dependent, causing the dot level to split [77] and the
dot magnetization nd↑ − nd↓ to be finite (Fig. 4.17). As a result, the Kondo
resonance is spin-split as well and weakened (Fig. 4.18), similarly to the effect
of an applied magnetic field [83,84]. This means that the Kondo correlations are
reduced or even suppressed in the presence of ferromagnetic leads. However, for
any fixed P , it is possible to compensate the splitting of the Kondo resonance
(Figs 4.18c and 4.19c) by fine-tuning the magnetic field to an appropriate value,
Bcomp(P ), defined as the field which maximizes the height of the Kondo reso-
nance. This field is found to depend linearly on P (Fig. 4.17c) as predicted by
Eq. (4.45) [77]. Remarkably, it was also found that at Bcomp the local occupan-
cies satisfy nd↑ = nd↓ (Fig. 4.17b). The fact that this occurs simultaneously with
the disappearance of the Kondo resonance splitting suggests that the local spin
is fully screened at Bcomp.

Below the magnetic field is fixed at B = Bcomp(P ). The spin spectral function
Im{χz

s(ω)} at T = 0 is shown in Fig. 4.19. Its behavior is characteristic of the
formation of a local Kondo singlet: as a function of decreasing frequency, the spin
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Fig. 4.18. (a) Quantum dot spectral function A(ω) =
∑

σ Aσ(ω) for several
values of spin polarization P ; inset: expanded scale of the spectral function
around εF. (b) The spin-resolved spectral function for fixed P . (c) Compen-
sation of the spin splitting by fine-tuning an external magnetic field. Other
parameters are as in Fig. 4.17.

spectral function shows a maximum at a frequency ωmax which can be associated
with the Kondo temperature [i.e. kBTK ≡ �ωmax at B = Bcomp(P )], and then
decreases linearly with ω, indicating the formation of the Fermi liquid state [27].
By determining TK(P ) (from ωmax) for different P -values, one finds that TK

decreases with increasing P (Fig. 4.19b). For metals like Ni, Co, and Fe, where
P = 0.24, 0.35, and 0.40, respectively [5], the decrease of TK is rather weak, so the
Kondo effect should still be experimentally accessible. Both Im{χz

s(ω)} and the
spectral function Aσ(ω) collapse rather well onto a universal curve if plotted in
appropriate units (Figs 4.19a and 4.19c). This indicates that an applied magnetic
field Bcomp restores the universal behavior characteristic for the isotropic Kondo
effect, in spite of the presence of spin-dependent coupling to the leads.

4.6.2.2 Friedel sum rule. Fig. 4.20(a) shows that the amplitude of the Kondo
resonance is strongly spin dependent in the presence of ferromagnetic leads,
which is unusual and unique; however the total conductance Gσ is not spin
dependent (Fig. 4.20b). Further insights can be gained from the Friedel sum
rule; an exact T = 0 relation [85] that holds for arbitrary values of P and B.
The interacting retarded Green’s function can be expressed as [27]
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Gret
d,σ(ω) =

1
ω − εdσ + iΓσ − Σσ(ω)

, (4.51)

with spin-dependent εdσ and Γσ ; the former due to Zeeman splitting (εdσ =
εd − 1/2 σgµBB) and the latter due to the ferromagnetic leads. Here Σσ(ω)
denotes the spin-dependent self-energy. Now, the Friedel sum rule [85] implies
that at T = 0, the occupancy ndσ and spectral functions can be written as

ndσ = ϕσ/π =
1
2
− 1

π
tan−1

(
εdσ − εF + Re Σσ(εF)

Γσ

)
, (4.52)

Aσ(εF) =
sin2(πndσ)

πΓσ
, (4.53)

where ΣR
σ (ω) ≡ Re Σσ(ω), and ϕσ(ω) denotes the phase of the function Gret

d,σ(ω).
Since Re Σ↑(εF) 
= Re Σ↓(εF), an equal spin occupation, nd↑ = nd↓, is possible
only for (εd↑ − εF + Re Σ↑(εF))/Γ↑ = (εd↓ − εF + Re Σ↓(εF))/Γ↓, which can be
obtained only for an appropriate external magnetic field B = Bcomp. For the
latter, in the local moment regime (n ≈ 1) we have n↑ = n↓ ≈ 0.5, so that
ϕ↑ = ϕ↓ ≈ π/2, which implies that the peaks of A↑ and A↓ are aligned. Thus,
the Friedel sum rule clarifies why the magnetic field Bcomp at which the splitting
of the Kondo resonance disappears, coincides with that for which nd↑ = nd↓.
For B = Bcomp, the spin-dependent amplitude Aσ(εF) of Eq. (4.53) and the
conductance Gσ ∼ ΓσAσ(εF) agree well with the above-mentioned NRG results
(Figs 4.20a, 4.20b).
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Fig. 4.20. (a) Spin resolved quantum dot spectral function amplitude
Aσ(ω = 0) at the Fermi level, and (b) the quantum dot conductance Gσ,
as functions of the spin polarization P , for B = Bcomp(P ) and symmet-
ric couplings (ΓLσ = ΓRσ), with U , εd, Γ, and T as in Fig. 4.17, implying
ndσ ≈ 0.5. The dashed line in (a) is 1/(1± P ) (Eq. 4.53 with ndσ = 0.5). As
expected Gσ = e2/h, with a numerical error less than 1%.

4.6.3 Gate-controlled spin-splitting in quantum dots

In previous studies of quantum dots attached to ferromagnetic leads [73–79] an
idealized, flat, spin-independent density of states (DOS) with spin-dependent
tunneling amplitudes was considered. However, since the spin-splitting arises
from renormalization effects, i.e., is a many-body effect, it depends on the full
DOS structure of the involved material, and not only on its value at the Fermi
surface. In realistic ferromagnetic systems, the DOS shape is strongly asymmetric
due to the Stoner splitting and the different hybridization between the electronic
bands [86].

In this section we discuss the gate voltage dependence of the spin-splitting
of a dot level, resulting in a splitting and suppression of the Kondo resonance,
and its dependence on the DOS structure. The numerical renormalization group
technique was recently extended [87] to handle bands of arbitrary shape. For
one class of DOS shapes one finds almost no Vg-dependence of the spin-splitting,
while for another class the induced spin-splitting, which can be interpreted as the
effect of a local exchange field, can be controlled by Vg. The spin-splitting can be
fully compensated and its direction can even be reversed within this class. The
physical mechanism that leads to this behavior is related to the compensation of
the renormalization of the spin-dependent dot levels induced by the electron-like
and hole-like quantum charge fluctuations.

In order to discuss the gate voltage dependence of the dot level spin-splitting,
it is important to consider a more realistic, both energy and spin dependent band
structure, ρr↑(ω) 
= ρr↓(ω), violating particle-hole (p-h) symmetry ρrσ(ω) 
=
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ρrσ(−ω), which leads to an energy-dependent hybridization function Γrσ(ω)
(Eq. 4.12). The NRG method [27, 82] was recently extended to handle arbitrary
DOS shapes and asymmetry [87]. The standard logarithmic discretization of the
conduction band was performed for each spin component separately, with the
bandwidths, D↑ = D↓ = D0. Within each interval [−ωn,−ωn+1] and [ωn+1, ωn]
(with ωn = D0Λ−n) of the logarithmically discretized conduction band the op-
erators of the continuous conduction band are expressed in terms of a Fourier
series. Even though there is a non-constant conduction electron DOS, it is still
possible to transform the Hamiltonian such that the impurity couples only to the
zeroth-order component of the Fourier expansion of each interval [88]. Dropping
the non-constant Fourier components of each interval [27, 82] then results in a
discretized version of the Anderson model with the continuous spectrum in each
interval replaced by a single fermionic degree of freedom (independently for both
spin directions). Since we allow for an arbitrary DOS for each spin component σ
of the conduction band this mapping needs to be performed for each σ separately.
This leads to the Hamiltonian:

H =
∑

σ

εdσn̂dσ + Un̂↑n̂↓ +
√

ξ0σ/π
∑

σ

[
d†

σf0σ + f†
0σdσ

]
+

∞∑
σn=0

[
εnσf†

nσfnσ + tnσ

(
f†

nσfn+1σ + f†
n+1σfnσ

)]
, (4.54)

where fnσ are fermionic operators at the nth site of the Wilson chain, ξ0σ =
1/2
∫+D0

−D0
Γσ(ω)dω, tnσ denotes the hopping matrix elements, and εdσ ≡ εd−BSz .

The absence of particle-hole symmetry leads to the appearance of non-zero on-
site energies, εnσ, along the chain. In this general case no closed expression for
the matrix elements tnσ and εnσ , both depending on the particular structure of
the DOS via Γσ(ω), is known, therefore they have to be determined recursively
[89].

4.6.3.1 Spectral function and conductance. Here, we again focus our atten-
tion on T = 0 properties. There are three typical classes of the Vg-dependence
of the Kondo resonance splitting. In Ref. [87] calculations were performed for a
parabolic band shape, namely ρσ(ω) = 1

2
3
√

2
8 D−3/2(1+σQ)

√
ω + D + σ∆, where

ω ∈ [−D−σ∆, D−σ∆], D0 = D+∆, with Stoner splitting ∆ [25], and some addi-
tional spin asymmetry Q, which modifies the amplitude of the DOS (see Fig. 4.21
insets). In Fig. 4.21 the weighted spectral function Ã(ω) ≡ πe2/h

∑
σ Γσ(0)Aσ(ω)

is presented, normalized in a such way that for ω = 0 it corresponds to the linear
conductance G = Ã(0), as a function of energy ω and εd. We focus on a narrow
energy window around the Fermi surface where the Kondo resonance appears;
charge resonances are visible when εd or U + εd approach the Fermi surface,
namely at energies εd/U � −0.1 or � −0.9. Although the NRG method is de-
signed to calculate equilibrium transport, one can still roughly deduce, from the
spin-splitting of the Kondo resonance of the equilibrium spectral function Ã(ω),
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Fig. 4.21. Vg-dependence of the spin-splitting. Normalized spectral function
π
∑

σ Γσ(0)Aσ(ω) as a function of energy ω and gate voltage ε0, for the three
different DOS shapes (depicted in insets) characterized by a different Q,
which modifies both the spin and particle-hole asymmetry for different values
of magnetic field as indicated. The white dashed lines are obtained using
Eq. (4.55). Here U = 0.12D0, πV 2

0 = UD/6, ∆ = 0.15D and T = 0. Inset:
the scheme of the parabolic DOS shape for spin ↑ and ↓.

the splitting of the zero-bias anomaly ∆V in the non-equilibrium conductance
G(V ), since e∆V ∼ 2∆εd [77] (∆εd ≡ ε̃d↑ − ε̃d↓ is the splitting of the renormal-
ized levels). The spectra Ã(ω) are presented in Fig. 4.21 for three DOS shapes
depicted in the insets, leading to the three typical behaviors. (i) For (a) there is
hardly any εd-dependence of the spin-splitting; (ii) in (b) a strong εd-dependence
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Fig. 4.22. The quantum dot linear conductance G as a function of gate volt-
age εd and external magnetic field B for the DOS shapes (a), (b), and (c)
as for Fig. 4.21(a), (b), and (c), respectively. (d) The εd-dependence of the
spin-dependent nσ, total occupancy of the dot nd ≡ nd↑+nd↓ and magnetiza-
tion m ≡ nd↑ − nd↓ for the situation from Fig. 4.21(c). (e) The conductance
G for the situations from Fig. 4.21(c – dashed), (d – solid), and (f – long
dashed). Parameters U , Γ, and T as in Fig. 4.21.

without compensation of the spin-splitting (i.e. no crossing), and (iii) for (c) a
strong εd-dependence with a compensation (i.e. a crossing) and a change of the
direction of the dot magnetization. The compensation (crossing) corresponds to
the very peculiar situation where the Kondo effect (strong coupling fixed point)
can be recovered in the presence of ferromagnetic leads without any external
magnetic field.

4.6.3.2 Effect of a magnetic field. In Fig. 4.21(d,e,f) it is shown how a mag-
netic field B modifies the results of Fig. 4.21(a,b,c). The spin splitting can be
compensated at a particular magnetic field Bcomp, whose magnitude depends on
the εd-value, Bcomp(εd). Since Bcomp can be viewed as a measure of the zero-
field splitting, ∆εd(B = 0, εd) � −Bcomp(εd), the εd-dependence of ∆εd can
be measured by studying that of Bcomp, for which one needs to measure the
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linear conductance G(εd, B) as a function of both B and εd. In Fig. 4.22(a–c)
G(εd, B) is plotted for the three bands of Fig. 4.21. The two horizontal ridges
(resonances) in Fig. 4.22(a–c) correspond to quantum charge fluctuations (broad-
ened dot level) of width ∼ Γ. The lines with finite slope in Fig. 4.22(a–c) re-
flect the restored Kondo resonance and hence map out the εd-dependence of
Bcomp(εd) = −∆εd(εd) when the magnetic field compensates the spin-splitting.
Interestingly the spin-splitting and the corresponding Bcomp tend to diverge
(|∆εd| → ∞) when approaching the charging resonance, as is best visible in
Fig. 4.22(c).

In Fig. 4.22(d) it was shown how the occupation nσ and the magnetic mo-
ment (spin) of the dot m ≡ nd↑ − nd↓ ≡ 2〈Sz〉 change as a function of εd for
the situation of Fig. 4.21(c). One finds that even though B = 0, it is possible
to control the level spin-splitting of the dot, i.e. its spin, and thereby change
the average spin direction of the dot from the parallel to antiparallel alignment
w.r.t. the lead’s magnetization. This can open the possibility of controlling the
dot’s spin state by means of a gate voltage without further need of an external
magnetic field, which is difficult to apply locally in practical devices.

4.6.3.3 Perturbative analysis. One can understand the behavior presented in
Fig. 4.21(a–c) by using Haldane’s scaling method [81] discussed in Section 4.6.1,
where charge fluctuations are integrated out. This leads to a spin-dependent
renormalization of the dot’s level position ε̃dσ and a level broadening Γσ. In
contrast to Section 4.6.1 we consider here the case of finite Coulomb interactions
U < ∞, which means that also the doubly occupied state |2〉 is of importance.
The spin-splitting is then given by ∆εd ≡ δεd↑ − δεd↓ + B, where

δεdσ � − 1
π

∫
dω

{
Γσ(ω)[1 − f(ω)]

ω − εdσ
+

Γ−σ(ω)f(ω)
εd−σ + U − ω

}
. (4.55)

The first term in the curly brackets corresponds to electron-like processes, namely
charge fluctuations between a single occupied state |σ〉 and the empty |0〉 one,
and the second term to hole-like processes, namely charge fluctuations between
the states |σ〉 and |2〉. The amplitude of the charge fluctuations is proportional to
Γ, which for Γ
T determines the width of the dot’s levels. Equation (4.55) shows
that ∆εd depends on the shape of Γσ(ω) for all ω, not only on its value at the
Fermi surface. The dashed lines in Fig. 4.21(a–c) show ±∆εd as a function of εd
(from Eq. 4.55) for the same set of parameters as in the NRG calculation, and are
in good agreement with the position of the (split) Kondo resonances observed in
the latter. Equation (4.55) shows that the dramatic changes observed in Fig. 4.21
upon changing Q are due to the modification of the p-h and spin asymmetry.

Equation (4.55) predicts that even for systems with spin-asymmetric bands
Γ↑(ω) 
= Γ↓(ω), the integral can give ∆ε = 0, which corresponds to a situation
where the renormalization of εσ due to electron-like processes are compensated
by hole-like processes. For a flat band Γσ(ω) = Γσ, Eq. (4.55) can be integrated
analytically. For D0 
 U , |ε0| one finds: ∆εd � (P Γ/π) Re[ φ(εd)−φ(U + εd) ],
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Fig. 4.23. Total differential conductance (solid lines) as well as the contribu-
tions from the spin-up (dashed) and the spin-down (dotted-dashed) channel
vs. applied bias voltage V at zero magnetic field B = 0 (a,c,e) and at finite
magnetic field (b,d,f) for normal (a,b) and ferromagnetic leads with parallel
(c,d) and antiparallel (e,f) alignment of the lead magnetizations. The degree
of spin polarization of the leads is P = 0.2 and the other parameters are
kBT/Γ = 0.005 and εd/Γ = −2.

where P ≡ (Γ↑ − Γ↓)/Γ, φ(x) ≡ Ψ(1
2

+ i x
2πT

), and Ψ(x) denotes the digamma
function. For T = 0, the spin-splitting is given by

∆εd � (P Γ /π) ln(|εd|/|U + εd|) , (4.56)

showing a logarithmic divergence for εd → 0 or U + εd → 0.

4.6.4 Non-equilibrium transport properties

In measurements of the Kondo effect usually the non-linear conductance is in-
vestigated. To get a qualitative prediction of non-linear transport properties,
the equation-of-motion (EOM) method was employed with the usual decoupling
scheme [90], but generalized by a self-consistent determination of the level en-
ergy to account for the exchange field. We skip all technical details here (they
are given in Ref. [77]), and go directly to the discussion of the results.
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Fig. 4.24. The differential conductance (a) and the local magnetization (b) for
the parallel alignment (P = 0.2). Solid lines, dashed lines and dot-dashed
lines are results for ΓR/ΓL = 1, 0.5 and 0.25. Panels (c) and (d) are the
corresponding plot of panels (a) and (b) with the antiparallel alignment. The
other parameters are as in Fig. 4.23.

In Fig. 4.23 the differential conductance is shown as a function of the trans-
port voltage. For non-magnetic leads, there is a pronounced zero-bias maximum
(Fig. 4.23a) which splits in the presence of a magnetic field (Fig. 4.23b). For
magnetic leads and parallel alignment, there is a splitting of the peak in the
absence of a magnetic field (Fig. 4.23c), which can be tuned away by an appro-
priate external magnetic field (Fig. 4.23d). In the antiparallel configuration, the
opposite happens, no splitting at B = 0 (Fig. 4.23e) but finite splitting at B > 0
(Fig. 4.23f) with an additional asymmetry in the peak amplitudes as a function
of the bias voltage.

In the EOM approach the effect of spin-dependent quantum charge fluctu-
ations is accounted for in a self-consistent but intuitive manner. The real-time
diagrammatic technique [91,92] enables one to construct a systematic approach,
where the effect of ferromagnetic electrodes can be analyzed without any addi-
tional assumptions. Recently the resonant tunneling approximation (RTA) was
extended by Utsumi et al. [93] in order to account the presence of ferromagnetism.
This technique gives more reasonable results and allows for further systematic
insight into the physics.

This technique was used to analyze the effect of asymmetric coupling, ΓL 
=
ΓR [93]. Figure 4.24(a) and (b) shows the non-linear differential conductance and
the local magnetization for the parallel alignment. In each panel the curves for
various ratios of the left and right coupling strength ΓR/ΓL (Γ = ΓR+ΓL) are
plotted. The splitting is not sensitive for this asymmetry because, as Eq. (4.45)
indicates, ∆εd depends only on the total coupling strength, which is independent
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of the ratio of coupling strength for the parallel alignment. The local magneti-
zation of dot is not affected by the asymmetric coupling so much either. For the
antiparallel alignment, there is a splitting of the zero bias anomaly for asymmet-
ric coupling (Fig. 4.24c) accompanying by the spin accumulation (Fig. 4.24d).
The splitting is due to the fact that for the asymmetric coupling exchange in-
teractions from both leads do not cancel each other. The strong asymmetry in
two split peaks’ amplitudes is related with the fact that the intensities of split
Kondo resonance out of equilibrium are different for the antiparallel alignment.

4.6.5 Relation to experiment

Recently Pasupaty et al. [23] studied the transport through a single C60 molecule
attached to ferromagnetic nickel electrodes in the Kondo regime (see also Chap-
ter 5). It was shown that the Kondo correlations appear even in the presence of
ferromagnetic leads. The zero-bias anomaly in the non-equilibrium conductance
was split for the parallel alignment of the leads magnetization in agreement
with theoretical calculations presented in Fig. 4.24. For the antiparallel align-
ment there was no splitting of the zero-bias anomaly in one case, similarly to
Fig. 4.24(e), and some residual splitting in the other case, which can be inter-
preted as an effect of asymmetric coupling ΓL 
= ΓR, similarly to Fig. 4.24(c).
The measurement of the non-equilibrium conductance for the parallel alignment
for several temperatures demonstrate that the splitting of the Kondo resonance
does not depend on temperature, in agreement with Eq. (4.45).

In a recent paper, Nygard et al. [71] measured transport through a carbon
nanotube attached to normal leads, which acts as a quantum dot exhibiting the
zero bias anomaly at low temperatures. This anomaly is split probably due to
interaction between the carbon nanotube and magnetic catalyst particles. The
behavior presented in Fig. 4.21(a,b) was recently observed experimentally [71],
where indeed a variation of the gate voltage results in two split conduction lines
G(V, Vg) which are parallel for one case and converging for the other case.

The lines (related to the Kondo resonance) with a finite slope in G(εd, B)
presented in Fig. 4.22(a,b,c) were observed for a singlet-triplet transition Kondo
effect in a two-level quantum dot (Fig. 2d, Ref. [94]). The corresponding tran-
sition leads to a characteristic maximum in the valley between two charging
resonances (Fig. 3c, Ref. [94]), similarly to Fig. 4.22(e). In that system the ef-
fective spin asymmetry is realized by the asymmetry in the coupling of two dot
levels [95].

4.7 RKKY interaction between quantum dots

Up to now we discussed only spin polarized transport through a single quantum
dot. New phenomena and transport characteristics can be observed in systems
including more quantum dots, like for instance in double quantum dot systems.
An example of such new phenomena is the RKKY interaction between two quan-
tum dots, recently studied theoretically and also observed experimentally.
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Fig. 4.25. Aharonov–Bohm ring embedded with one quantum dot (denoted
by 1 or 2) in each arm. The magnetic flux Φ dependent (left panel) and
independent (right panel) particle-hole excitation. The directed solid and
dashed lines show the particle propagation and the hole propagation.

It is well known that two magnetic moments embedded in a metal induce
spin polarization of the conduction electron gas, which leads to indirect cou-
pling between the moments. This coupling is known as the RKKY interaction,
first discussed in the 1950s [96]. Utsumi et al. [97] theoretically analyzed the
possibility of the RKKY interaction in semiconducting nanostructures. The con-
siderations were performed for an Aharonov–Bohm (AB) ring embedded with a
quantum dot (in the Coulomb blockade regime with odd numbers of electrons)
in each arm (Fig. 4.25) [98, 99]. Because the Fermi wavelength λF ≡ 2π/kF,
where kF is the Fermi wave number, of a two-dimensional (2D) electron gas at a
GaAs/AlGaAs interface is typically of the order 100 nm and the RKKY interac-
tion decays weakly as 1/(kFl) for a 1D lead, where l is the distance between two
dots, it could be possible to fabricate a sample with the long-range RKKY in-
teraction. Actually, very recently, the RKKY interaction has been demonstrated
for two dots coupled indirectly thorough an open big dot [100], which has stim-
ulated intensive theoretical discussions [101–103]. The RKKY interaction in the
AB ring depends on the flux and dominates AB oscillations in a characteristic
manner, which could be a clear demonstration of the RKKY interaction.

4.7.1 Flux-dependent RKKY interaction

The model consists of two local spins coupled antiferromagnetically with elec-
trons in two leads. An electron wave function acquires the “orbital phase” factor,
eikFl, during the propagation between two dots. When the magnetic field is ap-
plied, an additional phase factor, e±iφ/2 (φ = 2π Φ/Φ0, where Φ0 = hc/e is the
flux quantum), is also counted for an electron tunneling through a dot in the
clockwise/anticlockwise direction. The phase factor modifies the interference of
a wave function through two paths (AB effect). The AB flux is written with the
vector potential A as Φ=

∮
A · dl, where the line integral is performed along the

ring in the clockwise direction.
The Hamiltonian of the RKKY interaction was obtained by second-order

perturbation theory in terms of J [96], HRKKY = (JRKKY(φ)/2) S1 · S2, where
the RKKY coupling constant JRKKY is given by
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JRKKY(φ) = (J2/2) χ (2 + 2 cosφ) . (4.57)

The phase-dependent term, 2 cosφ, is related to two configurations of particle-
hole excitations, which enclose the flux (the left panel of Fig. 4.25), picking up
a phase factor eiφ or e−iφ. The two other configurations (the right panel) are
independent of the flux and give the term 2. The physical interpretation may be
as follows. At integer values of flux, the electron wave functions constructively
interfere and thus the maximum coupling is induced. At half-integer values of
flux, because of the destructive interference, the interaction is switched off. Thus
it is possible to control the amplitude of the RKKY interaction by means of
the flux. The susceptibility function χ counts details of electron states in leads.
By considering the energy dependence of the orbital phase within the linearized
dispersion around kF, one obtains the RKKY oscillations for long distance, l

λF, as

JRKKY(φ) � −π(Jρ)2D(1+cos φ)
cos(2kFl)
(2kFl)

, (4.58)

where ρ and D denote the density of states and the band-width of lead electrons,
respectively.

4.7.1.1 Linear conductance. Due to the RKKY interaction, the two dot spins
are entangled and probabilities of the singlet PS and triplet PT states depend
on the flux through the flux-dependent RKKY interaction, JRKKY(φ). Thus the
spin state, consequently also the RKKY interaction, can leave footprints in the
flux dependence of the linear conductance. In Ref. [97] the conductance was
calculated perturbatively in terms of J by using the real-time diagrammatic
technique [91, 92].

First, we will discuss three cases classified by the value of the RKKY coupling
constant JRKKY and temperature:

(i) the uncorrelated local spins [|JRKKY(φ)|�T ],
(ii) the ferromagnetic (F) coupling [−JRKKY(φ)
T ], and
(iii) the antiferromagnetic (AF) coupling [JRKKY(φ)
T ] cases.

For the case (i), the local-spin state is equally distributed among one singlet state
and three triplet states. The conductance is the sum of the component showing
AB oscillations, which is related with the cotunneling process preserving the spin,
and the background of AB oscillations related with spin-flip processes enhanced
by Kondo correlations (by lnT ):

G/GK�(πJρ)2
[
1+cos φ cos2(kFl)+3

(
1+4Jρ ln

D

kBT

)]
, (4.59)

where GK ≡ h/e2 is the conductance quantum. For the case (ii), two local spins
form a triplet state, and the conductance is that of the spin-1 Kondo model:
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Fig. 4.26. (a) The probability of singlet state PS and (b) the conductance as a
function of the distance l between dots for φ=0. Parameters: T/D = 5×10−5

(solid line), 10−4 (dashed line) and 10−3 (dotted line). Jρ = 0.04.

G/GK � (πJρ)2
{

8Jρ cos2(kFl) cos2
φ

2
ln

2T ∗

πT

+
(

3 + 4Jρ ln
D

kBT

)[
1+cos φ cos2(kFl)

]}
(4.60)

for kFl
1. It is striking that contrary to case (i), Kondo correlations enhance the
oscillatory component as shown in the second term. This is because the two spins
are no longer independent phase-breaking scatterers, but become correlated. The
first term appears because the spin-1 moment stretches over l and temperature
T ∗ is related with the time of an electron traveling between two dots. For case
(iii), two local moments form a singlet state. As the singlet state is decoupled
from lead electrons, i.e., electrons flowing through dots cannot excite the system
from the singlet state to a triplet state, only the cotunneling processes preserving
spin contribute to the conductance:

G/GK � (πJρ)2
[
1+cos φ cos2(kFl)

]
. (4.61)

In the following, we discuss the conductance for the whole rage of the flux
φ and l. Figure 4.26(a) shows the l dependence of the probability of the singlet
state. At low temperature T ≤|JRKKY(0)| (solid line), PS oscillates with the same
period as the RKKY interaction, i.e., when kFl/π is close to half-integer (integer),
PS is suppressed (enhanced). As the temperature increases (the dashed line for
T ∼|JRKKY(0)| and the dotted line for T 
|JRKKY(0)|), the amplitude of oscil-
lations is suppressed and the system approaches a uniform distribution between
the singlet and triplet states. One can see also oscillations of the conductance
(Fig. 4.26b) with the period of kFl/π = 1. In the same way as in Fig. 4.26(a),
the amplitude of oscillations is suppressed for T 
|JRKKY(0)|, which indicates
that for T < |JRKKY(0)|, the conductance oscillations are governed by the RKKY
interaction.

Now we discuss the conductance in the full range of the flux φ for various
temperatures (Fig. 4.27). The panels (a) and (b) are for the case of F coupling
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Fig. 4.27. Flux-dependent conductance for (a) kFl/(2π)=50 (the ferromagnetic
coupling, spins form the triplet state) and (b) 50.25 (the antiferromagnetic
coupling, spins form the singlet state). Parameters: T/D = 5×10−5 (solid
line), 10−4 (dashed line) and 10−3 (dotted line). Jρ = 0.04.

(kFl/π is an integer for Eq. 4.58) and the case of AF coupling (kFl/π is a half-
integer for Eq. 4.58), respectively. For the parameters used in Fig. 4.27, the
Kondo temperature is TK/D≈10−6. In the vicinity of zero or one quantum flux,
the maximum ferromagnetic RKKY interaction is induced (Eq. 4.57). For the F
coupling a triplet state is formed at low temperatures and the conductance is
enhanced (case ii). For the AF coupling the singlet is formed at low temperatures
and the conductance is suppressed (case iii). At half quantum flux, the RKKY
interaction is switched off (Eq. 4.57). Surprisingly, one can observe the maximum
in the conductance for both panels, where usually one expects the suppression of
the conductance because of destructive interference. According to the discussion
in (i), this maximum corresponds to incoherent transport thought the two inde-
pendent spin-1/2 local moments enhanced by Kondo correlations. By combining
the above behaviors, for the AF coupling case, the phase of AB oscillations is
shifted by π, and for the F coupling case, the amplitude of AB oscillations is
enhanced by Kondo correlations and an additional maximum appears at half-
integer values of the flux. Such characteristic behavior is clear evidence of the
RKKY interaction in the system.

4.7.2 RKKY interaction – experimental results

In this section we will discuss some recent experimental observations of the in-
direct RKKY interaction between semiconducting quantum dots, obtained by
the group of C. M. Marcus. Following the discussion from Craig et al. [100], the
device constructed from the two-dimensional electron gas consists of two smaller
peripheral quantum dots connected to a larger open central dot, as shown in
Fig. 4.28(a). Setting the bottom point contact to one fully conducting mode
(2e2/h) configured the central dot to act as a confined but open conducting
region coupling the two peripheral dots.

The left and right dots were tuned to contain either an odd number or an even
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Fig. 4.28. (a) Scanning electron micrograph of a device, with schematic circles
indicating locations of dots upon gate depletion. Gate voltages VgL and VgR

change the energies and occupancies of the left and right dots, respectively.
IL indicates the current measured in the left (L) electrode. (b) Differential
conductance GL of the left dot for an odd number of electrons, N . When
the right dot contains an even number of electrons, a zero-bias peak in GL is
seen, indicating a Kondo state. When the right dot contains an odd number
of electrons, the Kondo state in the left dot is suppressed. From Craig et al.
[100].

number of electrons by changing the voltage applied to the gates, VgL and VgR,
respectively. Each dot individually showed characteristics of the Kondo effect –
a zero-bias peak in the differential conductance in odd-occupancy valleys when
the other peripheral dot has been pinched entirely off from the central region.
When either dot was in an even-occupancy valley, turning on its coupling to the
central dot (set initially at zero) did not qualitatively affect the signatures of the
Kondo effect in the other dot. A more interesting situation arises when both dots
contain odd numbers of electrons and the dots start to interact. Figure 4.28(b)
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shows the relevant comparison. When the right dot contains an even number
of electrons, the odd Coulomb blockade valley in the left dot exhibits Kondo
signatures, including a pronounced zero-bias peak in GL; however, when the right
dot contains an odd number of electrons, the Kondo signatures in the left dot,
including the zero-bias peak, are absent. The suppression of Kondo signatures
in the odd-odd case can be interpreted as indicating that the RKKY interaction
between the dots dominates the Kondo effect, forming either an overall spin-
zero state (which has no Kondo effect) or a spin-one state with a much weaker
Kondo effect at the temperatures measured. The zero-bias Kondo peak in the
left dot first splits before being suppressed entirely as the right dot is coupled
to the central dot. The splitting of the zero-bias peak is a signature of quantum
coherence between Kondo states on the peripheral dots [101]. The magnitude of
the splitting is related to the new energy scale of the RKKY interaction, JRKKY.
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[74] P. Zhang, Q. K. Xue, Y. Wang, and X. C. Xie, Phys. Rev. Lett. 89, 286803
(2002).

[75] B. R. Bu�lka and S. Lipinski, Phys. Rev. B 67, 024404 (2003).
[76] R. Lopez and D. Sanchez, Phys. Rev. Lett. 90, 116602 (2003).
[77] J. Martinek, Y. Utsumi, H. Imamura, J. Barnaś, S. Maekawa, J. König, and G.
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5 Spin-transfer torques and nanomagnets

Daniel C. Ralph and Robert A. Buhrman

This chapter is divided into two parts. The first will deal with the phenomenon
of spin-transfer torques. When a spin-polarized electrical current interacts with
a ferromagnet, a portion of the spin angular momentum carried by the electrons
can be transferred to the magnet. By elementary mechanics, the time rate of
change of angular momentum is equal to torque, so this means that the spin-
polarized electrons may apply a torque directly to the magnet. In small magnetic
devices, smaller than about 250 nm in diameter, experiments have demonstrated
that this spin-transfer torque can be much stronger per unit current than the
torque on the magnet due to the magnetic field that is generated by the current.
The spin-transfer torque is therefore of interest as an alternative mechanism,
potentially more efficient than using magnetic fields, for manipulating the ori-
entation of magnets in memory devices and nanoscale magnetic oscillators. This
chapter will describe intuitive ways of understanding the microscopic mecha-
nism and the dynamical consequences of spin-transfer torques, and will review
experimental progress in the field to date for spin valves and magnetic tunnel
junctions. The topic will then be explored further in Chapter 7, with a more
formal discussion of the theory of spin-transfer torques and how these torques
may be used to shift domain walls in magnetic wires.

The second part of this chapter will deal with the separate topic of how the
transport of spin and charge in magnetic devices changes when the structures
are made even smaller, extending from magnetic particles a micron in diameter,
to a few nanometers, and down to a single molecule. As the size of the magnet
shrinks, effects such as Coulomb blockade and energy-level quantization become
dominant. It will become necessary to move beyond simple independent-electron
models which work successfully in larger devices, to consider the true correlated
many-electron quantum states at the root of ferromagnetism. We will argue that
several interesting mysteries remain to be explored.

5.1 Spin-transfer torques

Research into the possibility that spin-polarized currents might apply torques to
magnets by means of the exchange interaction (rather than by a magnetic field)
dates at least as far back as the mid-1980s, with the work of Luc Berger and
collaborators on current-induced domain wall motion [1–3]. In 1989, John Slon-
czewski calculated that a current traversing a magnetic tunnel junction should
apply torques on the magnetic electrodes if their moments are non-collinear
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Fig. 5.1. Semiclassical picture of a spin-polarized electron interacting with a
ferromagnetic thin film. The electron spin precesses as it travels through
the magnet, due to the exchange field of the magnet. The changing angular
momentum of the electron must be compensated by a corresponding change
in angular momentum for the ferromagnet.

[4]. However, the current densities that would be required to produce torques
large enough to reorient the magnetic moments were much larger than could
be achieved through tunnel junctions at that time. Therefore it was an impor-
tant step when in 1996 Slonczewski and Berger independently considered spin-
valve devices consisting of a ferromagnet/normal-metal/ferromagnet multilayer,
and predicted that spin-polarized currents could generate significant torques at
achievable current densities [5,6]. Prior to this time, magnetic reconfigurations as
a function of current had been observed in point-contact devices that could not be
explained by magnetic fields, but the mechanism producing the reconfigurations
was unclear [7]. Subsequently, with the theoretical framework of Slonczewski
and Berger in place for guidance, experiments and theory have both moved for-
ward rapidly [8–14], to the stage where it is now reasonable to consider what
applications the spin transfer effect may have.

5.1.1 Intuitive picture of spin-transfer torques

We will begin with a discussion of the mechanism underlying the spin-transfer
effect. We will first consider a simplified picture in which one spin-polarized
electron travels through a non-magnetic metal toward a thin ferromagnetic layer
(Fig. 5.1) [5,14,15]. Assume that the electron has already been polarized by some
process upstream. Let the moment of the magnetic layer be oriented in the ẑ
direction, and assume that the incoming electron is traveling in the x̂ direction
and has its spin polarized at an angle θ with respect to ẑ in the x̂ẑ plane. What
happens as the electron encounters the magnetic layer?

First, the interface between the non-magnetic metal and the magnet can act
like a filter for the spin states. For a materials combination like copper and cobalt,
spin-up (majority) electrons have a larger transmission amplitude through the
interface than spin-down electrons. The relative amplitudes of the spin-up and
spin-down components in the transmitted part of the spin wavefunction will
therefore be changed relative to the incident state, and for the Cu/Co case the
transmitted spin can be thought of as being tilted at a smaller angle θ than
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the initial incident tilt. If the spin-up and spin-down transmission amplitudes
have different phases, then the spin vector could also have a component in the ŷ
direction, corresponding to a precession about the ẑ axis.

Next, as the electron then continues to travel through the magnet, it will be
subject to a strong exchange interaction with the magnet’s moment. Because
we are assuming that the spin of the electron is not aligned with the magneti-
zation of the magnet, the electron spin will precess about the direction of the
exchange field. To conserve angular momentum, the moment of the magnet must
also precess about the electron spin. (Strictly speaking, if there is no external
field applied, both vectors will precess about their sum. However, because the
moment of the magnetic layer is much larger than for a single electron, to a very
good approximation it is correct to view the electron’s spin vector as precessing
about the ẑ direction as it moves along the x̂ direction.) This precession can
be extremely rapid – for exchange fields in a material like Co, the electron will
travel only a few lattice spacings per precession period. Therefore, even for a film
as thin as 3 or 4nm, the electron in this picture may precess several times before
exiting out the rear side of the magnetic layer. In the end, depending on exactly
how many fractions of a turn the electron has precessed, it could exit the magnet
with either positive or negative spin components in the x̂ and ŷ directions. How-
ever, the ẑ component of the spin should not change during the precessional part
of the motion. In a rigorous quantum-mechanical treatment, it would be neces-
sary to sum over all of the multiple reflections that the electron might experience
inside the magnetic layer to determine its final quantum-mechanical state, but
for our purposes this simple semiclassical picture of transmission and precession
will be sufficient to build an intuitive picture.

So far, we have considered the physics of just a single electron, but in a real
device many electrons would be propagating through the magnetic layer simul-
taneously, traveling with different energies and different incident angles in real
space. Even if every electron started with exactly the same initial angle for its
spin polarization, each would undergo a different degree of precession within the
magnet because each would take a different amount of time traversing the mag-
netic layer. As long as the thickness of the magnetic layer is sufficiently greater
than the precession length, approximately the same fractions of electrons will
exit the magnet with positive and negative components in the x̂ direction, and
similarly with positive and negative components in the ŷ direction. Therefore,
if one sums the total spin angular momentum of all the electrons that exit the
magnetic layer, the only non-negligible component will point in the ẑ direction,
parallel to the moment of the magnetic layer. The perpendicular components
should average to zero.

This simple result is sufficient to understand the nature of the torque felt
by the magnetic layer. We have assumed that the incoming electrons all have
spin angular momenta oriented at the angle θ relative to ẑ in the x̂ẑ plane. We
have argued that the sum total of the electrons exiting the rear of the magnetic
film will have some non-zero average component of angular momentum in the
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ẑ direction, but not in the x̂ or ŷ directions. Angular momentum is conserved.
This means that the component of incoming spin angular momentum transverse
to the magnet’s moment (the component in the x̂ direction) that is lost from
the electrical current must be absorbed by the magnetic film. If the magnet
responds as a single domain, rather than having the angular momentum trans-
ferred to short-wavelength spin waves, then one can expect the entire moment to
begin to rotate. The direction of the torque is such as to rotate the moment of
the magnetic layer toward the direction of the incident spin polarization. If the
incident angle θ is large, the angular momentum transferred per electron can be
a significant fraction of �.

Now, as we have already mentioned, this discussion is not rigorous. A fully
correct calculation should consider the possibility of multiple reflections within
the magnetic layer and should also take into account that some angular momen-
tum will be carried away by electrons reflected from the magnetic layer, as well as
electrons transmitted through. However, in the end, more rigorous calculations
do find the same result – to a very good approximation the magnetic layer will
absorb the transverse component of the incoming spin angular momentum and
feel a torque acting to rotate the magnet’s moment toward the direction of the
incoming spin polarization [14,16]. The leading correction arises when one takes
into account that the reflection amplitudes for spin-up and spin-down electrons
may have different phases. This can result in a component of torque in the ±ŷ
direction in Fig. 5.1. However, band-structure calculations indicate that this cor-
rection is generally less than 10% the size of the main torque in the x̂ direction.
Experimentally, measurements of the dynamical effects that are caused by spin
transfer confirm that the component of torque in the x̂ direction is dominant by
far [17–20], although recent work indicates that it may be possible to measure
the ±ŷ component, as well [21].

5.1.2 The case of two magnetic layers

The spin-transfer devices that have been studied most thoroughly in experiments
contain two magnetic layers, separated by a normal metal spacer or a tunnel
junction. An analysis of this type of device can demonstrate one of the most
important signatures of the spin-transfer effect, an asymmetry with respect to
the direction of current. Samples can be constructed so that a current passing
perpendicular to the layers in one direction provides a torque to turn the two
magnetic moments parallel to each other, while current of the opposite sign can
turn the moments toward an antiparallel configuration.

Consider the device geometry shown in Fig. 5.2, a N/F/N/F/N multilayer
pillar, where N is a non-magnetic metal such as Cu, and F is a magnetic metal
like Co. One of the magnetic layers is depicted as thinner than the other. We
will call the thinner layer the “free layer”, anticipating that it will be more
readily reoriented by spin-transfer torques. The other “fixed” magnetic layer
can be made less susceptible to the torques by making it thicker, by leaving it
connected to an extended film rather than as part of the etched pillar structure,
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Fig. 5.2. Spin-transfer torque in a sample with two magnetic layers. (a) When
electrons flow from the thicker “fixed” magnetic layer to the thinner “free”
layer (negative current), spin transfer acts to turn the free layer moment in
the direction of the fixed layer moment, thereby stabilizing the parallel config-
uration. (b) When the current is reversed (positive current), the spin-transfer
torque acts to turn the free layer moment away from the fixed layer moment.
For large enough currents in this direction, the parallel configuration can be
destabilized.

or by making it from a material that gives it a larger total magnetic moment
than the free layer. The fixed layer will serve as the polarizer. Electron spins
can be filtered as they are transmitted through or reflected from this layer, so
that this layer can provide the spin-polarized electrons that will act on the free
layer. We will assume initially that the magnetic layers are positive polarizers,
preferentially transmitting majority-spin electrons. This is the case for Cu/Co
multilayers.

We will wish to analyze the torques on the layers caused by current flow.
It happens that the torque is zero if the moments in the two layers are aligned
exactly, so we will assume that there is initially a misalignment angle θ, per-
haps due merely to thermal fluctuations. We can then conduct a linear stability
analysis, asking whether the torque from spin transfer will push the moments
together to stabilize the parallel alignment, or whether it will push them further
apart, possibly destabilizing this parallel orientation.

We analyze first the case when the net electron flow is from the thicker
layer toward the thinner layer. This case will correspond to negative currents
in the experimental plots shown later in this chapter. If unpolarized electrons
are incident on the fixed layer from the left in Fig. 5.2(a), they will undergo
spin-filtering, and emerge into the central normal-metal spacer with an average
spin moment directed parallel to the moment of the fixed layer. This filtering
is not 100% efficient, but for materials systems like Co and Cu the resulting
polarization can be 35–40%. When these polarized electrons next interact with
the free layer, we have exactly the situation analyzed in the previous section. The
free layer will absorb the component of the incoming spin current transverse to
its magnetic moment, and will feel a torque tending to turn its moment toward
the orientation of the incoming spins. This means that the torque on the free
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layer will turn the moment in the direction of the fixed layer’s moment, thus
stabilizing the parallel orientation of the two moments.

Next consider the case of positive current (Fig. 5.2b), with the net flow of
electrons from the free layer to the fixed layer. In this case the electrons incident
from the right in Fig. 5.2(b) will first undergo spin filtering by the free layer, and
will flow into the central normal-metal spacer with an average spin parallel to the
free-layer moment. No net torque is applied to the free layer by the unpolarized
electrons at this step. The resulting spin-polarized electrons will then flow to the
fixed layer, transferring angular momentum and applying a torque to that layer.
However, we are assuming that the fixed layer moment is held rigidly in place, so
that it cannot respond to this torque. Very importantly, another consequence of
the interaction between the spin-polarized current and the fixed layer is that a
fraction of electrons will be reflected back toward the free layer from the normal-
metal/fixed-layer boundary. These reflected electrons will have an average spin
polarization antiparallel to the fixed-layer moment, because we are assuming
that the parallel spins are more readily transmitted. The reflected spin current
therefore will have a polarization opposite to the case analyzed above for negative
currents. When the free layer absorbs the transverse component of the incident
spin current now, the torque it feels will have the sign to turn the free-layer
moment away from the fixed-layer moment. This means that a large-enough
positive current might destabilize the parallel orientation of the two moments.
This is the case that can lead to the types of magnetic dynamics that we will
analyze in the next few sections.

One can use the same types of diagrams and arguments to analyze other sym-
metry cases for the spin-transfer effect [15]. If one analyzes the case of initially
antiparallel moments in the fixed and free layers, a positive current will stabi-
lize the antiparallel alignment while a negative current will destabilize it. If the
free layer acts as a negative polarizer, preferentially transmitting minority-spin
electrons rather than majority spins, then there is actually no change in the sign
of the torque on the free layer. No matter what the nature of its spin filtering,
the free layer absorbs the transverse angular momentum coming from the spin
current and it feels the same torque. However, if the fixed layer is a negative
polarizer, the sign of the torque on the free layer will be reversed. These effects
have been confirmed experimentally by using FeCr and NiCr layers as negative
polarizers [22].

For more quantitative calculations that include effects such as electron scat-
tering from disorder, or for calculations of torques in devices that contain more
complicated geometries than simply two magnetic layers, a very useful “circuit
theory” can be applied [23–25].

5.1.3 Simple picture of spin-transfer-driven magnetic dynamics

In the previous section, we discussed the spin-transfer torque on the free layer
in a spin-valve device. Depending on the sign of the current, this torque acts
primarily to turn the free-layer moment either toward or away from the direction
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of the fixed layer moment, within the plane defined by the two moment vectors.
If the sign of the current is such as to turn the free layer moment away from the
fixed-layer moment, this may destabilize the state in which moments are aligned
parallel, and drive the free layer into some other type of state. In this section,
we wish to discuss the types of dynamics that may result after this instability.

In order to understand the dynamics of the free layer, it is necessary to
take into account not only the spin-transfer torque, but also all of the other
torques that act on the free layer, including the applied magnetic field, magnetic
anisotropies, and damping, and possibly thermal fluctuations. All of these torques
can be modeled together using the Landau–Lifshitz–Gilbert (LLG) equation of
motion [5, 26–29]. For purposes of illustration, we will consider, pictorially, a
particularly simple and symmetric case. We assume that any applied magnetic
field is in the ẑ direction, that the free layer is subject to a purely uniaxial
magnetic anisotropy with easy axis also along ẑ, and that the magnetic moment
of the fixed layer points in the same direction. (A more complicated anisotropy
function will be needed to describe the experimental samples discussed below.)
We also assume that the free layer can always be described as a single-domain
magnet, locked together to act as one large spin. We will initially ignore effects
of non-zero temperature, except that we will assume that the fixed and free
magnetic layers are not exactly aligned at the start.

At some instant, suppose that the free layer moment points at an angle
θ with respect to ẑ. The torques acting on the free layer at that instant are
depicted in Fig. 5.3. The effect of the combined torque from the magnetic field
and magnetic anisotropy is to make the free-layer moment precess about the
ẑ direction. The damping torque, which accounts for energy loss from the free
layer to its environment, points toward the ẑ axis. Therefore in the absence of
any spin-transfer term, the free layer will spiral toward the ẑ axis, eventually
ending up in the lowest-energy configuration pointing along ẑ. In the presence
of the spin-transfer term, there is an additional torque that can point either in
the same direction as the damping torque, or opposite to it, depending on the
sign of the current. For negative currents, by our convention, the spin-transfer
torque simply reinforces the damping torque, making the free-layer relax toward
the ẑ direction faster than it would ordinarily. For small positive currents, the
spin-transfer torque weakens the effective damping, so that the free-layer relaxes
toward ẑ more slowly. A dynamical instability arises at T = 0 only when the spin-
transfer torque is larger in magnitude than the damping torque, so that instead
of relaxing toward ẑ the free layer begins to spiral away from this direction. At
this threshold, the torque from spin transfer can add energy to the free layer, so
that it can move to higher-energy orientations away from θ = 0.

Beyond the point of the instability, the dynamics can take several forms,
depending on the magnitude of the applied field and the detailed angular depen-
dence of the spin-transfer and damping torques. One possibility is that the free
layer will spiral to ever-increasing values of θ all the way to θ = π, where the
free layer can remain in a stable static state antiparallel to the fixed layer. Ex-
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Fig. 5.3. Depiction of the torques acting on a single-domain nanomagnet. The
torque due to an applied magnetic field causes precession. The damping
torque causes the moment to spiral toward the applied-field direction. De-
pending on the sign of the current, the torque due to spin transfer can rein-
force the damping torque, or act in the opposite direction from the damping.

perimentally, this type of simple magnetic spin-transfer-driven magnetic reversal
is observed at low magnetic fields and is under investigation for applications in
magnetic memory devices [11, 12]. The free layer can be controllably switched
back to the parallel configuration by applying a sufficiently large negative cur-
rent.

For other parameter values, it is also possible that the free layer may not
spiral all the way to θ = π, but might reach some state of dynamical equilibrium
at an intermediate angle, where the energy gained from spin transfer and the
energy lost to damping are balanced over each cycle. In this case, the spin-
transfer torque allows a DC applied current to generate steady-state magnetic
precession oscillations at GHz or tens of GHz frequencies. Such dynamical modes
have been observed in a variety of different device geometries [19, 30–32]. In the
simple symmetrical case depicted in Fig. 5.3, the only allowed class of dynamical
mode corresponds to precession of the free-layer moment about the ẑ axis at
constant angle. However, in real devices containing more complicated biaxial
magnetic anisotropies, several different types of dynamical modes are possible,
depending on the strength and direction of the applied magnetic field and the
magnitude of the applied current [19, 32].

The question of whether a dynamically precessing state can be stable or
whether a magnet will simply switch between static states depends very sen-
sitively on the exact angular dependence of the spin-transfer torque and the
damping. Finding ways to calculate [13, 33] and measure these angular varia-
tions is turning out to be one of the primary challenges in this field.

Our simple picture has so far largely ignored the effects of temperature. At
non-zero temperatures, the free-layer moment will also be subject to additional
torques that produce thermal fluctuations in the orientation of the free-layer
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moment. These fluctuations can be particularly important at low magnetic fields,
in the regime where spin-transfer torques cause hysteretic switching. Because
the spin-transfer torque for positive currents can be thought of as producing
a reduced effective magnetic damping, spin transfer can enhance the effect of
thermal fluctuations by reducing the rate at which they relax. Consequently, even
at current levels significantly smaller than needed to produce magnetic switching
at T = 0, in the presence of spin-transfer torque the thermal fluctuations can be
enhanced enough to produce thermally activated magnetic switching [17,20,34].
The effects of thermal fluctuations will be explored in more detail later in this
chapter.

The simple picture has also assumed that the free layer always moves like one
large spin locked together in a single domain, neglecting the possible importance
of shorter-wavelength modes. The extent to which this is accurate is still a matter
of debate [34–37]. The available experimental evidence suggests that the single-
domain assumption gives an accurate representation of the dynamical phase
diagram in many samples, at least for currents comparable to the threshold level
needed to produce magnetic excitations. However, at larger currents there is some
evidence for additional dynamics beyond the single-domain approximation. This
is another issue to which we will return later in this chapter.

5.1.4 Experimental results

5.1.4.1 Device geometries In order to measure the effects of spin-transfer torques,
it is necessary to fabricate devices in which current flow is restricted to a small
diameter. This is true for several reasons. First, the amount of current needed
to excite magnetic excitations using spin transfer scales with the total magnetic
moment of the free layer. By making the free layer a few nm thick and a few
hundreds of nm in diameter, the necessary current scale can be reduced to a mA
or less. Second, it is necessary to utilize small devices in order that the effects
of spin transfer dominate over the effects of the magnetic field that is generated
by the current. The magnetic field produced by the current flowing through a
magnetic multilayer sample tends to generate a different type of reorientation
than the spin-transfer effect (e.g., producing vortex states rather than simple re-
versal) and its effects can also be distinguished from spin transfer by a different
symmetry upon reversing the direction of current flow. For a circular wire, the
current necessary to generate a given magnetic field (e.g., the coercive field of a
magnetic sample) scales linearly with the wire diameter. The current necessary
to generate spin-transfer-induced reorientation scales linearly with the volume of
the free layer, or for a thin-film layer as (diameter)2. Therefore, for a sample with
small enough diameter the spin transfer effect will dominate, because the current
necessary to generate spin-transfer effects will be less than the current required
to produce a magnetic field large enough to reorient the magnet. For cobalt lay-
ers a few nm thick within a pillar geometry, the cross-over diameter has been
measured to be approximately 250 nm [38]. Finally, spin-transfer effects are also
easiest to interpret in devices small enough that the free-layer moment moves as
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Fig. 5.4. Sample geometries used for studying spin-transfer torques.

a single domain, which also typically requires devices close to the 100-nm scale.
Three primary types of magnetic-multilayer devices have been used success-

fully to demonstrate spin-transfer effects (Fig. 5.4). One is the mechanical point
contact device, in which a magnetic multilayer is contacted by a sharp metal
tip to form a contact region on the scale of tens of nm [9, 30]. Lithographically
fabricated point contact devices have also been used to produce a similar device
geometry [11,31]. In both varieties of point contacts, excitations of the magnetic
layers can be generated within a nanoscale region in the vicinity of the contact.
However, because the excited region is connected to a macroscopic magnetic film
in the point contacts, the required current densities are rather large, typically
greater than 109 A/cm2. The third variety of device is the multilayer nanopillar,
in which the free magnetic layer is patterned to a small cross-section so that it
is not exchange-coupled to a larger film. Nanopillar devices have been made by
lithography and ion milling [12, 35], by stencil techniques [39, 40], and by elec-
trodeposition within a cylindrical nanopore [41]. The nanopillar geometry has the
advantages that (a) the current densities required to generate spin-transfer exci-
tations are reduced significantly compared to the point-contact samples, to values
less than 107 A/cm2 [34], (b) the lack of exchange coupling to an extended film
simplifies modeling and thereby enables quantitative tests of theoretical predic-
tions, and (c) the geometry allows improved control over the magnetic anisotropy
properties of the free and fixed layer magnets. We will therefore focus primarily
on data from nanopillars in our discussion.

5.1.4.2 Experimental measurements of spin-transfer-driven magnetic dynamics
The relative orientations of the fixed- and free-layer magnetic moments in the
nanopillar devices can be monitored using the sample resistance. Due to the gi-
ant magnetoresistance effect (GMR) [42], magnetic multilayer samples generally
have the highest resistance for the antiparallel (AP) state and the lowest resis-
tance for the parallel (P) state (assuming that both layers act as spin filters of
the same sign). Typically, the nanopillar devices are fabricated with an approx-
imately elliptical cross-section, so that only the P and AP states are stable in
zero applied magnetic field. Most of the data we will show will be from devices
with elliptical cross-sections approximately 60 nm × 130 nm. Signals from dy-
namical magnetic states can be measured directly by contacting the sample with
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Fig. 5.5. (a) Switching of the magnetic layers in a nanopillar device between
parallel and antiparallel orientations, driven by a magnetic field at 4.2 K.
(b) Switching in the same device, driven by spin-transfer torques from an
applied current at 4.2 K. The current can excite a precessional excitation at
the current ID , prior to full magnetic reversal at IS .

wide-bandwidth electrodes and detecting the microwave signals that are emitted
as the magnets precess under a DC current bias [19]. A microwave signal is gen-
erated naturally, because the relative angle of the two magnetic layers changes
as the free layer undergoes elliptical precession in a thin-film multilayer device
(the circular precession pictured in Fig. 5.3 corresponds to the unphysical case
of pure uniaxial anisotropy), so that by the GMR effect the resistance oscillates
at microwave frequencies. In the presence of a DC current, these resistance oscil-
lations produce an oscillating voltage at microwave signals that can be detected.
The average (low-frequency) resistances dV/dI measured in dynamical states are
found to be intermediate between the P and AP resistances.

Figure 5.5 displays the hysteretic switching of the free layer in a Py (2 nm)/Cu
(6 nm)/Py (20nm) spin-valve nanopillar as driven by a magnetic field applied
in the plane of the sample along the easy axis (Fig. 5.5a) and by a current
(Fig. 5.5b). In both cases the background temperature is 4.2 K. The resistance
trace in Fig. 5.5(a) shows a simple switching of the free-layer moment between
P and AP alignment with the fixed layer, and provides a determination of the
resistance values corresponding to these two states. The hysteresis loop is offset
from zero field in Fig. 5.5(a) because of a magnetic dipole coupling between the
layers. In Fig. 5.5(b) a magnetic field is applied to cancel this dipole coupling
between the magnetic layers, leaving the free-layer subject to zero net magnetic
field. Figure 5.5(b) shows that the current can also be used to switch the magnets
between the same two P and AP states. Starting in the lower-resistance P state,
a sufficiently large positive current causes a jump to the higher-resistance AP
state, achieving the same value of dV/dI as does magnetic field switching once
the current is reduced back to zero. By our sign convention, positive currents cor-
respond to electron flow from the free layer to the fixed layer, the sign of current
predicted within the spin-transfer theory to destabilize the P configuration and
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stabilize the AP one. Once the magnets are in the high-resistance AP configu-
ration, they can be switched back to the P orientation by applying a sufficiently
large negative current, again in agreement with the spin-transfer predictions.
The switching can be identified with the mechanism of the spin-transfer torques,
rather than current-induced magnetic fields, based both on the asymmetry with
respect to the sign of the current and on the fact that in nm-scale devices the
current levels are too small to produce magnetic fields of the magnitude needed
to switch the magnets [11].

It should be noticed in Fig. 5.5(b) that the differential resistance exhibits
small peaks or shoulders starting at the currents I+

D and I−D , prior to the large
jumps in resistance [35]. Based on measurements of microwave-frequency signals
emitted by the device, these features can be associated with the turn-on of a
dynamical state in which the free layer undergoes small-angle precession. At low
temperature, spin transfer excites the free layer into a precessional mode first,
before eventually reversing the moment to reach a final static state antiparallel
to the fixed layer moment. This sequence of transitions is in agreement with
numerical [19, 26, 29] and analytical [43] solutions of the LLG equations that
include a spin-transfer-torque term.

A variety of different dynamical modes are also observed at larger values of
magnetic field, larger than the in-plane coercive field of the free layer [19, 32].
Figure 5.6 shows the progression seen in the resistance traces of a Co (3 nm)/Cu
(10 nm)/Co (40 nm) spin-valve device at room temperature as a function of in-
creasing in-plane magnetic field, along with the microwave spectra measured
at selected values of current for H = 2 kOe. For sufficiently large values of H
applied in plane, the resistance traces no longer display hysteretic switching;
instead, there are non-hysteretic peaks and shoulders in dV/dI . These features
can be associated with the turning-on and turning-off of dynamical modes as
a function of current. The first dynamical mode to appear, in this sample near
I = 2.0 mA, is small-angle precession, with a peak in the microwave signal at the
ferromagnetic resonance frequency. Subsequently, the current can excite modes
with larger tipping angles, corresponding to larger-amplitude microwave signals
with reduced frequencies, before the microwave dynamics eventually cease in this
sample beyond 7.5 mA. At even larger currents, additional microwave signals ap-
pear that can be associated with coupled dynamics of both the free and the fixed
magnetic layers.

We have mentioned above that it is natural for a spin-transfer-driven nano-
magnet to produce microwave signals when it is in the dynamically precessing
regime, because of the GMR oscillations in the presence of a DC bias current.
There are also other possible mechanisms that can lead to the generation of mi-
crowaves, for instance by inductive pickup of the oscillating magnetic field asso-
ciated with the precessing magnet. One way to distinguish between mechanisms
is to study the harmonic content of the microwave signals. In the very symmetric
case that the applied magnetic field, the moment of the fixed layer, and the easy
axis of the free layer are all aligned, then under the influence of spin transfer the
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Fig. 5.6. Left: differential conductance of a nanopillar device for applied mag-
netic fields from 0 Oe to 2.5 kOe, at increments of 0.5 kOe. Right: microwave
power spectra measured at 2 kOe, for selected values of current. The spectra
are offset vertically. Different magnitudes of current excite different types of
dynamical magnetic modes.

free layer should undergo symmetric elliptical precession about the direction of
the fixed moment. For the GMR mechanism one would expect in this case to see
a microwave signal only at integer multiples of twice the precession frequency,
with no signal at the fundamental precession frequency, because the resistance
signal would go through two cycles for each precession period. However, if the
precession axis of the free layer is misaligned from the fixed layer, the GMR
mechanism should also give signals at the fundamental precession frequency. If
the precession orbit stays approximately in-plane, as expected for precession of
a thin-film magnet, then within the GMR mechanism the microwave powers at
the fundamental precession frequency Pf and at the second harmonic P2f should
be related to the misalignment angle θmis and the maximum amplitude of the
precession away from the precession axis θmax according to [19]

Pf =
I2∆R2

maxθ
2
misθ

2
max

32R
, (5.1)

P2f =
I2∆R2

maxθ
4
max

512R
. (5.2)

Here ∆Rmax is the difference in resistance between P and AP configurations
and R is the sample resistance. We have tested these relationships by applying
a 700 Oe external field at 5, 10 and 15 degrees from the easy axis of the free
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Fig. 5.7. Variation of microwave signals as a function of the angle of the applied
magnetic field, for a field magnitude of 700 G, for a sample with an etched free
layer and a continuous (un-etched) fixed layer. (a) The relative magnitudes
of the first and second harmonics are different when the magnetic field is
applied 5, 10, and 15 degrees from the easy axis of the free layer. (b and c)
From the relative magnitude of the harmonics, we calculate the amplitude
of the precessional motion (θmax) and the average angle of misalignment
between the fixed and free layer moments (θmis) using Eqs (5.1) and (5.2).
These measurements demonstrate that the microwave signals originate from
the GMR effect, not inductive signals.

layer in a nanopillar sample with an unpatterned fixed layer so as to induce a
misalignment between the layers. We find good agreement with our expectations
for the GMR mechanism (Fig. 5.7). At fixed current, the microwave power at
the fundamental precession frequency grows monotonically as the misalignment
angle is increased. As a function of increasing current, the formulas can be used
to extract θmis and θmax from the measured powers. The results give values for
θmis that are essentially independent of current, while θmax grows approximately
linearly with current, as expected.

By combining an analysis of low-frequency resistance measurements and the
microwave signals, it is possible to map out the dynamical phase diagram of
the free layer as a function of magnetic field and current. Figure 5.8(a) shows
the 4.2 K phase diagram for the Py (2 nm)/Cu (6n m)/Py (20nm) device used
in Fig. 5.5, and Fig. 5.8(b) displays the room-temperature phase diagram over
a larger range of H and I for the Co (3nm)/Cu (10nm)/Co (40 nm) device of
Fig. 5.6. In the Co/Cu/Co device, the fixed layer was not patterned, which re-
duced the strength of its dipole field acting on the free layer, as compared to the
Py/Cu/Py device. These phase diagrams can be compared to the predictions of
the spin-transfer theories, calculated by numerical solution of the LLG equation.
It is important to take into account that the magnetic anisotropy in these sam-
ples is biaxial, with strong in-plane anisotropy and a weaker easy-axis anisotropy
within the plane, rather than the simplified uniaxial anisotropy assumed in the
introductory discussion near the beginning of this chapter. Figure 5.9 shows the
calculated room-temperature phase diagram corresponding to the sample pa-
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Fig. 5.8. (Top) phase diagram illustrating the different magnetic configura-
tions as a function of current and applied magnetic field for a nanopillar with
a permalloy free layer, at 4.2 K. Regions with two labels indicate hystere-
sis. (Bottom) phase diagram over a larger range of current and field for a
nanopillar sample with a cobalt fixed layer, at room temperature.

rameters of the Co/Cu/Co device, for positive effective magnetic fields applied
to the free layer. The calculated phase diagram is in excellent qualitative agree-
ment with the measurements. The existence and relative positions of the P, AP,
hysteretic, and small-angle precession states are all predicted well. There are dif-
ferences, however, at large currents in the dynamical regime. The large-amplitude
clamshell-type orbits are observed to extend to larger currents in the Co device
than predicted by theory, while a predicted out-of plane orbit is not seen in Co.
Instead, at large current the Co sample displays a mode “W” with resistance
intermediate between the P and AP states but with no observable microwave
signals. Interestingly, recent measurements of the dynamics of smaller-diameter
Py free layers suggest somewhat better agreement with the simulations at high
currents, with the presence of the out-of-plane dynamical mode and no observa-
tion of the peculiar “W” state [44].

When a magnetic field is applied perpendicular to the magnetic layers, rather
than in the plane of the sample, a different set of dynamical modes can be excited.
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Fig. 5.9. Calculated dynamical phase diagram for parameters corresponding to
a single-domain cobalt free layer at room temperature. (Compare to Fig. 5.8.)
The Landau–Lifshitz–Gilbert simulation gives an accurate description of the
existence and relative positions of the parallel, antiparallel, and dynamical
states. However, there are differences at large currents which may indicate
departures from single-domain behavior.

These modes have been analyzed in a level of detail similar to the dynamics for
in-plane field and they have been compared to LLG simulations [32, 45]. The
extent of agreement between the experimental and simulated dynamical phase
diagram is again excellent at low currents, with some deviations at large currents.

The differences between experiments and predictions at large currents might
be associated with the breakdown of the assumption of single-domain dynam-
ics used in the calculations. The amplitude of the measured microwave signals
supports this suggestion. Typically, the microwave power detected at large cur-
rents is 1/6 to 1/2 of the predicted values, which suggests that the free layers
are precessing in a less-uniform fashion than in the single-domain simulations,
or with smaller angles. More realistic simulations that go beyond the single-
domain approximation are under development [29, 46–48]. Analytic calculations
have suggested that short-wavelength (non-uniform) modes may be excited by
spin transfer in addition to the uniform precessional mode [8,49,50]. Non-uniform
excitations due to spin-transfer have in fact been observed clearly in devices con-
taining just a single magnetic layer [11, 51, 52]. One of the unsolved questions
for experimentalists in this field is how to distinguish unambiguously between
single-domain motion and non-uniform excitations in spin-valve devices with two
magnetic layers.
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Thus far we have discussed the spin-transfer excitations from primarily a
qualitative point of view, but we also wish to emphasize that quantitative agree-
ment with predictions is quite satisfactory, as well (at least outside the regime of
large currents). For instance, the calculated value of the T = 0 critical current
required to destabilize the parallel orientation of the free layer in a nanopillar
sample and initiate small-angle precession is, for an in-plane magnetic field and
a fixed-layer moment both aligned with the easy axis of the free layer [12]

I+
D =

αeMV

�g(0)
[2πMeff + Heff ] , (5.3)

where α is the Gilbert damping, e is the electron charge, M is the magnetization
density of the free layer, V is the free-layer volume, Heff is the effective field acting
on the free layer, 4πMeff is the effective demagnetization field (including uniaxial
anisotropies as well as shape anisotropy), and g(0) is an efficiency parameter ≈
.15 [5]. Assuming the values 4πM = 4πMeff ≈ 7.5 kOe for our Py samples, V =
1.2 × 10−17 cm3, and α = 0.01, the equation for the critical current reduces to
I+
D = 0.3 mA + (0.07 mA/kOe)Heff , with total uncertainties in the parameters

amounting to a factor of 2 or 3. The measured low-temperature values for the
corresponding Py free layers are in the range I+

D = (0.35–0.5) mA + [(0.09–0.15)
mA/kOe]Heff , in very good agreement. Also in accord with Eq. (5.3), the critical
current has been measured to scale with the total volume of the free layer [18],
and it is larger for the large-M material Co than it is for smaller-M permalloy.

5.1.4.3 Effects of temperature The effects of temperature on the magnetic dy-
namics driven by spin-transfer torques merit additional discussion, because tem-
perature can alter the dynamics in important ways both for the precessional
regimes and for the process of hysteretic switching.

In the precessional regime, thermal fluctuations set a lower limit on the widths
of the peaks in the microwave spectra (e.g., in Fig. 5.6b). These widths are a quite
different physical quantity than the widths of resonance peaks measured in the
ordinary way by applying a swept-frequency AC drive to an oscillator and moni-
toring the amplitude of the response as a function of drive frequency. In such an
AC measurement, the width of the resonance peak is related to the quality factor
of the oscillator. This is not the case for the spectral peaks driven by DC spin
transfer currents; if the DC-drive spin-transfer measurement could be performed
at T = 0 then each precessional cycle should take the same amount of time, and
the spectral peaks should be delta functions with negligible frequency widths.
Thermal fluctuations cause the precessional periods to differ from cycle to cycle,
and give the peaks in the frequency spectra non-zero widths. A calculation that
treats the consequences of the thermal fluctuations as a random walk pertur-
bation of the precessional orbit predicts that the peak width should scale with
temperature as T 1/2 and as (MV )−1/2 where MV is the total magnetic moment
of the free layer [53]. By decreasing T to 77K and increasing MV using a thicker
free layer (4 nm of Py), we have achieved spectral widths as narrow as 4 MHz for
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a 4.8 GHz mode. Even narrower peaks have been achieved by the NIST group
[54], 2 MHz for a 35 GHz mode at room temperature, by using nanofabricated
point-contact samples in which the free layer is part of an extended thin film.
We believe that the coupling to the extended thin film helps to reduce the effects
of thermal fluctuations beyond what is achieved with patterned free layers.

In the regime of hysteretic switching, thermal fluctuations allow the free
layer to switch at lower average drive currents than are required near T = 0.
As the temperature is raised, the current range over which hysteresis is ob-
served becomes smaller, and it eventually disappears when the free-layer be-
comes superparamagnetic, fluctuating between P and AP alignment at rates
faster than experimental time scales even when the drive current is zero [34].
At non-zero temperatures, if a sample is biased at a current less than the low-
temperature switching current, thermal fluctuations will eventually allow the
sample to switch. For a given bias current, the probability distribution of the
switching times is to good accuracy a single exponential [17,20,34]. At fixed cur-
rent, and for temperatures from above room temperature down to at least 20K,
the logarithm of the average switching rate depends approximately linearly on
1/T , indicating that the switching process is thermally activated [34]. At fixed
temperature, the average switching rate is a very strong function of current.
Therefore, at non-zero temperatures, the way that one should ordinarily view
the action of the spin-transfer torque from a spin-polarized current is that it
modifies the process of thermally activated switching. Near room temperature,
non-thermally activated switching processes can be achieved only by employing
current pulses with sub-nanosecond-scale rise times and with amplitudes greater
than the T = 0 switching currents [20].

The central role of thermal fluctuations in spin-transfer-induced magnetic
switching may at first seem non-intuitive, given our description of the switching
process in the first sections of this chapter. There, the condition for the current
required to generate spin-transfer excitations at T = 0 was explained to be the
current value at which the torque from the spin-transfer effect became stronger
than the torque due to damping, so that the free-layer moment began to spiral
away from the direction of the applied field, instead of relaxing back toward
the low-energy configuration pointing in the field direction. There is no energy
barrier that is mentioned explicitly in this condition, so it may not be obvious
why thermal activation is relevant. However, if one thinks about the process of
magnetic reversal at zero current, for instance reversal achieved by sweeping an
applied magnetic field, in this case there is an energy barrier arising from mag-
netic anisotropy forces that can be overcome by thermal activation. These two
pictures can be reconciled if one thinks about the role of the spin-transfer torque
as being to modify the effective damping that acts on the free-layer moment. If
the current bias is positive, but less than the threshold required at T = 0 to
excite spin-transfer excitations, one can think of the effective damping torque as
being reduced by the spin-transfer contribution to a value less than the natural
I = 0 damping, but not all the way to zero. With less effective damping, the
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free layer moment can undergo fluctuations to larger excursion angles than it
would at I=0, when driven by fluctuating torques of the same strength. There-
fore, at a fixed value of temperature, the spin-transfer torque can enhance the
consequences of thermal fluctuations, and eventually enable a sufficiently large
fluctuation that the free layer can overcome the anisotropy barrier and switch.
In the limit as the temperature goes to zero, this picture reduces to the simple
T = 0 mechanism described near the beginning of this chapter, because in the
absence of thermal fluctuations the condition for the free-layer to climb up and
out of the anisotropy-energy barrier is that the spin-transfer torque must be
greater than the damping torque.

A simple argument that provides quantitative predictions within this theo-
retical framework was presented by Koch, Katine, and Sun [20]. They considered
the case of a free-layer subject to purely uniaxial anisotropy, with the easy axis,
the magnetic field, and the free-layer moment all lying in the ẑ direction. In the
absence of a spin-transfer torque, the magnetic dynamics can be described by
the LLG equation with a Langevin random field term added to model thermal
fluctuations:

1
γ

dm̂

dt
= m̂ ×

[
Heff − α

mγ

dm̂

dt
+
√

αkBTA(t)
]

. (5.4)

Here Heff includes contributions from both the applied field and the anisotropy
field, γ is the gyromagnetic ratio, and A(t) is a random vector that does not
depend on the temperature T . The first term on the right causes precession,
the second term is the intrinsic damping contribution, and the final term is the
Langevin random field. The random-field contribution must have the given form
in order to satisfy the fluctuation-dissipation theorem. The solution to this LLG
equation for small magnetic fields is stochastic magnetic switching, with a rate
for switching from the P to AP configuration that is given by

ΓP→AP ∝ exp[−U0/(kBT )], (5.5)

where U0 is an activation energy. Now, imagine that a current is applied so that
a spin-transfer torque acts on the free layer with the sign so as to destabilize
the P orientation. In the simple geometry that we have assumed, for small-angle
precession the spin-transfer torque will always act in the opposite direction from
the intrinsic damping torque, and will have a magnitude proportional to the
current I, so we can include the effects of the spin-transfer torque by modifying
the second term in the LLG equation:

1
γ

dm̂

dt
= m̂ ×

[
Heff − α(1 − I/ID)

mγ

dm̂

dt
+
√

αkBTA(t)
]

. (5.6)

ID is the T = 0 critical current for spin-transfer excitations. Note that the third
term in the equation is unchanged; the fluctuating fields that drive thermal
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fluctuations are not altered by the current. However, if we define αeff = α(1 −
I/ID), we can rewrite the final term in the LLG equation,

1
γ

dm̂

dt
= m̂ ×

[
Heff − αeff

mγ

dm̂

dt
+

√
αeffkBT

1 − I/ID
A(t)

]
. (5.7)

This equation now has exactly the same form as the original LLG equation but
with a rescaled temperature, so that we can write down immediately that the
solution for the switching rate is the same as for the original equation but with
this rescaled temperature.

ΓP→AP(I) ∝ exp[−U0(1 − I/ID)/(kBT )]. (5.8)

This solution can be understood in terms of either a current-dependent effective
activation energy Ueff = U0(1 − I/ID) [17, 29, 55] or as a current-dependent fic-
titious temperature Teff = T/(1 − I/ID) [20, 55] – these are just different words
to describe the same enhancement of the switching rate brought about by the
spin-transfer torque. The ability to define an effective activation barrier does not
imply that the spin-transfer torque can be represented by a real potential energy;
in fact the Slonczewski expression for the spin-transfer torque is explicitly non-
conservative. If one chooses instead to think in terms of a fictitious temperature,
then it is important to note that Teff remains proportional to the real sample
temperature T . The spin-transfer current merely amplifies the effects of the ex-
isting thermal fluctuations at the true sample temperature. Therefore, within
this theoretical model spin transfer should not be viewed as actually heating the
sample. For a true heating mechanism, one would expect an elevated tempera-
ture that at large current levels should eventually depend only on the current,
and not on the background temperature, so that in a normal heating process the
elevated temperature would not be always proportional to the true temperature.

Although this simple derivation applies only to the case of samples with
uniaxial anisotropy, analytical calculations and numerical modeling within this
theoretical framework for samples with more realistic biaxial anisotropy also
predict to good accuracy that the same result given in Eq. (5.8) should hold
[29, 55].

An alternative model for the temperature dependence of spin-transfer switch-
ing was suggested by Urazhdin [35, 37] and the Lausanne group [36]. They pro-
posed that when the spin polarization of the incident current is opposite to the
moment of the free layer, then above a threshold current spin-flip scattering of
electrons should excite non-uniform magnons, effectively raising the magnetic
temperature of the free layer so as to accelerate switching. The difference from
the model described above is that the dominant effect is assumed to be the
generation of incoherent magnons, not a coherent motion of the free layer as a
single domain. The result is therefore a real heating effect that should depend on
the magnetic configuration; for positive currents in our convention the free layer
should be heated in the parallel orientation but not the antiparallel one, thereby
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Fig. 5.10. (a) Plot of dwell times in the high resistance state (solid symbols)
and the low resistance state (open symbols) as a function of inverse tem-
perature. In this temperature range (160–300K), the switching processes are
thermally activated, and the spin-transfer current changes the effective ac-
tivation energy. (b) Below approximately 15K, the temperature dependence
of the dwell times departs from simple activated behavior due to heating,
but the heating is simply Ohmic and does not depend significantly on the
magnetic configuration. (c) The switching rates as a function of current, tem-
perature, and magnetic field can be collapsed onto one set of curves for the
effective activation energies.

driving the free layer eventually to the antiparallel state. The degree of heating
was argued to be very large, e.g. 400K/mA above a threshold in Ref. [35] and
500K to 1100 K in Ref. [36].

These two different physical pictures have been tested by making detailed
measurements of spin-transfer-driven switching times as a function of tempera-
ture, current, and magnetic field [34]. The results are consistent with the pre-
dictions that treat the spin-transfer torque as modifying an effective activation
barrier for switching, but they are inconsistent with a magnetic-configuration-
dependent heating picture, at least for the low-switching-current samples that
were studied. Figure 5.10(a) shows measured switching times plotted on a log
scale as a function of 1/T for switching from the P to the AP configuration (open
symbols) and AP to P (closed symbols) for a Py (2nm)/Cu (6 nm)/Py (20 nm)
spin-valve sample. The temperature range corresponds to 160–300K. For each
value of current bias, the magnetic field is adjusted until the two switching times
are approximately equal and then the temperature is varied, keeping both the
current and the magnetic field fixed. From the linear dependence of log(τ ) vs.
1/T it is clear that the switching is thermally activated to good accuracy and
depends on the real sample temperature in this range of T . As the magnitude of
the current is increased, the slopes of the lines in Fig. 5.10(a) decrease, indicating
that the effective activation barrier is decreasing. There is no sign of a heating
effect that depends on the magnetic configuration, because no significant differ-



216 D. C. Ralph and R. A. Buhrman

ence is observed between the T dependence of the P → AP and AP → P times.
Heating effects can be seen by going to lower temperatures, less than 20K, and
larger current magnitudes. Figure 5.10(b) displays the switching times measured
between 4.2 and 25K for the same sample, in a regime of large-enough currents
that the transitions are between the parallel state and a dynamically precess-
ing state (D). Only below 20K are heating effects evident, in the deviation from
straight lines and the low-T saturation in the log(τ ) vs. 1/T plots. However, even
when the heating is important, the P → D and D → P times show the same
dependence on temperature – there is no evidence of heating that depends on
the magnetic configuration. The temperature that is observed is consistent with
the expectations for simple Ohmic heating in the devices. By extracting the de-
pendence on magnetic field from the switching rates and taking into account the
measured temperature dependence of the magnetic properties of the free layer,
the dependence of the effective activation barrier on current can be determined
throughout the temperature range from 20 K to room temperature. All of the
measurements collapse nicely onto two lines representing the activation energies
of the two switching processes (Fig. 5.10c) [34]. This demonstrates that the use of
a current-dependent effective activation barrier provides an accurate description
of the switching rates. In accord with calculations that model the spin-transfer
torque as modifying the effective magnetic damping, the activation barriers de-
pend linearly on current in the range of current where transitions originate from
static magnetic states. When switching transitions begin from dynamical states,
the dependence of the effective barrier on current appears to be slightly weaker
than linear, but the transitions remain thermally activated and dependent on
the real sample temperature.

5.1.5 Applications of spin transfer torques

5.1.5.1 Magnetic random access memory The ability of the spin-transfer effect
to produce controllable switching of two magnetic layers back and forth between
a high-resistance antiparallel state and a low-resistance parallel state suggests im-
mediately that spin transfer might be a useful mechanism for writing information
within non-volatile magnetic random access memories. Spin-transfer switching is
already more efficient than the alternative of using current-generated magnetic
fields to control magnetic bits (about 0.3 mA is required for spin transfer [56] vs.
∼ 10mA for field switching). Furthermore, spin-transfer has a number of other
potential advantages relative to field switching: no need to fabricate extra word
and bit lines to generate the magnetic fields; reduced perturbation of neighboring
magnetic elements when writing to one bit in an array; the possibility for contin-
ued scaling of magnetic bit sizes to the lithography limits of silicon processing,
because spin-transfer switching currents can be minimized while independently
maintaining the magnetic-anisotropy barriers required for thermal stability; and
much less demanding device tolerances, because spin-transfer architectures will
not require switching characteristics to be as uniform as field-switching. How-
ever, two main challenges have stood in the way of immediate applications of
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spin transfer in memory technologies. First, all-metal spin-valve devices have low
resistances, 1–10 Ω, much less than the 1–10 kΩ needed to provide reasonable
signal–to–noise when a silicon circuit is used to read the magnetic configuration.
Second, while the critical currents required to produce magnetic switching have
decreased steadily with improvements in device processing, from 5 mA in early
Co devices [12] to approximately 0.3 mA in the best existing Py samples [56],
even smaller critical currents would be desirable. Critical currents of 0.1 mA ca-
pable of switching magnets on the ns time scale would enable control of magnetic
bits using minimum-area silicon CMOS transistors, and could make possible very
dense memory circuits.

A solution to the problem of low resistance has recently been demonstrated.
Spin-transfer switching has now been observed in devices in which the free and
fixed magnetic layers are separated by a low-resistance tunnel barrier, rather
than a metallic layer. Huai et al. achieved switching in tunnel junctions with R
as large as 127Ω with ∆R/R = 5% at room temperature [57]. Fuchs et al. then
demonstrated spin-transfer switching with devices fully in the desired resistance
range, up to 1760 Ω with ∆R/R = 11% at 77K [58]. The magnitudes of the
switching currents in the tunnel junctions are comparable to the values found
in metallic spin valves with similar free layers. This indicates that the efficiency
of a spin-transfer torque applied through a tunnel junction is not significantly
reduced in comparison to metallic spin valves.

The question of how to make further reductions in the magnitude of the
switching currents is the subject of active research by many groups. There exist
several promising strategies that should enable the design goal of 0.1mA to be
reached while still maintaining the thermal stability of the free layer. Some of the
strategies that have been proposed are: (i) increasing the spin-transfer torque by
sandwiching the free magnetic layer between two oppositely directed magnetic
fixed layers [59], (ii) properly controlling the device length-to-width ratio [60],
(iii) controlling the resistivity and the degree of spin-relaxation in the electrodes
[61–63], (iv) using spin transfer and heating together in devices with low-Curie-
point magnets [64], and (v) optimizing materials to reduce the magnetization of
the free layer and the anisotropy (recall Eq. 5.3). One class of potentially promis-
ing materials that may allow greatly-reduced switching currents are ferromag-
netic semiconductors, which have magnetization densities greatly reduced from
typical transition metals. Chiba et al. have recently demonstrated spin-transfer
switching in (Ga,Mn)As devices at current densities of (1.1–2.2)×105 A/cm2,
nearly two orders of magnitude less than in transition-metal devices [65]. How-
ever, (Ga,Mn)As has a Curie point well below room temperature, so that this
particular material is not yet suitable for commercial applications.

5.1.5.2 Spin-transfer-driven microwave sources and oscillators The microwave-
frequency dynamical magnetic modes that can be excited by DC spin-transfer
torques are under investigation for use in high-speed signal processing, as nanoscale
microwave sources, oscillators, and amplifiers. The NIST group has suggested,
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for instance, that precessing spin-transfer devices may be applied as sources and
detectors for wireless chip-to-chip communications [66]. Some of the important
recent developments in developing high-frequency applications are the demon-
stration of frequency tunability over tens of GHz using either current or magnetic
field [19, 31], the demonstration of precessional dynamics in the absence of any
applied magnetic field with exchange-biased devices [67], and the measurement
of precessional signals directly in the time-domain as well as the frequency do-
main [60]. Some of the key issues that remain to be resolved are similar to the
ongoing work in the MRAM devices – e.g., to optimize the devices to achieve
maximum signal levels. In this respect it is significant that spin-transfer-driven
precession has been observed in magnetic tunnel junctions as well as metallic
spin-valve structures [58].

Considerable effort is now also focused on achieving a very well-defined fre-
quency response from the precessing magnets. This work requires the develop-
ment of ways to reduce the frequency widths of the peaks in the microwave
spectra generated by the magnetic precession, and also the elimination of broad
backgrounds that often lie underneath the peaks in these spectra. We have al-
ready discussed strategies to achieve narrow spectral peaks, in the section on
temperature dependence above. The narrowness of the peak widths is limited
by thermal fluctuation effects, and can be improved by increasing the moment
of the free layer or reducing the temperature. The narrowest power spectra re-
ported to date are peaks 2 MHz wide in 35-GHz devices in which the free layer is
exchange-coupled to an extended film [54]. We have not yet discussed the broad
backgrounds that are often found in the microwave spectra of spin-transfer-
driven precessing magnets, but such a background is visible in Fig. 5.6(b) in the
2.6 mA trace. Typically the backgrounds display maximum power near zero fre-
quency, with shapes that correspond roughly to 1/f or Lorentzian distributions.
Time-domain measurements have shown that the backgrounds are associated
with telegraph-type switching between different resistance states, with switch-
ing rates ranging from less than 1 MHz to greater than 1 GHz [68]. Our group
has found in some nanopillar samples that the magnitude of the low-frequency
background is largest for a magnetic field aligned in plane along the easy axis
of the free layer. When the field is tilted, the background is often reduced. We
speculate that the tilted field may break close symmetries between energetically
similar dynamical modes and reduce the likelihood that the system will undergo
thermally activated switching between different orbits [29].

5.1.5.3 Read heads There is one other area of application in which the spin-
transfer effect enters as a nuisance, not as a benefit. In current-perpendicular-
to-the-plane magnetic read heads that are under development for high-density
magnetic disk drives, spin-transfer torques can generate noise and reduce the ef-
fectiveness of the sensor [69–71]. A full understanding of spin-transfer excitations
will be important in order to minimize these harmful effects. One will need to
consider strategies such as increasing the thickness of the free layers to decrease
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their tendency to be excited by spin-polarized currents.

5.2 Electrons in micro- and nanomagnets

We will now change subjects, to address the question of how the transport prop-
erties of magnets change as one reduces their size from macroscopic dimensions
down to the nanometer scale. One should realize, first, that there are many senses
in which the properties of magnets are rather remarkably similar over this huge
range in size. As current passes through a thin film of a metallic ferromagnet
such as Co, only a couple of monolayers thickness can produce a similar degree of
polarization in the resulting current as a magnet centimeters thick [72]. A large
number of single molecules (such as Mn12-acetate) can be viewed as ferromagnets
in very much the same way as bulk magnets. Even individual electronic or nu-
clear spins exhibit precession and relaxation behaviors similar to ferromagnetic
resonance in bulk magnets. However, there are differences. Several simple and im-
portant differences will not be emphasized in this chapter. For instance, there is
the issue of magnetic domains. Most magnetic materials, when made larger than
on the order of a few hundreds of nm, will become subdivided into domains in
which their moments point in different directions, in order to minimize the total
magnetostatic energy at the expense of some cost in exchange and anisotropy
energy. The understanding of such processes is part of the field of micromag-
netics. A very important phenomenon for applications is superparamagnetism.
For a magnet that is sufficiently small, thermal fluctuations can overcome the
magnetic anisotropy barriers holding the magnet’s moment in place, so that its
orientation may fluctuate on time scales shorter than typical experimental scales.
The sample will then exhibit paramagnetic, rather than ferromagnetic proper-
ties. For transition-metal magnets at room temperature, the size scale at which
superparamagnetic effects become important is typically tens of nm. For even
smaller magnets, the increased surface-to-volume ratio together with changes in
electronic bonding for atoms at surfaces as compared to embedded within the
bulk can lead to significant changes in both the average magnetization of the
nanomagnet and the magnetic anisotropy properties, compared to bulk systems.

All of these topics are interesting in their own right, but we will choose to
focus here on properties of magnets that affect electrical transport on small
length scales. We will concentrate primarily on devices in which a magnetic
sample is contacted to two electrodes through tunnel barriers so that electrons
can hop from one electrode, onto the magnet, and then to the second electrode
to generate a current. By varying the applied voltage so as to change the electron
energy, this type of measurement provides a means to probe the electronic density
of states within the magnet. Typically, the devices will also have a gate electrode
with which the energy of the electronic states in the magnetic island can be tuned
relative to the Fermi energy in the source and drain electrodes (see Fig. 5.11),
thus enabling transistor action. This half of the chapter will be organized to
describe new phenomena that emerge on (1) the micron scale, (2) the 3–10 nm
scale, and (3) the molecular scale. The emphasis will be primarily experimental,
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Fig. 5.11. Circuit schematic for a single-electron transistor.

but we also wish to note that there is increasingly active theoretical work related
to this field, with several predictions that have not yet been tested experimentally
[73–80].

5.2.1 Micron-scale magnets and Coulomb blockade

If a metal island within a tunneling device has a diameter of about 1 micron or
smaller, the capacitance C of the island to the outside word is typically a few fF.
This means that the scale of the charging energy required to move even a single
electron onto or off the island, e2/(2C), is on the order of a few tenths of an meV,
or in temperature units a few Kelvin. If the resistance of the tunnel junctions is
sufficiently large to reduce quantum charge fluctuations (R > h/e2 = 25.8 kΩ),
this means that at sufficiently low temperatures and low applied voltages, the
electrons in the electrodes can have too little energy to enter the island. This
means that to a good approximation no current can flow through the island; it
is in the condition of “Coulomb blockade”. However, if the device has a gate
electrode, this can be used to shift the energy imbalance between states with n
and n+1 electrons on the island. If the energies of these states are tuned to be
equal, then there is no energy cost for changing the number of electrons on the
island between these values. At such points, electrons can hop onto the island
from one electrode and hop off to the other, creating a current. On account of
the Coulomb energy, only one excess electron can hop onto the island at a time
(for low temperatures and low source-drain voltages), so this device is known as
a single electron transistor (SET) [81].

Figure 5.12(a) displays conductance oscillations of an SET with an Al island
and Al electrodes at 4.2 K [82]. The darker represents higher values of conduc-
tance. As a function of the gate voltage Vg, the traces display a sequence of
equally spaced conductance peaks, corresponding to the values of Vg where the
n and n+1 electron states are degenerate, then where the n+1 and n+2 elec-
tron states are degenerate, etc. For a device made entirely out of non-magnetic
materials such as Al, these conductance peaks show no dependence on the ap-
plied magnetic field. However, this absence of field dependence changes as soon
as either the island or one or both leads are made from a magnetic material, as
observed first by Ono, Shimada, and Ootuka [82]. Figure 5.12(b) shows the cor-
responding conductance curves for a magnetic Co island with Al electrodes. In
this case, as the applied magnetic field is increased, the conductance peaks shift
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Fig. 5.12. Coulomb oscillations at 4.2 K (a) for a single-electron transistor with
an aluminum island and aluminum source and drain electrodes and (b) for
a cobalt island with aluminum electrodes. For the non-magnetic island, the
Coulomb oscillations are independent of magnetic field, while for the magnetic
cobalt island the oscillations shift with magnetic field. (From Ono, Shimada,
and Ootuka.)

to higher values of gate voltage. This shift represents an increase in the Fermi
energy for the electrons on the magnetic island. For higher magnetic fields, a
greater energy is required to add an electron to the island, an energy that must
be compensated by applying a more positive gate voltage in order to follow along
one peak of the Coulomb-conductance curve.

The magnetic-field dependence of the Coulomb oscillations in the magnetic
SET can be explained qualitatively, but not quantitatively, within a simple
Stoner-model picture of magnetism on the cobalt island [82, 83]. In the Stoner
model, it is assumed that strong exchange interactions in the magnet produce a
splitting between spin-up and spin-down electronic states. In Co, the majority
(spin-up) states have a lower density of states at the Fermi level than the mi-
nority states. As a magnetic field is applied, the energy of the majority states
is decreased and the energy of the minority states is increased, due to the com-
bined effects of the Zeeman energy and a contribution from exchange energy
[83]. As a result, the system can lower its energy by allowing some fraction of
minority spins to flip, enabling them to occupy lower-energy majority states (see
Fig. 5.13). This process of flipping will continue until the majority and minority
bands are filled up to the same energy, the new Fermi energy. In a non-magnetic
material, for which the spin-up and spin-down electrons have the same density
of states at the Fermi level, this process does not cause the Fermi energy to
shift as a function of magnetic field. For every electron in a spin-down state
whose energy is shifted above the original Fermi energy, there is an unoccupied
spin-up state shifted below the original Fermi energy. After the electrons are
redistributed among states, the Fermi energy remains unaltered. However, in a
magnetic material like Co, there is a smaller density of states near the Fermi
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Fig. 5.13. Energy-level diagram illustrating why the Fermi energy will shift
when a magnetic field is applied to a ferromagnetic metal sample.

level for majority electrons than for minority electrons. This means that there is
not sufficient room in spin-up states lowered below the original Fermi energy to
accommodate in all of the electrons in spin-down states that have been pushed
up above the original Fermi level. When the electrons have flipped enough spins
to reach a new equilibrium, the overall Fermi energy must therefore increase with
the magnetic field. This is in agreement with the data shown in Fig. 5.12.

The reason that we say that the Stoner model provides only a qualitative, not
a quantitative, description of the magnetic-field-induced changes in the Coulomb-
blockade oscillations is that there appears to be an additional contribution due
to a spin-dependence in the electronic wavefunctions at the magnetic interface,
that can vary somewhat from sample to sample [84].

SETs can also be made in which the island and the electrodes are all made
out of magnetic materials. These devices exhibit a number of interesting mag-
netoresistance effects, as the relative angle between the various magnetic mo-
ments change. In particular, small higher-order tunneling currents that can be
observed using careful measurements within the Coulomb-blockade regime can
exhibit much larger fractional magnetoresistance changes than the sequential-
tunneling currents that flow once the Coulomb blockade is overcome [82]. If one
makes the Coulomb island and the electrodes from different magnetic materials,
the sign and magnitude of the field-induced shift in the Coulomb oscillations will
depend on the relative polarizations of their densities of states at the Fermi level
[82].

5.2.2 Ferromagnetic nanoparticles

If one studies the same sort of single-electron-transistor device, but shrinks the
size of the metal island down to just a few nm, new sorts of physics become
accessible. In this size range, it becomes possible to resolve experimentally the
individual electrons-in-a-box quantum states inside a metal, and to measure the
energy spectrum of such levels. Our research group has studied the electronic
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Fig. 5.14. Tunneling resonances for a cobalt nanoparticle as a function of mag-
netic field, at approximately 80 mK. The magnetic field is swept negative to
positive on the left, and positive to negative on the right.

states in a variety of different types of metals in this way, and we have observed
that the level spectra in general cannot be described by a simple non-interacting
electron-in-a-box model. In fact, the energy levels are affected by all the different
types of forces and interactions that influence the electronic structure in metals,
and therefore they provide a means to understand these interactions at a very
fundamental level [85].

In this section, we will explore the basic question, “What is the true nature
of the quantum states inside a small ferromagnet?” We will see that the answer
to this question is not straightforward, and a more sophisticated approach is
required than the simple Stoner-type models that we considered above. In par-
ticular, it will be necessary to understand not only the effects of strong exchange
interactions but also spin-orbit coupling – physics that is not taken into account
in the Stoner model [86, 87].

The lowest-energy states in the tunneling spectrum from a Co nanoparticle
attached to Al electrodes is shown in Fig. 5.14, for an applied magnetic field
swept both (a) from negative to positive and (b) from positive to negative, at
a temperature of ∼ 80 mK [87]. The intensity scale in the figure represents the
measured value of dI/dV , due to tunneling via the discrete states on the particle.
Black represents dI/dV = 0 and white a large conductance. The magnetic fields
(H) shown in Fig. 5.14 are in the range for which the field acts to reorient
and reverse the particle’s magnetic moment. Consider first Fig. 5.14(a). At large
negative fields, where the moment of the nanoparticle should be aligned with the
direction of the magnetic field, a number of different resonances can be seen. As
H is swept toward zero and the moment in the nanoparticle relaxes toward some
easy-axis direction, the levels shift and can cross. Each level displays a different
behavior as a function of H . Near zero field, there is a glitch in the data. This
is due to a transition in the Al electrodes from normal to superconducting and
back to normal again as the field is swept through zero. The tunneling resonances
all simply shift in energy by an amount equal to the superconducting gap in the
electrodes; there is no underlying discontinuity here for the energy levels inside
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Fig. 5.15. Tunneling resonances for the same cobalt nanoparticle as in Fig. 5.14,
for a larger range of magnetic field. The field is swept negative to positive.

the Co. However, at approximately H = 120mT in Fig. 5.14(a), there is another
discontinuity in all the resonances. This discontinuity we can associate with the
magnetic reversal of the Co particle, because if the field is swept in the opposite
direction then it exhibits magnetic hysteresis – it is observed at the opposite
sign of H (Fig. 5.14b). At this reversal transition, some levels jump up in energy
and some jump down. For fields beyond the transition, the tunneling spectra are
symmetric about H = 0.

The dependence of the tunneling spectra on larger values of magnetic fields
is shown in Fig. 5.15, for H swept from negative to positive values. Between the
reversal field at 120 mT and about 1 tesla, each of the levels continues to exhibit
a strongly non-monotonic but continuous dependence on H . Beyond about 1
tesla, the character of the H dependence changes, with each resonance moving
approximately linearly. All of the observed resonances move with a positive slope,
and for all but one of the levels this slope has approximately the same value.
Only the level with energy near 1.2 meV at large H shifts more slowly, with a
slope that is positive but close to zero. The values of the slope correspond to
g-factors for Zeeman splitting between 0.06 and 1.1. The fact that the g-factors
are reduced below 2 indicates that the resonances are not purely spin up or spin
down, but are mixed by spin-orbit scattering [85].

Some features of these observations can be understood within simple models,
while some cannot. Within any model of magnetism, one expects the existence
of a strong exchange field, so that the energies of spin-up and spin-down states
should be different even in the absence of an applied magnetic field. This is
true in the data – there is no indication of a degeneracy between spin-up and
spin-down levels at H = 0 that undergoes Zeeman splitting when H is applied,
as is seen universally in non-magnetic nanoparticles [85]. It is also natural that
the levels in the nanoparticle might change energy as the magnetic moment of
the nanoparticle reorients and reverses. However, the mechanism behind this be-
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havior is not what one might expect. Within a Stoner-type model, one might
anticipate that the rotation of the nanoparticle’s moment could lead to a change
in the effective magnetic field acting on the electrons, because the demagnetiza-
tion field will change as the moment rotates within a non-spherical nanoparticle.
If this were the mechanism, then the same effective field would act on every elec-
tronic state and there should be at most two classes of energy-level trajectories
as a function of H – one for spin-up and one for spin-down. Furthermore, any
non-monotonic dependence on H should cease soon after the reversal field (120
mT), as the moment becomes aligned with H . Instead, what is observed in the
data is that every resonance appears to have a different dependence on H at
low field, and the non-monotonic shifts continue until H is approximately eight
times the switching field. The magnitude of the changes in energy at low H is
also surprisingly large. The maximum change in demagnetization field should be
no greater than the intrinsic magnetization of Co – about 1.6 T. Instead, the
energy shifts at low H can be considerably larger than the changes induced by
an external field of over 8 T (Fig. 5.15). One must conclude for all these reasons
that a mechanism other than a changing demagnetization field is required to
explain the low-field changes in the energy levels as a function of H .

The high-field data exhibit additional unexpected phenomena. Within the
Stoner model, level shifts at large H should be entirely due to the Zeeman spin
energy and there should be two classes of states observed, again for spin-up
and spin-down. Depending on whether the tunneling spectrum corresponds to
an electron being added to or subtracted from the nanoparticle (something that
is not known independently for this ungated sample), the spin-down (minority
spin) electrons that are expected to be more numerous near the Fermi energy
could move either up or down in energy as a function of H . However, the expected
polarization of the density of states near the Fermi level in Co is only ≈ 40%,
so that there should be at most about 2.3 spin-down states for every spin-up.
It is therefore odd within the Stoner model how every one of the energy levels
in Fig. 5.15 has a positive slope as a function of H , and twelve of the thirteen
levels visible exhibit approximately the same value for this slope.

If one simply counts the levels in either Fig. 5.14 or Fig. 5.15, there is one
more surprise. The mean energy spacing between resonances is less than 0.2 meV,
a value which is similar for all the Co nanoparticles that we have measured. How-
ever, from measurements on ensembles of nanoparticles made by our fabrication
recipe, we expect that the particle diameters should range from 1–4 nm, and con-
sequently that the spacing between the electron-in-a-box energy levels should be
much larger, between 1 and 40 meV. The most likely explanation for the very
small energy scale that we observe appears to be that magnetic particles have
low-energy collective electronic excitations – spin waves – in addition to simple
electron-hole excitations. These collective excitations appear to be mixing into
the tunneling measurement. One mechanism by which this might happen is a
non-equilibrium effect [87]. If spin waves are generated by the process of current
flow, and they have lifetimes longer than the time between electron tunneling
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events, then the presence of a spin-wave excitation on the island can shift the en-
ergy required for an electron to tunnel into the lowest-energy electronic state. If
it is possible to excite an ensemble of different spin-wave states, then each might
produce a different shift, so that a single electronic orbital level might appear in
the tunneling measurement at an ensemble of different energies. This mechanism
has the capability to explain both the multiplicity of tunneling resonances ob-
served at low energy and their similar dependence on H at large fields, because
the different tunneling resonances observed might all originate from the same
orbital state. Measurements of tunneling spectra as a function of gate voltage in
different samples have confirmed that such non-equilibrium processes are active
in Co nanoparticles [87].

Two main theoretical approaches have been pursued in trying to explain these
experiments. Both extend beyond a simple Stoner model by incorporating effects
of spin-orbit interactions that give rise to magnetic anisotropy, in addition to the
exchange interactions that enable ferromagnetism. With spin-orbit interactions
included, one can easily obtain larger changes in the level energies as the magnetic
moment of the nanoparticle rotates than are expected purely from the changing
demagnetization field of the nanoparticle. One theoretical approach is to use an
effective spin Hamiltonian [88–90]. This picture disposes of the single-electron
point of view at the heart of the Stoner model, and assumes from the beginning
that one should calculate the tunneling energies as the energy difference between
the true many-electron quantum states before and after the tunneling event. In
the presence of strong exchange interactions, the energy required to produce
excitations that change the total spin from its preferred value should be very
large [88], so for purposes of calculating low-energy excitations only the states
in the lowest-energy total-spin multiplets need be considered. After including
in the Hamiltonian terms for the kinetic, exchange, and Zeeman energies, and a
phenomenological term to include spin-orbit-induced anisotropy in a simple way,
it is possible to diagonalize the model Hamiltonian within the lowest-energy spin-
multiplet for both n and n+1 electrons, and then take the difference to model
the tunneling energies. If the same strength of anisotropy energy per spin is
assumed for both the n and n+1-electron states, then the results do not look
much like the data. The predicted energies do not have a strongly non-monotonic
dependence on H and the jumps in energy at the magnetic-reversal field are too
small [87, 90]. However, if the anisotropy energy per unit spin is allowed to be
different for the different charge states, by on order 1–3%, qualitatively much
better agreement with the measured H dependence of the energy levels can be
found [87, 90]. This degree of fluctuation is rather surprising – a 4-nm-diameter
Co nanoparticle contains approximately 1000 conduction electrons, and we are
saying that adding one electron might change the total anisotropy energy of the
system by 3%.

The second theoretical approach is more numerical – to calculate the quantum
states of a magnetic nanoparticle using a tight-binding Hamiltonian that includes
exchange interactions and a realistic microscopic accounting of spin-orbit inter-
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actions [91]. This approach is able to provide a qualitatively good explanation
for the measured H dependence of the ferromagnetic energy levels, as well. The
calculation finds that each electron orbital experiences a different contribution to
its energy from spin-orbit interactions. The contribution may be either positive
or negative, so that the average shift is smaller by generally a factor of 100 than
the absolute value of the typical shift for an individual orbital. Under these con-
ditions, the change in occupation of one orbital can produce a sizable change in
the total anisotropy energy of the entire magnetic nanoparticle. The conclusion
is that changes on the order of a few percent that are needed to explain the
measurements within the effective spin Hamiltonian are quite reasonable.

In summary, at this time many features of the experimental tunneling spectra
for the ferromagnetic nanoparticles can be explained qualitatively by considering
the combined effects of magnetic exchange and anisotropy forces, but there is no
overall theory that provides a good account of all the experimental observations
in one framework. What appears to be needed is to develop theoretical tech-
niques that combine the ability of the effective-spin models to include effects due
to collective excitations and non-equilibrium effects together with the capacity of
the numerical models to account realistically for spin-orbit interactions. Cehovin,
Canali, and MacDonald have performed recent work in this direction by consider-
ing the quasiparticle and collective excitations in a more unified framework, and
have found that these excitations can be strongly coupled in small ferromagnetic
particles, so that the distinction between them blurs [92]. However, additional
work will still be necessary to achieve a fully satisfactory understanding of the
quantum-mechanical states inside small metallic ferromagnets.

5.2.3 Magnetic molecules and the Kondo effect

The ultimate limit for exploring small-scale magnetism is to conduct experiments
with single spin moments. This limit is now becoming realizable in experiments
on unpaired electrons in both semiconductor quantum dots [93, 94] and sin-
gle molecules [95, 96]. We will focus in this last section on recent results from
molecules. Part of the interest in this subject comes from demonstrations that by
controlling the form of chemical bonds in single molecules, one can control the
magnitude of the total spin in the ground state, from S = 0 and 1/2, to greater
than S=10. Such molecules may therefore serve as a simpler model system than
nanoparticles for probing the formation of the ferromagnetic state and the mi-
croscopic basis of magnetic anisotropy. (In the magnetic nanoparticles discussed
above, the total spin is approximately 1000.) The primary way in which single-
molecule magnets have been studied before now is to assemble them into crystals
and then apply bulk methods such as SQUID susceptibility, neutron scattering,
and ESR. Electrical-transport techniques for probing the energy levels in single
molecules have been developed very recently, and at this stage they are still quite
crude. Thus far, the first measurements have been published only for spin-0 and
spin-1/2 molecules [95, 96, 98], and preliminary experiments are underway on
Mn12-acetate, with spin 10 [99]. However, if the techniques continue to develop,
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they should provide a valuable new form of spectroscopy. Already they allow
tests of some theoretical predictions (e.g., the properties of quantum levels cou-
pled to ferromagnetic electrodes) that are not easily explored using conventional
quantum dots.

The primary challenge in making electrical measurements on single molecules
is that most molecules are, of course, small. A way must be found to position
metallic source and drain electrodes just 1–2 nm apart, with a molecule spanning
the gap. This small size scale is not within the resolution of existing lithographic
techniques, so a trick is required. Thus far, three experimental techniques have
provided useful solutions to this problem: scanning probe microscopy [100], me-
chanically controlled break junctions [101], and junctions formed by electromi-
gration [102]. We will emphasize results from the electromigration technique, be-
cause it has been the primary method used to probe spin properties of molecules,
and of the three techniques it is the only one so far to allow the use of a gate
electrode for tuning the molecular energy levels.

To make single-molecule devices by the electromigration technique, one starts
by depositing on a substrate a thin wire of metal, about 100 nm or less in width.
The first devices used Au, but Pt, Ni, and other metals have now also been
employed successfully. The process of electromigration consists simply in ramping
an applied voltage across the ends of the wire. At sufficiently large voltages,
atoms can be excited to move about on the surface of the wire or along grain
boundaries, forming weak spots. There, the current becomes more concentrated,
exciting more atoms to move, and the wire can be made to narrow progressively
until, eventually, it breaks completely (typically near 500mV bias). If this is done
carefully at low temperatures, the width of the gap between the two broken ends
of the wire can be made reproducibly in the range of 1-2 nm, as determined from
the residual tunneling conductance measured across the gap after the breaking
process is done. A gate electrode can be included in the device simply by using a
conducting substrate (Si, or even better Al) separated from the broken electrodes
by an insulating oxide.

A molecule can be incorporated into the gap in either one of two ways. The
conceptually simpler way is to introduce a dilute drop of solution containing
the desired molecules after the electromigration is done, allow some time for the
molecules to become attached, and then blow dry the solution. This works. How-
ever, we find that we achieve a better percentage yield of devices with molecules
spanning the gap (about a 5–10% success rate) if we deposit the molecules on the
unbroken metal wire before electromigration, and then break the wire with the
molecules present. The reason why this gives an improved yield is not known. Per-
haps molecules are attracted to the high-field-gradient region in the gap while
electromigration is taking place, or perhaps the molecules attach themselves
firmly to the electrodes before electromigration and then the wire breaks under-
neath them, leaving them in a position to bridge the opening. Of course, there
is a worry that if the molecules are present during electromigration, then they
might be damaged by this process. For this reason, it is important to perform
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Fig. 5.16. Diagrams of cobalt coordination complexes used for making sin-
gle-molecule transistors.

careful control experiments, to make sure that one is not making measurements
on random chunks of carbonaceous residue created by the electromigration at
the bottom of the cryostat. One of the most important controls is that different
types of molecules exhibit different transport properties, as described below.

The first molecular-scale transistors achieved with the electromigration tech-
nique were C60 transistors, made by Hongkun Park and collaborators in the
group of Paul McEuen [103]. However, we first wish to discuss devices made
with a different type of molecule, a transition metal complex consisting of one Co
atom bound to terpyridine-derived organic “linker arms” terminating in a sulfur
atom that can bind to gold (Fig. 5.16) [95]. This molecule has the advantage that
the organic linkers can be synthesized with different lengths, thereby providing
control over the electrical resistance of the molecule. This particular coordination
complex was selected because it is known through electrochemical measurements
in solution to require a small energy cost (on the order of 0.1–0.2 eV) to change
the charge state of the Co atom from 2+ to 3+. This provides hope that the
same transition might be accessible at low temperatures when the molecule is
bound to electrodes, so that the molecule can act like a single-electron transistor.
In the case of the molecule, the “island” containing low-energy states through
which the electron can tunnel is a single atom, rather than 1000 or more atoms
as in the larger devices discussed above, but the principle of operation should be
the same.

Figure 5.17 displays the I-V curves for a device made with the longer Co
molecule, in which an alkyl chain with five carbon atoms is placed between the
terpyridine group and the sulfur atom in each linker arm [95]. The device ex-
hibits Coulomb-blockade characteristics. At fixed gate voltage, the current is
essentially zero at low voltage, increasing to non-negligible values only above
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Fig. 5.17. Coulomb-blockade curves at approximately 100 mK, measured at
different values of gate voltage, for a transistor made from a single molecule
of the longer Co-containing molecule.

certain threshold voltages for positive and negative bias. These thresholds can
be changed by varying the gate voltage, and for a particular value of Vg the
conductance thresholds can be tuned to zero, meaning that the charge states in-
volved in tunneling are degenerate. The primary way in which these curves differ
from the Coulomb-blockade curves for metal nanoparticles is that the maximum
Coulomb blockade energy is much larger. Because the devices become unstable at
large source-drain voltages, we cannot actually measure the maximum Coulomb
blockade energy, but we can determine a lower bound – that it is greater than
150 meV. The true charging scale is probably on the order of atomic energies,
in the eV range. We find that every device requires a different gate voltage to
tune the Coulomb blockade to the degeneracy point even when they are made
from the same molecules, presumably because each molecule experiences a dif-
ferent electrostatic environment. However these differences mean that as long as
measurements are taken at gate voltages near the degeneracy point, then current
flow can occur only via a single quantum state on one molecule, even if more
than one molecule bridges between the two electrodes. A close examination of the
conductance through the molecule at low temperature shows tunneling through
excited quantum states which produce resonances at energies offset by a fixed
amount from the Coulomb-blockade threshold. These resonances are most likely
due to vibration-assisted tunneling involving normal modes of the molecule, as
first discussed in connection with C60 [103] and demonstrated persuasively with
the mass-spring-mass molecule C140 [104].

We mentioned previously that it is crucial to conduct control experiments to
ensure that the measured properties are due to the molecule under study, and
not some other process. We have conducted controls using the same fabrication
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Fig. 5.18. Differential conductance vs. source-drain voltage at 1.5 K, for a
molecular device made from the shorter Co-containing molecule. Instead of
Coulomb blockade, the sample exhibits a peak at V =0 that can be identified
with the Kondo effect.

technique, but with no molecules, with just the Co ions but no linker arms, and
with just the organic linker arms but with no Co atoms. In none of these cases
did we observe Coulomb-blockade characteristics like the one shown in Fig. 5.17.
The excitation energies that we associate with molecular vibrations can also in
some cases be identified with the particular molecule under study (for example,
the 11-meV stretching mode of C140 [104]).

Another very important test is to change the structure of the molecule and
investigate how this modifies the measured transport properties. Figure 5.18
shows dI/dV vs. V for the shorter Co-containing molecule, in which the high-
resistance alkly chains connecting the terpyridine groups to the sulfur bonding
atom have been removed [95]. Instead of exhibiting zero current near V = 0
due to the Coulomb blockade, the conductance of this device contains a peak at
V = 0. The amplitude of the peak can be nearly as large as 2e2/h, the maximum
conductance possible through one quantum state. To explain the physics behind
this peak, it is important to note that the Co2+ electronic ground state contains
an unpaired spin-1/2 electron and is therefore magnetic. When this state is cou-
pled strongly, through low-resistance molecular bonds, to the gold electrodes,
the result is the Kondo effect – a correlated electronic state forms involving the
unpaired spin on the molecule and the electrons in the electrodes that enables
a coherent transport of charge transfer through the molecule [105]. The conse-
quences of the Kondo effect have been studied in detail recently using semicon-
ductor quantum dots [106, 107] and carbon nanotubes [108, 109]. The signature
of the effect is that this coherence requires low applied voltages, low tempera-
tures, and low magnetic fields, or else it is disrupted. The requirement for low
V is the reason that the Kondo effect produces a sharp peak in the conductance
centered at low V . The dependence on temperature and magnetic field for this
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Fig. 5.19. Temperature and magnetic-field dependence of the peak in dI/dV
for a device made from the shorter Co-containing molecule. The data exhibit
the signatures of the Kondo effect.

sample are shown in Fig. 5.19. We observe characteristic Kondo temperatures
for this molecule that range from less than 1 K to greater than 50 K, presumably
depending on the precise nature of the coupling between the molecule and the
electrodes. The form of the magnetic-field dependence is a splitting that can be
explained by the Zeeman splitting of the spin-up and spin-down quantum states
associated with the unpaired electron. Similar observations of the Kondo effect
have been made in devices containing a di-vanadium molecule by the group of
Hongkun Park [96].

We close with one example of a magnetic effect that can be studied more
easily using a molecular system than by using more conventional quantum dots
– the coupling of a Kondo center to magnetic electrodes [97]. With semicon-
ductor quantum dots, it has not yet proved possible to achieve strong coupling
between the dot and a ferromagnetic electrode. However, with a molecular sys-
tem, it is straightforward to use nickel electrodes, in place of gold, and to observe
the consequences on the Kondo effect. Figure 5.20 shows dI/dV as a function
of both V and the applied magnetic field H for a C60 molecule with Ni elec-
trodes [97]. C60, if it happens to be sufficiently strongly coupled to magnetic
electrodes, can exhibit the Kondo effect in the same way as the Co-containing
molecule. The Kondo effect with non-magnetic electrodes takes the same form
shown in Fig. 5.18, a single peak in dI/dV centered at V = 0. However, in the
presence of Ni electrodes, the Kondo peak is split, as if there were a magnetic
field. Moreover, the degree of splitting depends sensitively on the relative ori-
entation of the magnetic moment in the two Ni electrodes. As a magnetic field
is swept to turn the magnets from a parallel alignment to approximately an
antiparallel alignment, back to a parallel alignment again, the splitting shown
in Fig. 5.20 changes from 16 mV, to a minimum of 7.6 mV, and back to 16mV
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Fig. 5.20. (In gray-scale) differential conductance vs. source-drain voltage and
magnetic field for a single-molecule device consisting of a C60 molecule be-
tween magnetic Ni electrodes, at 1.5 K. The field is swept from negative to
positive, and the relative orientation of the electrodes switches from paral-
lel to antiparallel and then back to parallel again. (Line graphs) differen-
tial conductance versus source-drain voltage when the magnetic electrodes
are parallel (top) and approximately antiparallel (bottom), showing how the
magnitude of the splitting depends on the magnetic configuration.

again. The splitting is much too large to be explained by a real magnetic field.
A splitting of 16mV would correspond to a magnetic field of approximately 70
tesla, much larger than the maximum local filed of about 0.6 tesla that could be
generated by the intrinsic magnetization of Ni. However, the splitting is in very
good accord with predictions of an effective exchange interaction between the
quantum levels on the dot and the polarized density of electronic states in the
electrodes [110, 111]. In this theory, charge fluctuations between the quantum
dot and the electrodes renormalize differently the energies of the spin-up and
spin-down states on the molecule, so they become split as they would in a mag-
netic field. In agreement with the theory, the size of the splitting is on the scale
of the lifetime broadening of the molecular levels, and it is greater for parallel
electrodes than for antiparallel because in the parallel case the effective exchange
interaction with the two electrodes add together, while in the antiparallel case
they have opposite signs.



234 D. C. Ralph and R. A. Buhrman

References

[1] L. Berger, J. Appl. Phys. 55, 1954 (1984).
[2] P. P. Freitas and L. Berger, J. Appl. Phys. 57, 1266 (1985).
[3] C.-Y. Hung and L. Berger, J. Appl. Phys. 63, 4276 (1988).
[4] J. C. Slonczewski, Phys. Rev. B 39, 6995 (1989).
[5] J. C. Slonczewski, J. Magn. Magn. Mater. 159, L1 (1996).
[6] L. Berger, Phys. Rev. B 54, 9353 (1996).
[7] R. N. Louie, Ph.D. dissertation, Cornell University (1997).
[8] Y. B. Bazaliy, B. A. Jones, and S.-C. Zhang, Phys. Rev. B 57, R3213 (1998).
[9] M. Tsoi, A. G. M. Jansen, J. Bass, W.-C. Chiang, M. Seck, V. Tsoi, and P.

Wyder, Phys. Rev. Lett. 80, 4281 (1998); erratum, ibid. 81, 493 (1998).
[10] J. Z. Sun, J. Magn. Magn. Mater. 202, 157 (1999).
[11] E. B. Myers, D. C. Ralph, J. A. Katine, R. N. Louie, and R. A. Buhrman,

Science 285, 867 (1999).
[12] J. A. Katine, F. J. Albert, R. A. Buhrman, E. B. Myers, and D. C. Ralph,

Phys. Rev. Lett. 84, 3149 (2000).
[13] J. C. Slonczewski, J. Magn. Magn. Mater. 247, 324 (2002).
[14] M. D. Stiles and A. Zangwill, Phys. Rev. B 66, 014407 (2002).
[15] X. Waintal, E. B. Myers, P. W. Brouwer, and D. C. Ralph, Phys. Rev. B 62,

12317 (2000).
[16] K. Xia, P. J. Kelly, G. E. W. Bauer, A. Brataas, and I. Turek, Phys. Rev. B

65, 220401 (2002).
[17] E. B. Myers, F. J. Albert, J. C. Sankey, E. Bonet, R. A. Buhrman, and D. C.

Ralph, Phys. Rev. Lett. 89, 196801 (2002)
[18] F. J. Albert, N. C. Emley, E. B. Myers, D. C. Ralph, and R. A. Buhrman, Phys.

Rev. Lett. 89, 226802 (2002).
[19] S. I. Kiselev, J. C. Sankey, I. N. Krivorotov, N. C. Emley, R. J. Schoelkopf, R.

A. Buhrman, and D. C. Ralph, Nature 425, 380 (2003).
[20] R. H. Koch, J. A. Katine, and J. Z. Sun, Phys. Rev. Lett. 92, 088302 (2004).
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6 Tunnel spin injectors

Xin Jiang and Stuart Parkin

6.1 Introduction

The manipulation of spin polarized current in metallic magnetic nanostructures,
which gives rise to the phenomenon of giant magnetoresistance [1–8], has had
a huge impact on the storage of digital information in recent years [9, 10]. The
magnetic engineering of magnetic nanostructures, atomic layer by atomic layer,
allowed for the development of the spin-valve sensor which is a highly sensitive
detector of small magnetic fields, operating at room temperature and above [9].
Such sensors can detect much tinier quantities of magnetic material, in the form
of magnetized regions within a magnetic film, than was previously possible and
so enabled the storage capacity of hard disk drives to increase by more than
four hundred-fold in a six year time frame after the introduction of spin-valve
magnetic recording read head sensors into the marketplace in late 1997 by IBM.
Notwithstanding the remarkable impact of the spin-valve sensor, its sensitivity
as measured by its magnetoresistance has hardly changed in the past decade and
a half since its invention (see Fig. 6.1).

The most important ingredients to build useful spin-valve devices, namely
the use of ultrathin ferromagnetic layers comprised of cobalt or cobalt alloys
sandwiched around non-magnetic spacer layers of copper [11], the importance of
spin-dependent interface scattering and the consequent engineering of interfaces
in spin-valve structures [12], and the use of oscillatory interlayer coupling to cre-
ate artificial antiferromagnetic structures [13,14], were realized more than fifteen
years ago [9]. The limited magnetoresistance [12, 15, 16] displayed by spin-valve
structures arises from the dilution of the polarized current in metallic structures
by unpolarized electrons, for example, those in the non-magnetic spacer layers.
By contrast, much more highly spin-polarized currents can be generated by ex-
tracting electrons from the surface of ferromagnetic or ferrimagnetic materials
through vacuum, for example by applying electric fields in scanning tunneling
microscopes [17] or by photo-exciting electrons in photoemission studies [18], or
through tunnel barriers comprised of ultrathin insulating layers in solid state
tunneling junction devices. The latter subject is the primary focus of this chap-
ter.

In recent years there has been renewed interest in the phenomenon of spin-
dependent tunneling particularly with regard to the property of tunneling mag-
netoresistance (TMR) exhibited by magnetic tunnel junctions (MTJs). As will
be discussed in this chapter tunneling magnetoresistance is related to the de-
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Fig. 6.1. (a) Evolution of the magnetoresistance of metallic exchange biased
spin-valve sandwiches and magnetic tunnel junctions. (b) Evolution of the
magnetoresistance of magnetic tunnel junctions with alumina and MgO tun-
nel barriers showing both publicly announced results and the first giant TMR
results obtained for MTJs with MgO tunnel barriers by Parkin et al. at the
IBM Almaden Research Center beginning in July 2001 which were only pub-
lished several years later in December 2004.

gree of spin polarization of the tunneling current flowing through such devices.
Although, for many years, tunneling spin polarization (TSP) was regarded as a
unique property of a particular magnetic metal, it has more recently been appre-
ciated that the spin polarization of the tunneling current is strongly influenced by
chemical bond- and spin-dependent tunneling matrix elements and spin-filtering
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effects and thus is dependent on the detailed structure and morphology of the
tunneling barrier and its interface with the magnetic material. This understand-
ing has resulted in a rapid evolution of the magnitude of the room temperature
tunneling spin polarization and tunneling magnetoresistance exhibited by de-
vices with conventional 3d transition metal ferromagnetic electrodes in the past
decade (see Fig. 6.1).

6.2 Magnetic tunnel junctions

A magnetic tunneling junction (MTJ) is comprised of a sandwich of two thin
ferromagnetic or ferrimagnetic (F) layers separated by an ultrathin insulating
layer [9,19–23]. The most useful structures for studying the physics of tunneling
or for technological applications are those in which the direction of the magneti-
zation of each of the magnetic electrodes can be independently set. This is most
simply accomplished using the magnetic engineering techniques developed for
spin-valves [9]. In particular, one of the magnetic electrodes is coupled to a layer
of an antiferromagnetic (AF) metal: for spin-valve structures, where the current
flows in the plane of the device, it is preferred that the antiferromagnetic layer
be non-conducting to reduce shunting of the electrical sense current through this
layer, but for tunneling structures the AF layer must usually be conducting. The
AF layer provides an exchange bias field [24, 25] at the interface with the fer-
romagnetic layer, most likely resulting from uncompensated magnetic moments
at the AF/F interface [26–28]. The direction of the exchange bias field is set
by cooling the AF/F bilayer in a magnetic field, sufficiently large to orient the
F layer’s moment, from above the blocking temperature of the AF layer. The
blocking temperature is the temperature at which the AF domains are free to
rotate and is typically lower than the AF Néel temperature.

Typical resistance versus field curves for an exchange biased MTJ are shown
in Fig. 6.2. This MTJ has a tunnel barrier formed from amorphous alumina and
magnetic electrodes formed from a crystalline Co70Fe30 layer, exchange biased
with Ir22Mn78 (lower electrode-moment direction shown by the gray arrow) and
an amorphous layer of (Co70Fe30)85Zr15 (upper counter-electrode-moment direc-
tion shown by the dark arrow). The CoFeZr layer is magnetically very soft so
that its moment can be switched between a direction parallel to the reference
electrode, when the resistance of the device RP is low, to a direction antiparallel
to the reference electrode when the resistance RAP is high, in small magnetic
fields as low as a few Oersted. Indeed the TMR exhibited by this device is
∼ 66% at room temperature and about 120% at 5K. The TMR is defined as
TMR = (RAP − RP)/RP. The highest TMR values at room temperature using
alumina tunnel barriers have, to date, been obtained using CoFeB electrodes
[29]. These structures exhibit TMR values of ∼ 70%.

Co-Fe alloys can be made amorphous by adding various glass-forming ele-
ments, typically significantly smaller or larger atoms, such as B, Si, Hf and Zr or
the rare-earth elements [30]. Interestingly, and perhaps surprisingly, the amor-
phization of ferromagnetic electrodes formed from Co-Fe results in higher tunnel



242 X. Jiang and S. S. P. Parkin

-1000 -750 -500 -250 0 250 500

0

10

20

30

40

50

60

70

-100 -50 0 50 100

0

10

20

30

40

50

60

70T
M

R
(%

)

Field (Oe)

Fig. 6.2. Resistance versus field curves of a typical magnetic tunnel junction
exhibiting ∼ 66% tunneling magnetoresistance at room temperature.

magnetoresistance than the corresponding crystalline electrode even though the
magnetization of the alloy is reduced (by dilution due to the addition of the
glass-forming element). This is most likely a result of an increased density of
states in the amorphous alloy due to energy band narrowing [31]. Indeed x-ray
emission spectroscopy on MTJs with ultrathin CoFe interface layers sandwiched
between amorphous alumina tunnel barriers and amorphous CoFeB layers shows
that the CoFe interface layers, when amorphous, exhibit an increased density
of states (apparently derived from the Fe constituent of the alloy). The CoFe
interface layers are amorphous when sufficiently thin (less than ∼ 20 Å thick), as
seen by cross-section transmission electron microscopy [32], and it is when the
CoFe layer is amorphous that higher TMR values are observed.

The evolution of the room-temperature TMR of MTJs is shown in Fig. 6.1.
The first demonstration of spin-dependent tunneling in an MTJ was made by
Julliere in 1975 [33]. Julliere observed a small TMR of ∼ 14% at low temperature
and very low junction bias in junctions with Co and Fe electrodes, and a tunnel
barrier formed from Ge which was oxidized after deposition. Subsequently, other
tunnel barriers including NiO [34] and GdOx [35] were studied but only small
TMR effects were found and only at low temperatures. It took 20 years after
Julliere’s work until significant room-temperature TMR (∼ 10%) was observed
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in 1995 by two groups, simultaneously. These groups both used amorphous Al2O3

barriers but with different ferromagnetic electrodes composed of Fe, and CoFe
and Co, respectively [22,36]. In between these results and the first work of Julliere
there was prolonged work on magnetic tunnel junctions with alumina barriers
and permalloy electrodes which had resulted in TMR values at room temperature
of a few percent, several years earlier [19]. There had also been extensive studies
of the magnitude of the spin polarization of tunneling current from ferromagnetic
electrodes in tunnel junctions with superconducting and ferromagnetic counter-
electrodes (FIS) using superconducting tunneling spectroscopy (STS) [37]. These
studies had shown that the tunneling current was significantly spin-polarized for
a wide range of transition metal and rare-earth metal ferromagnets.

As shown in Fig. 6.1(a) the TMR value of ∼ 10% was similar to the giant
magnetoresistance [38] exhibited by metallic spin-valve sandwich structures [2]
which was perhaps one of the reasons why the observation of TMR of ∼ 10% in
1995 exceeded a certain threshold value that energized renewed interest in MTJs.
Moreover, there had long been interest in the United States in the possibility
of building a high performance, non-volatile magnetic random access memory
(MRAM) for military applications by the Defense Advanced Research Projects
Agency (DARPA). In 1995 this agency decided to fund a program to develop
devices using spintronic materials and concepts and in 1996 DARPA funded two
independent programs at Motorola and Honeywell to build MRAM based on
metallic spin-valve devices, and one program at IBM to research and develop an
MRAM based on magnetic tunnel junctions.

In 1995 successful prototype magnetic recording read heads for high-density
disk drive storage devices using spin-valve sensors had already been demon-
strated [9, 39]. The MTJ structures at that time had very high resistances and
it was widely believed that the resistance of MTJs would always be too high for
use in magnetic field sensors in disk drives where the most important metric is
the signal to noise ratio at high frequencies (up to ∼ 1 GHz today). Thus, MTJs
with resistance-area products in the range from 0.1 to a few Ω µm2 would likely
be needed for magnetic bit areal densities in the 100 to 500 Gbit/in2 range. At
these densities it is considered that spin-valve sensors will likely have insufficient
signal to noise to read the magnetic bits at the required data rates. However,
the evolution of magnetic recording from conventional longitudinal (in-plane)
recording to perpendicular recording may prolong the use of spin-valve sensors
because of the greater flux from perpendicularly magnetized magnetic media
[40, 41].

By contrast, for magnetic random access memory applications, much higher
resistance devices are needed. In 1996 it was recognized that MTJs had signif-
icant potential for applications as storage elements in magnetic random access
memories [23] but only if their TMR values could be significantly increased from
what was then ∼ 10% to more than at least ∼ 20%, and their resistance-area
product decreased from what was then ∼ 109 Ω µm2 to ∼ 102 to 103 Ω µm2 i.e.
by a factor of by about 10,000,000 [42]. A number of significant milestones in



Table 6.1 History of developments in MTJs useful for applications.

Year Development Ref.

1960 Giaever (GE) – Tunneling probe of superconducting state [164]
1971 Meservey and Tedrow (MIT) – Spin polarized tunneling be-

tween superconductors and ferromagnets
[165]

1974 Slonczewski (IBM) – MTJ concept proposed (internally in IBM)
1975 Julliere (CNR-France) – First MTJ demonstration: Fe/Ge/Co,

∆R/R ∼ 14% at 4.2 K
[33]

1982 Maekawa and Gafvert (IBM) – MTJ demonstration:
Ni/NiO/Ni, Fe, Co, ∆R/R ∼ 0.4–2% at 4.2 K

[34]

1990-1993 Miyazaki et al. (Tohoku University) – MTJ demonstration:
NiFe/Al-Al2O3/Co, ∆R/R ∼ 2.7% at room temperature

[19,166]

1995 Miyazaki et al. (Tohoku University) – Large room-temperature
TMR: Fe/Al-Al2O3/Co, ∆R/R ∼ 18% at room temperature
Moodera et al. (MIT) – Large room-temperature TMR: Co-
Fe/Al-Al2O3/Co, ∆R/R ∼ 10% at room temperature

[22, 36]

1996 Parkin et al. (IBM) – Large room temperature TMR in ex-
change biased MTJs with Al2O3 and CoFe electrodes: ∆R/R >
25% in shadow masked and patterned junctions; reproducible

[23,167]

1998 Parkin et al. (IBM) – Extraordinarily large room temperature
TMR in exchange biased MTJs with Al2O3 and CoFe elec-
trodes; high thermal stability: ∆R/R > 35% in sub-micron
junctions; ∆R/R > 47% in shadow masked junctions with
specific resistances ∼ 60 to > 109 Ωµm2; thermal stability (>
300 ◦C)

[23]

1999-2000 Scheuerlein et al. (IBM) – First MTJ MRAM demonstration:
< 3 ns read and write

[168]

2001-2002 Parkin et al. (IBM) – Giant tunneling magnetoresistance
in highly textured (100) oriented MgO based MTJs: ∆R/R
∼ 220% at room temperature, ∼ 300% at 4K (IBM internal re-
sults)

2002 Sony – Increased TMR at room temperature using CoFeB al-
loy electrodes and alumina tunnel barriers: ∆R/R ∼ 70% (Pre-
sented at Intermag 2002)

[169]

2002 Durlam et al. (Motorola) – 1 Mbit MRAM in 0.6µm technology
2003 Sitaram et al.; Bette et al. (IBM & Infineon) – 128 kbit MRAM

core in 0.18 µm technology
[170]

2003 Durlam et al. (Motorola) – 4 Mbit MRAM in 0.18 µm technol-
ogy using the toggle write mode

2004 Debrosse et al. (IBM & Infineon) – 16 Mb MRAM in 0.18 µm
technology

[171]

2004 Parkin et al. (IBM) – Giant TMR in MgO based MTJs pub-
lished: ∆R/R ∼ 220% at room temperature, highly thermally
stable

[63]

2004 Seagate – First MTJ read heads using leaky TiO2 tunnel bar-
riers shipped

2005 Anelva / AIST – TMR ∼ 271% at room temperature in MgO
based MTJs (Presented at Intermag 2005 (FB05))

2003-2005 Cypress and Freescale (Motorola) – First MRAM products sam-
pled at 256 kbit and 4Mbit, respectively, using alumina tunnel
barriers

¶ All MRAM demonstrations and product samples, to date, have used alumina tunnel

barriers.
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the development of magnetic tunnel junctions useful for applications are listed
in Table 6.1.

6.2.1 Tunneling spin polarization

Julliere’s work was predated by work by Tedrow and Merservey [43] in 1971 that
showed that the tunneling current in tunneling junctions with very thin super-
conducting aluminum films and ferromagnetic nickel films was spin polarized.
Meservey and Tedrow subsequently used this technique of superconducting tun-
neling spectroscopy (STS) to explore the relationship between the polarization of
the tunneling current (at 0.25 K) and the magnetization of numerous ferromag-
netic metals and alloys [37]. Julliere proposed that the TMR which he observed
was related to the spin polarization P1,2 of the two ferromagnetic electrodes of
the MTJ according to the relationship TMR = 2P1P2/(1 − P1P2), where P1,2

are defined as

P1,2 =
|M↑|2 N↑ − |M↓|2 N↓
|M↑|2 N↑ + |M↓|2 N↓

,

where ↑↓ represent the up and down spin electrons in each of the ferromagnetic
electrodes (see Fig. 6.3). The tunneling matrix elements for the spin-up and spin-
down electrons |M↑,↓|2 represent their respective tunneling probabilities and N↑,↓
their respective density of states at the Fermi energy in each of the ferromagnetic
layers. This relationship is schematically shown in Fig. 6.3. This relationship
only applies at low bias voltage and low temperature so that P1,2 represent the
polarization of the electrons at the Fermi energy.

The spin polarization of a ferromagnetic material can be measured in a vari-
ety of ways. The spin-dependent density of states can be directly probed using
spin-polarized photoemission [18]. Using spin as well as angle and energy resolved
electron detection the density of filled electron states in crystalline metals can
be probed within each energy band and as a function of momentum within the
Brillouin zone. Since the escape depth of the electrons is quite small this means
that this technique is limited to exploring the electronic structure of the surface
of magnetic metals. Moreover, the connection between the electronic structure
measured from photoemission and the sign and magnitude of the tunneling spin
polarization measured using STS is not direct. The TSP of all of the 3d tran-
sition metal ferromagnets is measured to be positive (majority spin polarized)
yet the density of states at the Fermi energy is dominated by either minority
spin polarized d states in hcp Co and fcc Ni (which are “strong” ferromagnets
with largely filled majority bands) or by majority spin polarized d states in bcc
Fe [44]. It was realized that the tunneling probability of the electrons would be
related to the degree of localization of the electron wavefunctions so that the
tunneling current would likely be dominated by the more itinerant sp electrons
[45]. Thus there could be a very weak relationship between the density of electron
states and the polarization of the tunneling current.
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Fig. 6.3. Schematic cartoon showing the operation of a magnetic tunnel junc-
tion device.

The polarization of a ferromagnet can also be measured with superconduct-
ing point contacts using Andreev reflection spectroscopy [46–50]. This technique
is discussed elsewhere in this book in Chapter 9 so will not be discussed fur-
ther here. This method is far from measuring the spin polarization of the cur-
rent in tunnel junctions since it relies on diffusive transport at a superconduc-
tor/ferromagnet contact. One further drawback of this technique is that it does
not give the sign of the polarization. Perhaps the most useful technique for the
measurement of the polarization of ferromagnets which is most relevant to spin-
dependent tunneling is that of superconducting tunneling spectroscopy which is
described in detail in the review by Merservey and Tedrow [37]. Thus only a very
brief description will be given here.

In STS a tunneling junction is formed between the ferromagnet of interest and
a superconducting layer of aluminum. In the presence of a large in-plane magnetic
field the quasiparticle density of states in the superconductor is Zeeman-split
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providing for spin polarized states into which the electrons tunnel. Thus the
superconducting electrode serves as an analyzer of the spin polarization of the
tunneling current. By fitting the conductance versus bias voltage curves using
the Maki density of states for BCS superconductors the TSP can be inferred with
high precision [9, 37, 51, 52]. Spin-orbit mixing, magnetic field depairing and the
superconducting energy gap are fitting parameters. The calculated conductance
curves also depend on the measured field and temperature as well as the derived
spin polarization of the tunneling electrons.

An important conclusion from the work of Tedrow and Meservey was that
the magnitude of the TSP was linearly related to the magnetization of the ferro-
magnetic electrode for various series of 3d transition metal ferromagnetic alloys
[53]. This conclusion was rationalized by arguments concerning the degree of
itinerancy of the tunneling electrons and their magnetization [45]. However, the
rekindled interest in magnetic tunneling junctions in the past decade has led to
further studies of the TSP of 3d transition metal ferromagnets using both STS
[9,54] and Andreev point contact spectroscopy [50]. These new studies have led to
a very different and perhaps surprising conclusion. The more recent STS studies
find that the spin polarization for a wide range of Ni-Fe and Co-Fe alloys varies
little with the alloy composition and is about 45–55% [9, 54]. Andreev reflection
spectroscopy measurements on Ni-Fe alloys also find very little variation of the
polarization of the ferromagnet with the composition of the alloy [50]. The latter
work by Nadgorny et al. finds support for their results from theoretical calcula-
tions of the density of states and the Fermi velocity of the electronic bands at
the Fermi energy: variations of one compensate for variations of the other. The
difference between these newer studies and the older STS studies suggests that
the latter may have been affected, in some cases, by the quality of the tunnel
junctions used. The polarization of the tunneling current is strongly influenced
by the structure and composition of the interface between the tunnel barrier and
the ferromagnet. Intermixing or reaction of the ferromagnet and the tunnel bar-
rier material would very likely result in diminished polarization of the tunneling
current. Nevertheless, the STS technique is a powerful method for probing the
spin polarization of tunneling electrons and the quality of the interface between
the ferromagnet and tunnel barrier.

The maximum TSP recorded for MTJs with alumina tunnel barriers is about
55% [9]. Although many other tunnel barriers have been studied the TSP values
are typically much smaller with the sole exception, at room temperature, of
crystalline MgO tunnel barriers which will be discussed in the following section.

6.2.2 Giant tunneling using MgO tunnel barriers

The magnitude of the TMR is directly related to the spin-polarization of the
tunneling electrons [37], which itself is determined by the spin dependence of
the density of states near the Fermi energy of each of the F electrodes, and the
tunneling matrix elements for these electrons [51]. Thus, the higher the tun-
neling spin polarization (TSP), the higher the TMR, so that there has been
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Fig. 6.4. Calculated tunneling density of states in a Fe/MgO/Fe junction for
the majority (a) and minority (b) bands according to Butler et al. [61].

considerable interest in nominally half-metallic ferromagnetic electrodes, such
as the manganite perovskites [55–57] and CrO2 [58]. However, whilst TMR val-
ues of ∼ 1000% [55, 59] and TSP values of ∼ 70% [52] have been measured at
low temperatures in tunnel junctions with electrodes formed from the perovskite
manganites, very small effects are found at room temperature, only partly ac-
counted for by the low Curie temperature of these ferromagnets. By contrast,
conventional ferromagnetic metals formed from Fe, Co and Ni have much higher
Curie temperatures, well above room temperature. Just as important, by using
the phenomenon of oscillatory interlayer coupling in transition metal multilay-
ers [13], useful magnetic structures for technological applications can be readily
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magnetically engineered from thin layers of these ferromagnets [9]. However, as
discussed above, after several decades of work, the highest TSP found in tunnel
junctions incorporating these metals is ∼ 55% for alumina tunnel barriers [9,37],
with corresponding TMR values in MTJs of up to ∼ 70% at room temperature.

Alumina tunnel barriers are amorphous. It has recently been speculated that
crystalline tunnel barriers may give rise to much higher TSP and TMR values
because of a highly spin-dependent evanescent decay of certain wavefunctions,
with particular transverse momentum values, across the tunnel barrier [60]. In
particular, calculations for perfectly ordered (100) oriented Fe/MgO/Fe MTJs,
suggest TMR values of hundreds or even thousands of percent, for sufficiently
thick MgO tunnel barriers [61,62] (see Fig. 6.4). Recently, support for these pre-
dictions has been found in experimental observations, first by Parkin et al. [63]
and subsequently by Yuasa et al. [64] of giant values of tunneling magnetoresis-
tance at room temperature in MTJs with MgO tunnel barriers. Parkin et al. [63]
report values of TMR at room temperature of more than 220% in highly textured
polycrystalline MTJs prepared on amorphous SiO2 layers by magnetron sputter
deposition, while Yuasa et al. [64] report TMR values of up to 180% at room
temperature in epitaxial Fe/MgO/Fe sandwiches prepared by molecular beam
epitaxy.

Detailed results will be discussed for sputter-deposited highly textured MTJs
with (100) oriented MgO tunnel barriers from the work by Parkin et al. [63] which
was the first observation of large TMR at room temperature exceeding 100% (see
Fig. 6.1 b). Typical resistance versus field curves are shown in Fig. 6.5 for two
similar sputter deposited MTJs with lower ferromagnetic electrodes formed from
Fe and Co70Fe30, patterned by in-situ shadow-masks. Very large TMR values of
more than 165% at room temperature are found. The MTJs were prepared,
nominally at ambient temperature, by sputter deposition using a combination of
ion-beam and magnetron sputtering. The lower ferromagnetic electrode is formed
by first depositing an underlayer of 100 Å TaN on an amorphous layer of SiO2

formed on a Si(100) substrate. An antiferromagnetic layer of 250 Å Ir22Mn78,
which is used to exchange bias the lower F layer [9], is then deposited by ion
beam sputtering, followed by the F layer, which is formed from a bilayer of 8 Å
Co84Fe16 and either 18 Å Fe (a and b) or 30 Å Co70Fe30 (c and d). The highest
TMR values were found for MTJs with Co-rich Co-Fe electrodes. MTJs with Fe
electrodes systematically gave lower TMR values.

The MgO tunnel barrier is prepared by first depositing a thin layer of Mg
metal, followed by an MgO layer formed by reactive sputtering of Mg in an Ar-O2

plasma. The Mg layer is sufficiently thick to prevent oxidation of the underlying
F layer but thin enough that it is fully oxidized during the MgO layer deposition.
Figure 6.6 shows a cartoon comparing the formation of alumina and MgO layers
by oxidation of respective metallic layers of Al and Mg. This latter method, which
is the preferred method of forming alumina, is not suitable for the formation of
pin-hole-free tunnel barriers of MgO for the reason shown in the figure. Whereas
the volume of a metallic layer of aluminium increases when fully oxidized by
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Fig. 6.5. Room-temperature tunneling magnetoresistance (TMR) versus field
plots for magnetic tunnel junctions with structures as follows: (a) and (b)
100 TaN/250 IrMn/8 Co84Fe16/18 Fe/5 Mg/22 MgO/100 Co84Fe16/100 TaN,
(c) and (d) 100 TaN/250 IrMn/8 Co84Fe16/30 Co70Fe30/5 Mg/24 MgO/150
Co84Fe16/100 Mg (all thickness in Å). The corresponding final anneal tem-
perature TA, after which the data is measured at room temperature, is shown
in the figure. The field range in (a) and (c) is sufficiently broad that both
the switching of the exchanged biased lower ferromagnetic electrode and the
upper ferromagnetic electrodes are seen, whereas data in (b) and (d) corre-
spond to a minor hysteresis loop where the field range is limited so that only
the upper electrode switches. The exchange bias field is larger in (a) than in
(c) because of the thinner F electrode in (a).

about 27% the volume of a layer of Mg decreases by about 20% so leading to
the likely possibility of pin-holes in the MgO barrier.

The upper F electrode of the MTJs of Fig. 6.5 are formed from a layer of
Co84Fe16 with capping layers formed from TaN or Mg. The TMR of the MTJs,
as deposited, is modest but is dramatically increased by thermal annealing at
temperatures of up to ∼ 400 ◦C. Typically, the TMR increases monotonically and
almost linearly with increasing anneal temperature, whereas the resistance of the
junction changes little up to a critical temperature, in the range ∼ 350–425 ◦C.
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-20%

Forming Al2O3 by oxidation of metallic Al layer high quality barrier

Al2O3 unit cell is 27% larger than that of metallic Al, so a   metallic layer with pinholes
between the grains can still yield a continuous oxide layer with post-deposition oxidation.

Forming MgO by oxidation of metallic Mg layer poor quality barrier

MgO unit cell is 20% smaller than that of metallic Mg, so even a conformal, nearly 
perfectly continuous metallic layer can yield a discontinuous MgO layer with post-
deposition oxidation.

Fig. 6.6. Schematic illustration of the formation of aluminium oxide (upper)
and a MgO (lower) layers by the oxidation of thin metal layers of aluminium
and magnesium, respectively. The volume of an oxidized layer of Al composed
of Al2O3 is increased by ∼ 27% whereas the volume of a fully oxidized layer
of Mg is actually reduced in volume by ∼ 20%. This means that the alu-
mina layer is much less likely to contain “cracks” or pin-holes than the MgO
layer. Thus it is very difficult to form high-quality MgO tunnel barriers by
the oxidation of Mg layers whereas the same method produces high-quality
pin-hole-free tunnel barriers of alumina.

At this temperature the junction breaks down with a loss of both resistance
and TMR. The two junctions shown in Fig. 6.5 survived to anneal temperatures
of ∼ 370 ◦C and 380 ◦C, respectively, with respective TMR values of 123% and
168%.

The dependence of TMR on MgO barrier thickness was explored using both
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Fig. 6.7. Dependence on anneal temperature of TMR and RA in the parallel
state, RAP, measured at room temperature using the current-in-plane tun-
neling measurement technique on an unpatterned magnetic tunnel junction
film. The MgO tunnel barrier is formed by first depositing a Mg layer ∼ 12 Å
thick, followed by a MgO layer ∼ 8 Å thick. The parallel state resistance-area
product is ∼ 104 Ω µm2, which is about 20 times smaller than the sample of
Fig. 6.5(c) and (d). After annealing at 350 ◦C the TMR attains a value of
220 ± 10%.

shadow-masked junctions, and, at room temperature, by the technique of current-
in-plane tunneling (CIPT) [65] on un-patterned films where the MgO thickness
was linearly increased across the wafer. The CIPT technique allows the study of
junctions with much lower resistance-area (RA) products (thinner MgO barri-
ers). Both techniques give similar TMR values for MTJs with similar RA values
(∼ 160% for RA ∼ 105 Ω µm2) but the CIPT results reveal high TMR values
even for RA values decreased to as little as ∼ 100Ω µm2. TMR values as high
as 220±10% are found for MTJ stacks with RA ∼ 104 Ω µm2 after an anneal at
350 ◦C, as shown in Fig. 6.7.

Figure 6.8 shows the TMR and RA of the junction of Fig. 6.5(c) and (d)
as a function of temperature. The TMR increases as the temperature is reduced
attaining a value of ∼ 300% at 4 K. The increase in TMR results from an increase
of the resistance of the AP state of the junction whereas the P state resistance
hardly changes at all on cooling. With increasing temperature, increasing mag-
netic disorder will decrease RAP but should increase RP, whereas, by contrast,
thermal excitations across the barrier will decrease both RAP and RP. Thus, the
weak dependence of RP is likely a coincidental cancellation of these two effects.

The high TMR values indicate, within the Julliere model [33, 37, 51], high
TSP values. The magnitude of the spin polarization of the tunneling current was
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Fig. 6.8. TMR (•) and RA (��) versus temperature for the same magnetic
tunnel junction shown in Fig. 6.5(c) and (d) (annealed at 380 ◦C) in magnetic
fields of −100 and +1000 Oe to set the state of the junction in the antiparallel
(AP) and parallel (P) states, respectively. The TMR values are extracted from
measuring the resistance versus field loop at each temperature.

measured using the superconducting tunneling spectroscopy technique (STS)
[37]. Results for Fe and Co70Fe30 electrodes are shown in Fig. 6.9. As deposited,
these electrodes have TSP values of ∼ 57% and 52%, but after annealing, these
values increase dramatically, attaining values of ∼ 74% and 85% at anneal tem-
peratures of 380 and 410 ◦C, respectively. These values are almost twice as high
as those found for the same ferromagnets with alumina tunnel barriers [9, 37]:
these results unambiguously demonstrate that a ferromagnetic metal does not
have a unique spin-polarization value, as has long been assumed. Similar conclu-
sions have previously been inferred from changes in the sign of TMR for junctions
containing SrTiO3 barriers and Co and manganite ferromagnetic electrodes [66].

Transmission electron micrographs show an excellent morphology of the MTJ
structures with extremely smooth and flat layers as shown in the micrograph in
Fig. 6.10(a). However, a significant numbers of defects along the (111) planes
in the IrMn layer, most likely stacking faults, can be seen in the micrograph.
Diffractograms (not shown) from selected areas of the digital micrograph reveal
that the IrMn layer is fcc with a (100) texture. High-resolution micrographs show
a high degree of epitaxy of the MgO and upper and lower Co-Fe layers as shown
in Fig. 6.10(b). Both the Co-Fe layers are bcc with a (100) texture and the MgO
is cubic (NaCl structure) and also (100) textured. The texturing of the MgO
layer is good but is not perfect as shown by the rotated grain in the micrograph
in Fig. 6.10(c).

The texture of the MTJ is extremely sensitive to the underlayers on which
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Fig. 6.9. Conductance versus bias voltage curves (symbols) and fits (solid lines)
for STS junctions with (a) Fe and (b) Co70Fe30 ferromagnetic electrodes and
superconducting counter-electrodes of Al96Si4. (a) and (b) correspond to the
as-deposited junctions (no anneal) and (c) and (d) to junctions annealed at
380 ◦C and 410 ◦C, respectively. The measurements were taken at ∼ 0.25 K
in a field of 2 T applied in the plane of the films. The values for the tunneling
spin polarization (TSP) were extracted by fitting the data curves with the fol-
lowing fitting parameters [37, 51, 52] indicated in the figure: superconducting
gap ∆, depairing parameter ζ, and spin-orbit parameter b.

the IrMn layer is grown. The orientation of the IrMn layer is (100) for under-
layers formed from Ta, TaN or TaN/Ta bilayers but can be changed to (111) for
underlayers such as Ta/Pt or Ti/Pd. In the latter case, bcc CoFe layers grow
(110) oriented and the MgO layer is also (110) oriented. CoFe layers form a
bcc structure for Fe contents ranging from about 14 to 100 atomic% Fe. For
these (110) oriented structures much lower TMR values are found, comparable
in magnitude to those found for amorphous alumina tunnel barriers. Similarly,
when the ferromagnet is not bcc structured, as for Co and Co-Fe alloys with
low Fe content (∼ 10 atomic %), similarly low TMR values are found. Thus, the
magnitude of the TMR is strongly affected by the crystal orientation and epi-
taxy of the CoFe/MgO/CoFe sandwich, consistent with theoretical predictions
for Fe/MgO/Fe [61]. However, the highest TMR (and TSP) values are found, not
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Fig. 6.10. Transmission electron micrographs of magnetic tunnel junctions
showing a highly oriented (100) MgO tunnel barrier. (a) Low magnifica-
tion image showing the growth of ultrasmooth underlayers formed from TaN,
Ta, IrMn and CoFe, each readily distinguishable, which form a template for
the growth of the (100) oriented MgO tunnel barrier (lightest layer); (b) and
(c) high-resolution images along the [110] zone axes showing atomically re-
solved lattice planes with (100) planes perpendicular to the growth direction.
The (100) planes in the grain in the center of (c) are rotated by ∼−15◦.

for Fe electrodes, but for Co-rich Co-Fe electrodes with Fe contents in the range
of 14–40 atomic%. This appears to be because of lower thermal stability for Fe
and Fe-rich Co-Fe electrodes: the method we have outlined for the formation
of high-quality MgO tunnel barriers requires high-temperature anneals, presum-
ably to fully oxidize the Mg underlayer and to increase the crystalline perfection
and orientation of the MgO barrier. Interestingly, even small amounts of disorder
within the tunnel barrier or at its interfaces is theorized to significantly reduce
both TSP and TMR [67, 68].

Using the Julliere model [33, 37, 51] a TSP of 85% would give rise to a TMR
of ∼ 520% at low temperatures. Furthermore, if we assume a similar temperature
dependence to that shown in Fig. 6.8, TMR values of more than 260% at room
temperature are predicted from the TSP values. Such TMR values are very close
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to the highest TMR values which have been measured in MTJs. In any case STS
measurements will likely give rise to higher TSP values than those inferred from
TMR, since the AP alignment of the ferromagnetic electrodes in the latter is
unlikely to be perfect, whereas the large magnetic fields used in the TSP studies
ensure almost complete alignment of the ferromagnetic electrode moment with
the magnetic field.

The results discussed here for sputter deposited (100) oriented CoFe/MgO/Co
Fe magnetic tunneling junctions with MgO tunnel barriers are quite remarkable
with giant tunneling magnetoresistance values of up to ∼ 220% at room temper-
ature. Improved crystal perfection and orientation is very likely to lead to even
higher TMR values. The simplicity and ease of fabrication of such junctions, to-
gether with the ability to build complex magnetically engineered structures from
these materials, suggests that these materials will have a major impact on spin-
tronic devices operable at room temperature and above in the near future. For
example, higher signal strengths from higher TMR values might make easier the
implementation of advanced MRAM architectures such as ultradense cross-point
random access memory [69].

6.3 Magnetic tunnel transistor

The magneto-transport properties of the magnetic tunneling junction discussed
in the previous section depend strongly on the bias voltage applied across the de-
vice. In particular, the tunneling magnetoresistance can vary strongly with bias
voltage, typically decreasing with increasing bias. The bias voltage dependence is
influenced by the spin-dependent character and density of the electronic states in
the ferromagnetic electrodes as well as by the spin-dependent tunneling matrix
elements, each of which will vary as a function of increasing energy of the elec-
trons above the Fermi energy. Effectively, the spin polarization of the tunneling
electrons varies with bias voltage. Electrons with energies above the Fermi energy
are described as “hot” electrons since they occupy non-thermalized states at an
effective temperature higher than the actual equilibrium temperature. The spin-
dependent transport properties of such electrons have been extensively studied
using techniques such as ballistic electron emission microscopy (BEEM) and spin
polarized photoemission (SPPE) [70–84].

The scattering of hot electrons can be quite different from that of electrons
at or close to the Fermi energy since the scattering processes can involve the
emission of energetic phonons or magnons. In ferromagnetic metals it is well
known that the mean free path of the electrons at the Fermi energy is spin
dependent [85]. The minority electrons usually have a smaller mean free path
than the majority electrons, i.e., the minority electrons are more easily scattered
than the majority electrons.

6.3.1 Hot electron devices

Spin-dependent hot electron transport in ferromagnetic metals has been ex-
tensively investigated particularly as it may be important for the functional-
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Fig. 6.11. Illustration of spin-dependent electron scattering in 3d transition
metals. The horizontal and vertical axes represent density of states and elec-
tron energy, respectively. The filled region represents occupied states. Only
the minority electrons (spin-down) can be effectively scattered into the empty
minority d-band.

ity of many magneto-electronic devices [70–84]. The spin dependence of hot-
electron scattering in ferromagnetic metals is often considered as a consequence
of electron-electron scattering. In ferromagnetic 3d transition metals, the elec-
tron d-band is split into the majority and minority bands. A portion of the
minority electron band is empty, whilst the majority electron band is almost
fully occupied. As a result, minority electron scattering into the empty d-band is
very effective, giving rise to a shorter mean free path. In contrast, the majority
electrons can only be scattered into the less abundant sp band and thus have a
larger mean free path. This simple picture is illustrated in Fig. 6.11.

Various techniques have been used to study hot-electron transport in ferro-
magnetic metals. These techniques usually require a source of hot electrons with
certain energy, a medium in which the electrons travel, and an analyzer of the
transmitted electrons. Commonly used electron sources include a semiconductor
photocathode, a scanning tunneling microscopy (STM) tip, a metal/semiconductor
Schottky barrier, or a metal/insulator tunnel barrier. The transmission medium
normally contains a single ferromagnetic metal layer or a ferromagnetic multi-
layered structure. The electron analyzer may be a detector of the electron spin
polarization and intensity, such as the Mott detector, or simply an energy ana-
lyzer, such as a metal/semiconductor Schottky barrier.
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Fig. 6.12. Schematic drawings of the BEEM (a), the spin-valve transistor (b),
and the magnetic tunnel transistor (c).

One such technique is ballistic electron emission microscopy (BEEM) [86]. In
BEEM, an STM tip is positioned above a metal/semiconductor Schottky bar-
rier, as shown in Fig. 6.12(a). Hot electrons are generated by tunneling from
the STM tip into the metal base through the vacuum barrier. If these electrons
have energy larger than the Schottky barrier height at the metal/semiconductor
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interface, they can ballistically traverse the base layer and be collected into
the semiconductor collector. By analyzing the collector current (IC), one can
extract useful information about hot-electron transport in the metal base and
at the metal/semiconductor interface. BEEM was first introduced by Kaiser
and Bell as a means of investigating subsurface interface electronic structures
in metal/semiconductor heterostructures. The metal base often consists of noble
metals, such as Au and Cu, which have very large electron mean free paths.
Later on, Rippard and Buhrman developed a variation of BEEM, where they
replaced the noble metal base with a ferromagnetic single layer or multilay-
ers [87]. This variation is sometimes called the ballistic electron magnetic mi-
croscopy (BEMM). Since the collector current is very sensitive to hot-electron
transport properties in the base, BEEM can be used to study spin-polarized hot-
electron transport in ferromagnetic metals [80]. Figure 6.13 shows BEEM images
of Co/Cu multilayers grown on Si. It can be seen that BEEM has excellent spa-
tial resolution of a few nanometers, thus allowing the imaging of local magnetic
structures and hot-electron transport. In addition, the hot-electron energy can
be easily controlled by varying the bias voltage between the STM tip and the
metal base.

Although BEEM is a very useful technique, the use of an STM tip as the
electron source makes it impractical for device applications. In 1995, Monsma
et al. introduced a three-terminal solid state hot electron device – the spin-
valve transistor [82] (Fig. 6.12b). Similar to BEEM, the spin-valve transistor
has a metal base and a semiconductor collector. But instead of an STM tip,
a semiconductor emitter is used to create hot electrons by thermionic emission
from the emitter Schottky barrier. These electrons subsequently travel across
the base layers and are collected by the collector Schottky barrier. To operate
the spin-valve transistor, the emitter Schottky barrier height must be larger
than the collector Schottky barrier height. This can be realized by inserting
different metal seed layers at the emitter/base and base/collector interfaces. The
metal base is comprised of a ferromagnetic metal/normal-metal/ferromagnetic
metal spin-valve. Very large magnetic field sensitivity has been demonstrated for
spin-valve transistors at room temperature [88, 89]. A detailed discussion of the
spin-valve transistor can be found in the review article by Jansen [90].

In the spin-valve transistor, the hot-electron energy is determined by the emit-
ter Schottky barrier height. Thus it is not possible to vary the electron energy
continuously in one single device. In addition, the difference between the emitter
and collector Schottky barrier heights is typically small. Therefore, the collec-
tion efficiency of the spin-valve transistor is limited. In order to overcome these
problems, a magnetic tunnel transistor is developed to study spin-dependent hot-
electron transport in ferromagnetic metals [91–93]. One form of magnetic tunnel
transistor consists of a ferromagnetic metal emitter, a ferromagnetic metal base,
and a semiconductor collector (Fig. 6.12c). The emitter and the base are sepa-
rated by a thin insulating tunnel barrier. A Schottky barrier is formed between
the base and the collector with a barrier height ΦS . Hot electrons are injected
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Fig. 6.13. BEEM images taken by Rippard and Buhrman[80] before (a) and
after (b) applying a 60 Oe magnetic field. The sample is Co (30-Å)/Cu
(45-Å)/Co (30-Å)/Cu (9-Å)/Au (75-Å) grown on Si. (c) and (d) are the
height image and BEMM image of a Co (3-Å)/Cu (30-Å)/Au (100-Å) film
grown on Si, respectively.

from the emitter into the base when an emitter/base bias voltage (VEB) is ap-
plied across the tunnel barrier, forming the emitter current (IE). These electrons
traverse the ferromagnetic base layer and get scattered. The transmitted electron
beam is subsequently analyzed by the semiconductor collector: when the elec-
trons have energy higher than the Schottky barrier height, they can be collected
into the semiconductor collector and contribute to the collector current; other-
wise they will be reflected by the Schottky barrier. Since the minority electrons
have a short mean free path, they are easily scattered in the base layer. As a
result, they lose energy and cannot be collected. In contrast, the majority are
more likely to maintain their energy due to their larger mean free path. There-
fore, they are more likely to overcome the Schottky barrier and be collected.
This spin-dependent transmission of hot electrons is called spin filtering since
the minority electrons are selectively “filtered” out from the hot-electron current
after transmission through the ferromagnetic base layer.
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Fig. 6.14. Schematic band diagrams of magnetic tunnel transistor in parallel (a)
and antiparallel (b) alignments of the emitter and base magnetic moments.

A direct consequence of the spin filtering effect in the magnetic tunnel tran-
sistor is that the collector current is very sensitive to the relative alignment of
the magnetic moments of the emitter and the base. In the parallel alignment,
most of the electrons injected into the base are majority electrons and are scat-
tered less in the base, giving rise to a large collector current (Fig. 6.14a). In the
antiparallel alignment, most of the injected electrons are minority electrons and
are more easily scattered, leading to a small collector current (Fig. 6.14b). The
switching between the parallel and antiparallel alignment of the magnetic mo-
ments can be realized by growing an anti-ferromagnetic IrMn layer on top of the
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Fig. 6.15. Collector current as a function of the magnetic field for a magnetic
tunnel transistor with a single layer (a) and spin-valve base (b) at 77K. The
bias voltage is VEB = 1.0 V for (a) and 0.8 V for (b).

emitter layer. This IrMn layer acts as an exchange coupling layer to the emitter
and pins its magnetic moments to a fixed direction. In this case, by applying an
appropriate magnetic field, the magnetic moment of the base can be aligned to
be either parallel or antiparallel to that of the emitter. The relative change in
the collector current when the alignment is switched from antiparallel to parallel
can be quantified by the magneto-current (MC), defined as:

MC =
IC,P − IC,AP

IC,AP

where IC,P and IC,AP are the collector current for parallel (P) and antiparallel
(AP) alignment of the emitter and base magnetic moments, respectively.

Figure 6.15(a) shows the collector current as a function of magnetic field at
77 K for a magnetic tunnel transistor with the following structure:
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GaAs/30-ÅCo84Fe16/25-ÅAl2O3/50-ÅCo84Fe16/300-Å Ir22Mn78/50-Å Ta.

As the magnetic field is swept between ±80 Oe, the base magnetic moment
switches at ∼ ±20 Oe, whilst the emitter magnetic moment remains the same
orientation in the applied field range. At VEB = 1.0 V, IC,P (∼ 11.5 nA) is almost
twice as large as IC,AP, giving rise to an MC value of 97%. The magnetic tunnel
transistor in Fig. 6.15 is fabricated using shadow masks and has a large base
region area (∼ 1× 8mm2) [93]. Thus, the measurement is taken at 77 K in order
to reduce the leakage current from the Schottky barrier [93]. For the rest of the
section, all the transport measurements of the magnetic tunnel transistor are
taken at 77K unless otherwise stated.

The moderate MC value in Fig. 6.15(a) is a consequence of the modest tun-
neling spin polarization of the CoFe/Al2O3 emitter, which is typically ∼ 45%.
Even if the spin filtering in the base is perfect, the maximum MC will be on the
order of 100%. To enhance the MC effect, a different type of magnetic tunnel
transistor can be formed using a non-magnetic metal emitter and ferromagnetic
spin-valve base. In such a device, the initially unpolarized electrons are spin
filtered by the two ferromagnetic layers in the spin-valve base. Since the spin
filtering can create spin polarization of more than 90%, the MC values can be
much larger [94]. As demonstrated in Fig. 6.15(b), the MC value exceeds 3400%
in a magnetic tunnel transistor with the following structure:

GaAs/50-ÅCo70Fe30/40-ÅCu/50-ÅNi81Fe19/25-ÅAl2O3/300-Å Cu.

Note that the collector currents shown in Fig. 6.15 are quite small. This is be-
cause most of the hot electrons are lost due to scattering in the base and at
the base/collector interface. Increasing the hot-electron energy can give rise to
larger collector currents up to several µA. By optimizing film growth and improv-
ing interface properties, the magnitude of the collector current may be further
improved.

6.3.2 Energy-dependent electron transport in the magnetic tunnel transistor

6.3.2.1 Hot-electron attenuation lengths The magnetic tunnel transistor is a
very useful tool to study spin-dependent hot-electron transport and to probe
electronic structures in metals and semiconductors. One such example is to mea-
sure the spin-dependent hot-electron attenuation length in ferromagnetic thin
films [84].

In a simple model ignoring spin-flip processes, the collector current of a mag-
netic tunnel transistor is carried by the majority and minority electrons indepen-
dently. The attenuation of the hot-electron current in each channel is described
by the corresponding bulk attenuation length and interface collection efficiency.
The collector current for parallel and antiparallel alignments of the emitter and
base magnetic moments can be modeled by the following formula:

IC,P(AP) = IE
1 + PE

2
e−t/λ↑(↓)αC↑(↓) + IE

1 − PE

2
e−t/λ↓(↑)αC↓(↑) (6.1)
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where IE is the tunnel current, PE is the spin polarization of the electrons injected
from the emitter into the base (the emitter spin polarization), t is the base layer
thickness, λ↑(↓) is the attenuation length for majority (minority) electrons within
the ferromagnetic base layer, and αC↑(↓) is the electron collection efficiency at
the base/collector interface.

Note that the electron attenuation length λ↑(↓) describes the exponential
decay of the hot-electron current with increasing base layer thickness. Thus λ↑(↓)
is correlated, but not equivalent, to the electron mean free path. For example,
GaAs has a lowest energy conduction band near the Γ point in the Brillouin
zone and two sets of higher energy conduction bands near the L and X points.
When GaAs is used as a collector, at electron energy barely above the collector
Schottky barrier height, only a small portion of the Γ conduction band is available
for electron collection. Therefore, only electrons with very small lateral wave
vectors can be collected. Since a scattering event in the base region reduces the
energy and/or changes the lateral wave vector of the electron, it almost certainly
removes the scattered electron from the collector current. This is, however, no
longer true when the electron energy is well above the Schottky barrier height.
The scattered electron might still retain enough energy to overcome the Schottky
barrier even after losing a small amount of energy. Moreover, the number of
GaAs conduction-band states increases rapidly at elevated energy. Additional
conduction-band states in the L and X bands also become available for electron
collection at high energy. Thus, electrons with large lateral wave vectors can be
collected as well and, as a consequence, the contribution of scattered electrons
to the collector current is increased.

In Eq. (6.1), multiple passages of hot electrons through the base layer are
not considered. Since the hot-electron attenuation length in ferromagnetic 3d
transition metals is small [70–74], the error introduced by such a simplification
is negligible. For hot-electron transport in noble metals, such as Au, the multiple
passages of electrons can be important [95].

It is possible to extract the hot-electron attenuation length using Eq. (6.1). To
this end, one can fabricate a series of magnetic tunnel transistors with different
base layer thickness and measure the base layer thickness dependence of the col-
lector current in the parallel and antiparallel alignments at a given emitter/base
bias voltage VEB (i.e. hot-electron energy). By fitting the data to Eq. (6.1), the
hot-electron attenuation length at this given electron energy can be obtained.
Finally, the same measurements can be repeated at various electron energies to
obtain the energy dependence of the electron attenuation length.

Figure 6.16 shows the hot-electron attenuation length in Co84Fe16 thin films
measured using a set of magnetic tunnel transistors with the following structure:

GaAs (001)/tCo84Fe16/25-ÅAl2O3/50-ÅCo84Fe16/300-Å Ir22Mn78/50-ÅTa.

Here t is the base layer thickness. Over the energy range of 1−1.9 eV, the majority
electron attenuation length is about 5–6 times larger than the minority electron
attenuation length. Moreover, the majority attenuation length decreases with
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Fig. 6.16. Majority and minority electron attenuation lengths in Co84Fe16 thin
films as a function of the electron energy.

the electron energy, whilst the minority electron attenuation length hardly shows
any energy dependence. The decrease of the majority electron attenuation length
at elevated energies is due mainly to a larger electron-electron scattering rate at
high energies, which is the most important scattering mechanism for the majority
electrons [96–98]. On the other hand, the minority electrons are subject to more
efficient scattering because of the abundant available states to scatter into in
the minority d-band near the Fermi level and additional scattering mechanisms
such as spontaneous spin wave scattering [99]. As a result, the minority electron
attenuation length is much smaller. The large spin asymmetry in the attenuation
lengths implies that the hot electron current in the magnetic tunnel transistor,
after spin-filtering in the base region, can be highly spin-polarized [84]. Using the
attenuation lengths plotted in Fig. 6.16, the spin polarization of the hot-electron
current at the base/collector interface is more than 95% when the CoFe base
layer thickness exceeds ∼ 35 Å.

6.3.2.2 Bias voltage dependence of the magneto-current The collector current
in a magnetic tunnel transistor is determined not only by the electron transmis-
sion in the ferromagnetic base layer, but also by the conduction band structure
of the semiconductor collector. For example, the bias dependence of the MC can
be very different depending on whether the collector is GaAs or Si [100, 101].
This is illustrated in Fig. 6.17, where the MC is measured as a function of VEB

for a set of magnetic tunnel transistors with the following structures:

semiconductor/base/23-Å Al2O3/50-Å Co84Fe16 or Co70Fe30

/300-Å Ir22Mn78/50-Å Ta.
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Fig. 6.17. Bias dependence of the MC in magnetic tunnel transistors with a
GaAs (a) or Si (b) collector.

Here the base is Co84Fe16, Co70Fe30 or Ni81Fe19, and the semiconductor is n-
type GaAs (001), GaAs (111) or Si (001). An overview of the sample structures is
given in Table 6.2. For the magnetic tunnel transistor with a GaAs collector, a
pronounced non-monotonic bias dependence of the MC is observed (Fig. 6.17a).
When the bias voltage VEB exceeds the Schottky barrier height (∼ 0.78 V), a
large MC is obtained. The MC decreases with VEB up to about 1.1 V, then
increases slightly, and finally decreases gradually. The quantitative difference
between these samples is most likely due to variations in film growth and/or
tunnel barrier formation. For instance, the growth of magnetic tunnel junctions
depends critically on the materials used and the growth of the base layers can be
quite different on GaAs (001) and GaAs (111) substrates. This likely accounts for
the different tunneling magnetoresistance (TMR) values measured for samples
1–5 (Table 6.2). In contrast, for the magnetic tunnel transistor with a Si collector
(sample 6), such a non-monotonic bias dependence of the MC is absent: the MC
decreases continuously as a function of the bias voltage (Fig. 6.17b).

The bias dependence of the MC can be understood using a simple model
taking into account inelastic electron scattering in the base, electron scattering
at the base/collector interface, and the semiconductor collector band structure.
In this model, the collector current is calculated by the following equation:

IC,P(AP) (VEB) = IE
1 + PE

2
exp
(
−t/λ↑(↓)

)
×
∫ eVEB

ΦS

f↑(↓)(E)
∫

D↑(↓)(E, k‖)T (E, k‖)dk‖dE
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Table 6.2 The base, collector structures and the TMR values of the MTT
samples.

Sample number Base Collector TMR (%)

1 30-Å Co84Fe16 GaAs (001) 46.4
2 45-Å Co84Fe16 GaAs (001) 40.7

3 100-Å Co84Fe16 GaAs (001) 31.7
4 74-Å Ni81Fe19 GaAs (001) 14.7

5 30-Å Co84Fe16 GaAs (111) 29.0
6 3-Å Fe / 50-ÅCo70Fe30 Si (001) 33.8

+ IE
1 − PE

2
exp
(
−t/λ↓(↑)

)
×
∫ eVEB

ΦS

f↓(↑)(E)
∫

D↓(↑)(E, k‖)T (E, k‖)dk‖dE, (6.2)

where IE is the emitter current, PE is the emitter spin polarization, t is the base
layer thickness, λ↑(↓) is the spin-dependent attenuation length for the quasi-
elastic majority (minority) electrons, E is the hot-electron energy, f↑(↓) and
D↑(↓) are the energy and angular distribution functions of the hot electrons at
the base/collector interface, T is the transmission coefficient across the Schottky
barrier, and k‖ is the component of the electron wave vector parallel to the layers.

PE and λ↑(↓) used in Eq. (6.2) are subtly different from those defined in
Eq. (6.1). In Eq. (6.1), the collector electronic structure is not explicitly con-
sidered. Rather, the influence of the semiconductor conduction-band structure
on the collector current is included in the emitter spin polarization, and the
electron attenuation length characterizes the base layer thickness dependence
of the collector current attenuation. In contrast, Eq. (6.2) explicitly takes into
account the collector electronic structure effects by including the energy and an-
gular distribution of the hot electrons and the calculated electron transmission
coefficients. PE is a constant in Eq. (6.2) and λ↑(↓) describes the attenuation of
the quasi-elastic majority (minority) electron current in the base.

The angular distribution D↑(↓) is assumed to be a two-dimensional Gaussian
distribution centered at k‖ = 0 with a width of σ↑(↓), where σ is a fraction of
kB, the maximum hot-electron wave vector in the base layer:

kB =
√

2m(eVEB + EF)/�2,

where m is the electron mass in the base and EF is the Fermi energy. The energy
distribution f↑(↓) is assumed to be a half-Gaussian centered at eVEB with a
width of ε↑(↓). The transmission coefficient T can be calculated using quantum
mechanics [102].
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In the magnetic tunnel transistor, the spin-polarized hot electrons that are
injected from the emitter into the base initially have very narrow energy and
angular distributions because the tunneling process is highly sensitive to the
height and thickness of the tunnel barrier. Specifically, the electrons are injected
with energy close to the emitter Fermi level and with small parallel wave vector
components. As these electrons traverse the base region, they experience inelastic
scattering and lose energy. As a consequence, the energy distribution of the hot
electrons broadens. Since the scattering rate is normally higher for the minority
electrons than for the majority electrons, the minority electrons are more likely
to lose energy and thus have a broader energy distribution. Additional electron
scattering occurs at the base/collector interface, after which a fraction of the
incident electrons are collected by the semiconductor. This interface scattering
could broaden the angular distribution of the hot electrons.

The GaAs conduction band has lowest energy at the center of the Brillouin
zone (Γ valley). At an energy of ∼ 0.29 eV above the top of the Schottky barrier,
there are eight local minima along the 〈111〉 axis (L valleys). At an even higher
energy, ∼ 0.48 eV above the Schottky barrier height, there are six local minima
along the 〈001〉 axis (X valleys) [103]. When the bias voltage exceeds the Schottky
barrier height by a small margin, a hot-electron current is collected through
the central Γ valley. Because of their narrow energy distribution, a relatively
large portion of the majority electrons is able to surmount the Schottky barrier
and hence contributes to the collector current. On the other hand, only a small
portion of the minority electrons has enough energy to be collected. This is
schematically illustrated in Fig. 6.18. The large spin asymmetry results in a large
MC. At elevated emitter/base bias voltages, increasingly more of the scattered
minority electrons are able to surmount the Schottky barrier. The increase of
the minority electron current gives rise to a smaller MC. If all the collector
conduction bands open up at the same energy level, a monotonic decrease of the
MC with bias is expected, as observed in the magnetic tunnel transistor with
a Si collector. However, for GaAs, the L valleys and the X valleys open up at
higher energies than the Γ valley. When these valleys just become available for
hot-electron injection, they favor the collection of the majority electrons and
thus tend to increase the MC. This leads to the observed non-monotonic bias
dependence of the MC when the collector is GaAs.

Figure 6.19(a) depicts the measured MC for sample 1 together with the cal-
culated MC using the simple model. The agreement between the experimental
data and the calculated results is very good. In Fig. 6.19(b), the measured trans-
fer ratios (defined as IC/IE) for parallel and antiparallel alignment of the base
and emitter magnetic moments are plotted together with the calculated results.
Again, excellent agreement is obtained. In Fig. 6.19(c), the contributions to the
collector current from the different conduction band valleys are calculated sep-
arately. It can be seen that at low bias voltages, all the electrons are injected
into the Γ valley. At VEB ∼ 1.1 V, the L valleys become available for electron
collection. Initially, many more majority electrons are collected than minority
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Fig. 6.18. Schematic illustration of the energy distribution for the majority and
the minority electrons at the base/collector interface. The shaded areas indi-
cate electrons that have enough energy to surmount the Schottky barrier. At
low bias (upper half), most of the majority electrons but only a small frac-
tion of the minority electrons have enough energy to overcome the Schottky
barrier. At high bias (lower half), this asymmetry is reduced.

electrons, and an increase of the MC results. The longitudinal electron effective
mass of the L valleys is much larger than that of the Γ valley. Consequently,
the number of available energy states in the L valleys increases very rapidly
with bias. The contribution to the collector current from the L valleys is there-
fore significant, as reflected by a small kink in the transfer ratio at VEB ∼ 1.1 V
(Fig. 6.19b). As the bias voltage increases further, more minority electrons are
injected into the L valleys and the MC starts to decrease again. The energy
states in the X valleys become available for electron collection at VEB ∼ 1.3 V.
However, the current collected through the Γ and L valleys is already very large
and hence no significant change in the MC or the transfer ratio is caused by the
small additional current collected through the X valleys.

For the calculations shown in Fig. 6.19, a broad angular distribution is as-
sumed for both the majority and the minority electrons. This assumption is es-
sential to reproduce the non-monotonic bias voltage dependence of the MC and
can be rationalized by spin-independent electron scattering at the base/collector
interface [104]. Since the L valleys are located far from the center of the Bril-
louin zone, a large parallel wave vector is required for the electrons to access the
conduction band states in these valleys. If the angular distribution is narrow,
only few electrons have large parallel wave vectors and thus the L valleys hardly
contribute to the collection of hot electrons. This would result in a monotonic
decrease of the MC with bias, as illustrated in Fig. 6.20(a). In this calculation
the same fitting parameters are assumed as those used in Fig. 6.19, except for
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Fig. 6.19. The measured (symbols) and calculated (lines) bias voltage depen-
dence of the MC (a) and IC/IE (b) for both parallel (circles/solid line) and
antiparallel (triangles/dashed line) alignments of the emitter and base mag-
netic moments in the magnetic tunnel transistor with a GaAs (001) collector.
(c) The calculated IC/IE for the Γ, L, and the X conduction-band valleys sep-
arately. The solid and dashed lines in this calculation are for the parallel and
antiparallel configuration, respectively. The angular distribution is assumed
to be broad and identical for the majority and the minority electrons.

the assumption of a much narrower angular distribution. As discussed above, the
narrow angular distribution results in a small contribution of the L valleys to the
collector current (Fig. 6.20c). Although the opening of the L valleys still tends
to increase the MC, the collector current is dominated by electron collection
through the central Γ valley and therefore the MC varies monotonically with the
bias voltage.

The assumption of a spin-dependent hot-electron energy distribution is also
important in order to understand the experimental results. Figure 6.20(c)-(f)
show the calculated results assuming the same energy distribution for the ma-
jority and the minority electrons. In addition, the majority and the minority
electrons are assumed to have a narrow and broad angular distribution, respec-
tively. At low bias, the calculated MC stays approximately constant since the
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Fig. 6.20. Similar to Fig. 6.19, but assuming narrow and identical angular
(a)-(c) or energy (d)-(f) distributions for the majority and the minority elec-
trons.

same energy distribution is assumed for both the majority and the minority elec-
trons. When the L valleys open up, more minority electrons are collected than
majority electrons because they have larger parallel wave vectors and therefore
can access the L bands more easily. As a result, the MC decreases. On the other
hand, if a broad angular distribution is assumed for the majority electrons and
a narrow angular distribution is assumed for the minority electrons, the MC
will become negative (not shown), which is opposite to the experimental data.
Note that a very similar bias dependence of the MC is measured for both the
GaAs (001) and the GaAs (111) collectors, although the projection of conduction
bands onto the interface plane is very different for the two substrate orientations.
This is a strong indication that the measured bias voltage dependence of the MC
cannot be explained by different angular distributions of the majority and the
minority electrons.

The simple model can account for the bias dependence of the MC in the
magnetic tunnel transistor with a Si collector as well. Si has six conduction
valleys located along the 〈001〉 axes and they all have the same energy minimum.
Hence, a monotonic decrease of the MC with bias is expected. In Fig. 6.21, the
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Fig. 6.21. The measured (symbols) and calculated (lines) bias voltage depen-
dence of the MC (a) and IC/IE (b) for both parallel (circles/solid line) and
antiparallel (triangles/dashed line) alignments of the emitter and base mag-
netic moments in the magnetic tunnel transistor with a Si collector. The
angular distribution is assumed to be broad and identical for majority and
minority electrons.

measured and calculated MC and IC/IE is depicted. The agreement between the
experimental data and the calculated results is satisfactory.

6.4 Tunnel-based spin injectors
6.4.1 Spin injection
The development of modern electronic devices has followed Moore’s law for sev-
eral decades [105]. As the device size continues to shrink towards fundamental
physical limits, there is an increasing interest in exploring alternate technolo-
gies. Spin-based electronics, or spintronics, is a promising technology, where the
spin states of carriers are utilized as an additional degree of freedom for in-
formation processing and storage. Spins have played an important role in con-
ventional magneto-electronic devices, such as spin-valves and magnetic tunnel
junctions. The discovery of the giant magnetoresistance and the tunneling mag-
netoresistance effects has had a profound impact on the storage and recording
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Fig. 6.22. Schematic drawing of the Datta–Das transistor. FM1 and FM2 are
two ferromagnetic contacts to the 2DEG.

industry [106–113]. In semiconductor electronics, however, the role of spins is
rather passive. It is interesting to note that semiconductors actually have many
desirable properties when spins are concerned. The electron spin relaxation time
in semiconductors can be several orders of magnitude longer than the electron
momentum and energy relaxation times [114]. Using an electric field, electrons
in GaAs can be dragged over a distance of 100µm without losing spin coher-
ence [115]. In addition to the long spin lifetimes and large spin diffusion lengths,
semiconductors offer the flexibility of varying carrier doping profiles and spin
relaxation rates, which could be very useful for building spintronic devices. For
example, Ohno et al. showed that it is possible to control the ferromagnetism
of InMnAs thin films by modulating the hole concentration [116]. Karimov et
al. demonstrated that electron spin relaxation rates in GaAs heterostructures
can be varied by a factor of ten by applying a gate voltage [117]. Murakami et
al. predicts that a dissipationless spin current can flow in GaAs in the presence
of an electric field [118]. These studies suggest that spin-based semiconductor
electronics has the potential to bring an entirely new generation of devices with
fast speed, high density, low power consumption and non-volatility [119].

The first semiconductor spintronic device was proposed by Datta and Das
in 1990 (Fig. 6.22) [120], often referred to as the Datta–Das “transistor”. This
device is comprised of two ferromagnets in contact with a semiconductor two-
dimensional electron gas (2DEG) formed at a InAlAs/InGaAs interface. The two
ferromagnetic contacts are used to create and detect spin polarized electrons, re-
spectively. The 2DEG provides a channel for electron transport between the
contacts. Due to the Rashba effect [121, 122], the mobile electrons in the 2DEG
sense an effective magnetic field and precess around the field. The strength of
the magnetic field can be controlled by applying a gate voltage across the 2DEG
[123]. Therefore, it is possible to modulate the electron spin precession inside
the 2DEG and consequently the magnitude of the current. Although a simple
concept, the Datta–Das transistor contains all the essential components of a
semiconductor spintronic device: the creation, transport, manipulation, and de-
tection of spin-polarized electrons. The first step, the creation of spin polarized
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Fig. 6.23. A simplistic picture to illustrate the conductivity mismatch problem
in spin injection.

electrons inside semiconductors, is often called spin injection. It is a prerequisite
for semiconductor spintronics.

It has long been known that spin-polarized electrons can be generated in
direct band gap semiconductors by optical pumping with circularly polarized
light [124]. For device applications, however, electrical means of spin injection is
much more desirable. The first attempts of electrical spin injection were carried
out using Ohmic contacts formed by ferromagnetic metals [125–127]. Since the
electrons in the ferromagnetic metals are spin polarized, it was expected that
the electrons injected into the semiconductors would maintain their spin orien-
tation and thus give rise to successful spin injection. Despite significant effort,
however, unambiguous spin injection was not demonstrated. Later on, it was
realized that the conductivity mismatch between the metal Ohmic contact and
the semiconductor might present a fundamental obstacle for spin injection [128].
The concept of the conductivity mismatch can be understood in a simple picture
shown in Fig. 6.23. In the spin injection experiment, the resistance of the de-
vice can be divided into a spin-dependent part RS and a spin-independent part
R0. The semiconductor resistance is normally spin independent, whilst the fer-
romagnet/semiconductor contact resistance is spin-dependent. When an Ohmic
contact is used, RS is much smaller than R0. Therefore, the electron transport
will be dominated by the spin-independent semiconductor resistance. As a result,
the electron current will be largely unpolarized. In order to achieve efficient spin
injection, the spin-dependent conductivity needs to be smaller than its spin-
independent counterpart. Note that Fig. 6.23 is a rather simplistic picture of
viewing the conductivity mismatch problem. A strict treatment of this subject
can be found in the paper by Schmidt et al. [128]

The first evidence of electrical spin injection was reported by Hammar et al.
[129]. They used NiFe contacts to inject electrons into an InAs 2DEG, with a
thick AlGaSb insulating barrier inserted between the NiFe and the 2DEG. Due
to the Rashba effect, the spin degeneracy of the electron density of states in the
2DEG is lifted. As a result, the electron transport in the 2DEG channel is spin
dependent. When the magnetization of the NiFe contacts is varied by a magnetic
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Fig. 6.24. Schematic drawing of a quantum-well LED detector used for mea-
suring spin polarization of injected electrons. HH and LH represent the heavy
and light holes in the quantum well.

field, the resistance of the device is expected to change [130]. Indeed, Hammar
et al. observed a resistance change of ∼ 0.9%. This observation, although a small
effect, was encouraging progress in spin injection. Later on, Hu et al. also reported
spin injection from NiFe into an InAs 2DEG [131], with a smaller resistance
change of ∼ 0.2%.

A much larger spin injection effect was obtained using diluted magnetic semi-
conductors, which have conductivity matched to that of normal semiconductors.
The use of magnetic semiconductors was proposed by Oestreich et al. [132]. Us-
ing time-resolved photoluminescence, they showed that magnetic semiconductor
Cd0.98Mn0.02Te could serve as a very good spin aligner in a magnetic field of 2.5
tesla. Moreover, the spin polarized electrons generated in the Cd0.98Mn0.02Te
layer could be efficiently transported into an adjacent CdTe layer. Shortly after-
wards, Fiederling et al. [133], Ohno et al. [134], and Jonker et al. [135] demon-
strated electrical spin injection using BeMnZnSe, GaMnAs, and ZnMnSe as the
spin injectors, respectively. In their experiments, a quantum-well light-emitting
diode (LED) was used as an optical detector to measure the injected electron spin
polarization (Fig. 6.24). The injected electrons recombine with holes inside the
quantum well and emit light. The circular polarization of the light is correlated
to the spin polarization of the electrons prior to recombination through the op-
tical selection rules [124]. Therefore, the spin polarization can be inferred from
the light polarization. Very large spin polarization, more than 80%, has been
reported [136]. Such a high spin polarization is very desirable for spintronic ap-
plications. However, magnetic semiconductors also have their limitations: these
materials, to date, show good magnetic properties only at temperatures well be-
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low room temperature and/or in a large magnetic field, thereby limiting their
usefulness.

Ferromagnetic 3d transition metals have Curie temperatures much higher
than room temperature, making them attractive for spin injection into semicon-
ductors. However, care must be taken to overcome the conductivity mismatch
between the metals and the semiconductors. Rashba pointed out that the mis-
match problem can be resolved if the ferromagnetic metal forms a tunnel contact
with the semiconductor since the tunneling process is spin dependent and the
tunnel contact can have high impedance [137]. This predication was confirmed
by Zhu et al. [138]. Using a Fe/GaAs Schottky tunnel contact, they observed a
spin polarization of ∼ 2% in GaAs/InGaAs quantum wells. Following the same
route, higher spin polarization was later reported by the Jonker group at the
Naval Research Laboratory [139, 140] and the Crowell and Palmstrøm group at
the University of Minnesota [141], reaching ∼ 30% at low temperatures. Besides
Schottky tunnel contacts, oxide tunnel barriers were utilized for spin injection as
well. Manago and Akinaga used ferromagnetic metals in conjunction with Al2O3

tunnel barriers as the spin injector and observed a signal of ∼ 1% at room tem-
perature [142]. van ’t Erve et al. used a Fe/Al2O3 tunnel contact and observed
a spin polarization of 40% at 5 K [143]. Motsnyi et al. [144, 145] and Van Dorpe
et al. [146] used the oblique Hanle effect [124] to investigate spin injection from
a ferromagnetic metal/Al2O3 tunnel barrier injector into a GaAs LED. They
applied a magnetic field at an angle to the ferromagnetic metal film plane and
measured the circular polarization of the light emitted from the LED. By model
fitting to the luminescence polarization, the spin injection efficiency can be ex-
tracted. Motsnyi et al. [145] measured a light polarization of ∼ 4% at 80K and
∼ 1% at room temperature and concluded that the actual spin injection efficiency
is about 21% and 16%, respectively.

When a Schottky or Al2O3 tunnel contact is used for spin injection, the
maximum spin polarization that can be achieved may be limited by the tunneling
spin polarization from the ferromagnetic metal. For instance, for 3d transition
metals and their alloys, the tunneling spin polarization is normally no more
than 50% when an Al2O3 tunnel barrier is used [54]. To overcome this limit, two
approaches can be adopted. One is to take advantage of the spin filtering effect of
hot electrons in ferromagnetic metals to obtain high spin polarization. The other
is to develop new materials which give rise to high tunneling spin polarization.
These two methods will be discussed in the next subsection.

6.4.2 Spin injection using tunnel injectors

6.4.2.1 Spin injection into GaAs from a magnetic tunnel transistor In the pre-
vious section, it has been shown that the spin polarization of the hot-electron cur-
rent in a magnetic tunnel transistor can be as high as 95% at the base/collector
interface due to efficient spin filtering in the base. Moreover, the presence of a
tunnel barrier in the magnetic tunnel transistor solves the conductivity mismatch
problem. These properties make the magnetic tunnel transistor very intriguing as
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Fig. 6.25. Optical selection rules for electron-hole recombination in the Faraday
geometry.

a spin injector. To detect the injected electron spin polarization, a quantum-well
LED structure can be incorporated as the collector of the magnetic tunnel tran-
sistor. In this scheme, the injected electrons recombine with unpolarized holes
from the substrate in the quantum well and emit light. By analyzing the circular
polarization of the light, the spin polarization of the electrons can be determined
using optical selection rules [124]. As shown in Fig. 6.25, there are two types of
holes existing in the quantum well: heavy holes (HH) and light holes (LH). They
can both recombine with the electrons and emit photons with opposite helicity.
In general, careful analysis has to be taken in order to extract the spin polariza-
tion from the luminescence spectra. However, in the quantum well, the energy
degeneracy of the heavy and light hole states is lifted due to confinement and/or
strain effects. If the energy splitting (∆E) between the two hole states is larger
than the spectral resolution, it is possible to measure the circular polarization of
the heavy hole emission only. In this case, the luminescence polarization is simply
equal to the electron spin polarization. Note that the selection rules in Fig. 6.25
are only valid in the Faraday geometry, i.e., with the spin and light propagation
directions both perpendicular to the quantum-well plane. Experimentally, this
implies that a large magnetic field is required to rotate the electron spins out of
the film plane.

In the spin injection experiment, the quantum well detector is buried in-
side the semiconductor heterostructure. The injected electrons are first trans-
ported into the quantum-well region, where they spend a certain amount of
time (described by the recombination time) before recombining with the holes
and emitting light. The electroluminescence (EL) polarization does not include
any spin relaxation effects prior to recombination and, therefore, sets a lower
bound on the spin polarization of the injected electrons. To properly interpret
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the experimental data, it is necessary to take into account various spin relax-
ation processes in the semiconductor. Three spin relaxation mechanisms have
been found to be important: the Elliott–Yafet (EY), D’yakonov–Perel’ (DP),
and Bir–Aronov–Pikus (BAP) mechanisms (see discussion in Chapter 2). The
EY process derives from the mixing of electron wave functions with opposite
spin states due to spin-orbit coupling [147,148]. As a result, electron momentum
scattering leads to spin relaxation, with a rate proportional to the momentum
scattering rate. The DP process is present in semiconductors without inversion
symmetry [149, 150]. The mobile electrons see an effective magnetic field whose
magnitude and orientation depend on the electron momentum. Spin precession
around this magnetic field gives rise to spin relaxation. Momentum scattering
randomizes the direction of the effective magnetic field and reduces the average
precession effect. The DP spin relaxation rate is therefore inversely proportional
to the momentum scattering rate, which is opposite to the EY process. The BAP
process is due to electron-hole exchange and annihilation interactions [151]. The
relative importance of the three processes depends on the details of the sample
structure and the experimental conditions, such as the semiconductor doping
profile, experiment temperature, etc.

Figure 6.26 shows the electroluminescence spectra taken at 1.4 K when a
magnetic tunnel transistor is used as the spin injector. The emitter of this device
is 50 Å Co84Fe16. The base consists of 35 Å Ni81Fe19 and 15 Å Co84Fe16 with the
NiFe layer adjacent to the collector. The tunnel barrier is Al2O3 with a thickness
of ∼ 22 Å. Three GaAs/In0.2Ga0.8As quantum wells are incorporated in the col-
lector as the optical detector. The electron energy in these measurements is set to
be ∼ 2 eV. The thin and thick lines in Fig. 6.26 represent the left (σ+) and right
(σ−) hand circular polarization components, respectively. Note that the width
of the luminescence peaks is only ∼ 25 Å which is limited by the spectrometer
resolution for the given signal level. According to absorption studies, the sep-
aration in wavelength between the heavy and light hole emissions is ∼ 400 Å
in these GaAs/In0.2Ga0.8As quantum wells. Therefore, the narrow luminescence
linewidth enables the unambiguous detection of electron-heavy hole recombina-
tion. As discussed before, the circular polarization of the electroluminescence is
equal to the spin polarization of the electrons just before recombination.

The electroluminescence polarization in Fig. 6.26 clearly depends on the mag-
netic field. At zero field, the intensities of the σ+ (I+) and σ− (I−) components
are the same. At high fields, there is a significant difference between I+ and I−.
Here, the intensities are calculated by integrating the areas under the peaks. The
electroluminescence polarization is defined as:

PEL =
I+ − I−

I+ + I−
.

PEL is ∼ 13% at 2.5 T and ∼−13% at −2.5,T. The sign of PEL indicates injection
of the majority electron spins (−1/2 spin state) into the quantum wells. This
result is consistent with the sign of the collector current polarization observed



Tunnel spin injectors 279

910 915 920 925

Wavelength (nm)

E
L 

in
te

ns
ity

 (
a.

u.
)

T = 1.4 K σ+
σ−

H = 0

H = -2.5 T

H = 2.5 T

Fig. 6.26. Electroluminescence spectra measured at magnetic fields of 0 and
± 2.5 T at 1.4K for a magnetic tunnel transistor injector. The thin and thick
lines represent the σ+ and σ− circular polarization components, respectively.

in electrical transport measurements in magnetic tunnel transistors. Excitons in
In0.2Ga0.8As have a large g-factor, leading to a large Zeeman splitting energy in
the quantum wells, which is shown by the shift of the luminescence peak center
positions for the σ+ and σ− components at high fields.

Figure 6.27(a) shows PEL measured as a function of the magnetic field. PEL

increases rapidly with the field up to ∼ 2 T, where the magnetic moments of
the ferromagnetic emitter and base layers are expected to be completely ro-
tated out of plane by the field. Above 2 T, PEL continues to increase with the
field roughly linearly. This background polarization at high fields may be due to
thermalization of the excitons in the quantum wells. Field-dependent spin relax-
ation and/or recombination rates may also contribute to this background. The
polarization PC, obtained after subtracting this linear background polarization
from PEL, is shown in Fig. 6.27(b). A PC value of ∼ 10% is obtained at 2.5 T.
Note that polarization-dependent reflection at the ferromagnetic base/GaAs in-
terface may give rise to a contribution to the electroluminescence polarization.
However, it is found that this effect is very small (< 1%) by passing linearly po-
larized light through the backside of the wafer and measuring the polarization of
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Fig. 6.27. Electroluminescence polarization before (a) and after (b) subtraction
of the linear background as a function of the magnetic field for a magnetic
tunnel transistor injector. The solid line in (b) is the magnetization of the
ferromagnetic layers measured with a SQUID magnetometer at 10K, which
is scaled to compare with the polarization data.

light reflected from the ferromagnetic layers. The solid line in Fig. 6.27(b) shows
the magnetization of the ferromagnetic layers measured with a superconduct-
ing quantum interference device (SQUID) magnetometer at 10 K for magnetic
fields oriented perpendicular to the sample. The field dependence of the sample
magnetization is in excellent agreement with the field dependence of PC, con-
firming that PC is related to the injection of spin-polarized hot electrons from
the magnetic tunnel transistor.

The DP spin relaxation rate in GaAs is approximately proportional to the
third power of the electron energy. As a result, DP spin relaxation becomes very
effective at elevated electron energies [124]. The injected hot electrons likely lose
a significant amount of spin polarization during the process of thermalization to
the bottom of the conduction band. After the hot electrons enter the quantum
well region, further spin relaxation can occur before they recombine with the
holes [152]. It would be interesting to use other semiconductor collectors (e.g. Si
or GaN), where the DP mechanism is not so important [153, 154]. Under these
circumstances, the measured spin polarization should be much larger.

6.4.2.2 Spin injection into GaAs from a CoFe/MgO tunnel injector The small
collector current of the magnetic tunnel transistor requires the device to operate
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Fig. 6.28. HRTEM image of a CoFe/MgO tunnel spin injector.

at large electron energy in order to obtain enough signal in the spin injection
experiments. Electron spin relaxation, however, is very efficient at high energy,
leading to a moderate electroluminescence polarization of ∼ 10%. To increase
the electron current at lower energy while maintaining a high spin polarization,
a crystalline CoFe/MgO tunnel injector is formed. As discussed in Section 6.1,
the tunneling spin polarization of a CoFe/MgO(100) structure is predicted to be
very high using a first-principles calculation [61,62,155]. Experimentally, tunnel-
ing spin polarization as high as 85% has been observed by Parkin et al. [156].
Therefore, a CoFe/MgO tunnel injector should be able to inject highly spin po-
larized electrons into the semiconductor

Figure 6.28 shows a high-resolution transmission electron microscopy (HR-
TEM) image of a CoFe/MgO spin injector grown on a GaAs heterostructure.
Both the MgO and CoFe layers are very smooth and are polycrystalline with a
strong (100) texture along the growth direction. Such crystallographic orienta-
tions are consistent with theoretically predicted orientations which should give
rise to high tunneling spin polarization [61, 62, 155].

Figure 6.29 shows the electroluminescence spectra using CoFe/MgO tunnel
injectors for spin injection. (a) and (b) represent two samples with a GaAs/Al0.08

Ga0.92As (sample I) and a GaAs/Al0.16Ga0.84As (sample II) quantum-well de-
tector, respectively. For both samples, the injector consists of 50 Å Co70Fe30 and
30 Å MgO capped with 100 Å Ta. The spectra in (a) are taken at 100K with
a bias voltage (VT) of 1.8 V applied across the semiconductor heterostructure.
The spectra in (b) are taken at 290 K with VT = 2.0 V. The electroluminescence
peaks at longer wavelengths are due to the recombination of electrons with the
heavy holes in the quantum well, whilst the peaks at shorted wavelengths are
due to the recombination of electrons with light holes [157]. For both samples,
the electroluminescence intensities of the left and right circular polarization com-
ponents are magnetic field dependent, giving rise to a significant polarization as
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Fig. 6.29. Electroluminescence spectra of sample I (a) and II (b) with
CoFe/MgO tunnel spin injectors. The thin and thick lines in (a) and (b)
represent the σ+ and σ− circular polarization components of the lumines-
cence, respectively.

the CoFe moment is rotated out of the film plane. Again, the sign of the lu-
minescence polarization indicates majority spin injection from CoFe. Since the
circular polarization of the heavy-hole emission has a simple relationship with
the spin polarization of the electrons just prior to recombination, henceforth,
only the heavy-hole luminescence polarization is discussed and it is referred to
as PEL. For sample I, the heavy-hole emission is well resolved from the light hole
emission due to its narrow linewidth (∼ 10 Å). Therefore, it is rather straightfor-
ward to determine PEL. In contrast, the heavy and light hole peaks for sample
II are broad at 290K and are thus less well resolved. In order to extract PEL for
this sample, the luminescence spectrum is fit with two Lorentzians and PEL is
calculate from the fit.

The magnetic field dependences of PEL for sample I at 100K and sample II at
290K are depicted in Fig. 6.30(a) and (b). In each case the polarization increases
rapidly with field up to ∼ 2 T, when the CoFe moment is rotated completely out
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Fig. 6.30. Magnetic field dependence of PEL (a and b) and PC (c and d) for
sample I at 100K and sample II at 290K (open circles). The solid lines in
(c and d) show the field dependence of the CoFe moment measured with a
SQUID magnetometer at 20 K, which has been scaled to allow comparison
with PC.

of plane. Above 2 T, PEL continues to increase with field approximately linearly,
but at a much lower rate, reaching 57% and 47% at 5T for sample I and II,
respectively. A linear variation of PEL with field above 2 T is observed for both
samples over a wide temperature range. The slope of this background polarization
usually varies gradually from a negative value at low temperatures to a positive
value at high temperatures, crossing zero at ∼ 40–50K. Several factors may con-
tribute to the background polarization. At low temperatures, thermalization of
electron spins in the quantum well due to Zeeman splitting could give rise to a
negative background since GaAs has a negative g-factor. At high temperatures,
however, the Zeeman energy is negligible compared to kBT , and therefore cannot
explain the observed background polarization. It is likely due to field dependent
spin relaxation and/or electron-hole recombination times. It is well known that
a perpendicular magnetic field can suppress DP spin relaxation in GaAs [124],
which would therefore give rise to a positive background. Moreover, it is found
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that the luminescence intensity from the quantum well increases with increasing
fields, implying a shorter recombination time at higher fields which would also
give rise to a positive background.

The electroluminescence polarization after subtraction of the linear back-
ground is shown in Fig. 6.30(c) and 6.30(d), which is a measure of spin polariza-
tion when the magnetic field influence on the polarization is excluded. PC values
as high as 52% and 32% were obtained at 100K and 290 K, respectively. The
solid lines in Fig. 6.30(c) and 6.30(d) show the field dependence of the CoFe mo-
ment measured in a perpendicular magnetic field with a SQUID magnetometer
at 20K. The excellent agreement between the polarization data and SQUID data
confirms that the large polarization originates from spin injection.

The bias and temperature dependence of PC is shown in Fig. 6.31 for the two
samples. The relatively small confinement potential of the GaAs/Al0.08Ga0.92As
quantum well results in weak luminescence signals at high temperatures and
consequently limits the measurements on sample I to below 100K. In contrast,
measurements on sample II are possible up to room temperature due to the use
of a deeper GaAs/Al0.16Ga0.84As quantum well. For both samples, PC decreases
with increasing bias at a given temperature. A similar bias dependence was
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observed in optical experiments and was attributed to spin relaxation through
the DP mechanism before photo-excited electrons reached the quantum well
[158, 159]. In semiconductors lacking inversion symmetry, DP spin relaxation
occurs due to spin precession about an effective magnetic field whose orientation
and magnitude depends on the electron momentum. Larger electron momentum
at higher bias results in a bigger effective field and consequently more rapid spin
relaxation [124].

A non-monotonic temperature dependence of the electroluminescence polar-
ization is found for both samples, which is plotted in Fig. 6.32. The bias voltage
is VT = 1.8 V and 2.0 V for sample I and II, respectively. In the spin injection
experiment, the electroluminescence polarization depends on the spin relaxation
rate and the electron recombination time in the quantum well detector. The
measured luminescence polarization P in a steady state is given by [124]

P =
τs

τs + τR
P0,
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where P0 is the initial spin polarization of the electrons injected into the quantum
well, τs and τR are the spin and electron lifetimes, respectively. The DP spin
relaxation rate in a quantum well is given by

τ−1
s ∝ τpT,

where τp is the momentum relaxation time and T is the temperature [150]. At
very low temperatures, τp is dominated by ionized impurity scattering which
has a weak temperature dependence, so that τpT and, consequently, the spin
relaxation rate increase with temperature. At higher temperatures, when polar
optical phonon scattering dominates the momentum scattering, τpT and, there-
fore, the spin relaxation rate decrease with increasing temperature [160]. As a
result, the luminescence polarization tends to increase with temperature.

Figure 6.33 shows the DP spin relaxation rate in a quantum well calculated
by Puller et al. [160] The spin relaxation rate has a maximum in the intermediate
temperature range, which is qualitatively consistent with the experimental data
shown in Fig. 6.32. The electron recombination time also varies with temperature
[161, 162] and contributes to the temperature dependence of the electrolumines-
cence polarization. It has been found that the radiative electron recombination
time increases with temperature whilst the non-radiative recombination time de-
creases with temperature at high temperatures [162]. This interplay gives rise to
a peak in the temperature dependence of the recombination time which could
account for the temperature dependence of the electroluminescence polarization.
Both the spin relaxation rate and the electron recombination time are depen-
dent on the details of the quantum well detectors, which likely accounts for the
quantitative differences between samples I and II.
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The observation of efficient spin injection up to 290 K using a CoFe/MgO
tunnel injector is consistent with the high Curie temperature of CoFe and the
weak temperature dependence of spin-dependent tunneling. The actual spin in-
jection efficiency will be higher than that inferred from the polarization of the
quantum well electroluminescence because of spin relaxation in the quantum-
well detector. Moreover, the spin relaxation time and electron recombination
time are both strongly temperature dependent so giving rise to a non-monotonic
temperature dependence of the luminescence polarization. The MgO-based spin
injector can readily be fabricated by sputter deposition. In addition, the MgO
barrier prevents intermixing of the ferromagnetic metal and the semiconductor,
leading to improved device thermal stability [163]. These desirable features make
MgO-based tunnel spin injectors attractive for future semiconductor spintronic
applications.
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7 Theory of spin-transfer torque and domain
wall motion in magnetic nanostructures

S. E. Barnes and S. Maekawa

7.1 Introduction

The use of magnetic materials to store information is an indispensable part
of current technology. The amount of information stored on the active magnetic
medium of hard drives denies superlatives. This information is invariably written
by reversing micron-sized magnetic domains using magnetic fields. The use of
magnet RAM, however, has long been abandoned in favor of bistable electronic
memory and currently electronic “flash” memory is even making inroads as non-
volatile storage. The switching, i.e., coercive field Bc of a small mono-domain is
roughly independent of size while the magnetic field, at constant current density,
of a wire decreases as the radius r. Making current switched memory using the
magnetic field therefore becomes more difficult as the size decreases. In contrast,
for thin films the total angular momentum of a magnetic domain decreases as
r2 as does the angular momentum current carried by the conduction electrons
in a wire of the same dimensions. If this angular momentum can be transferred
directly, thereby switching the magnetic domain, the scaling problems associated
with magnetic field switching are avoided. This is one of the promises of the
subject discussed in this chapter.

It is also a striking experimental fact [1–4], comparable to the existence of
the Josephson effect, that a direct current (dc) can induce radio frequency (rf)
oscillations of nanodomains. It does not need much imagination to find direct
applications for this effect.

Further interest in the spintronic manipulation of magnetic moments which
has received little or no attention arises in connection with quantum computing.
Molecular magnets incorporated in molecular spintronic circuits can function as
qubits to be manipulated by currents using the principles of angular momentum
transfer to be described in this chapter.

The idea of angular momentum transfer between a current and a magnetic
domain wall was suggested independently by Slonczewski [5] and Berger [6]. De-
spite the elapsed time since this seminal work, the precise nature of the process
involved remains unclear although there is clear experimental proof [7–14] for
both spin valves and domain walls [15–19, 21] that such a coupling exists. The
reader will find a review of the historical development in Chapter 5. The purpose
of this chapter is to introduce a coherent theory of angular momentum trans-
fer. The reader will find detailed reviews [22, 23] and some key papers [24–29]

293
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elsewhere. Of conceptual importance for this development is the idea that the
angular momentum transfer process is not adiabatic. With the transfer of each
electron there is a certain probability of an adiabatic rotation which transfers
the transverse component of the spin current as discussed in Chapter 5, but in
addition, with some other probability, a transition is made to an excited state
involving magnons. Emphasized is the idea that coupling is to the various “dy-
namical” modes of the interface where the transfer occurs. The stability or oth-
erwise of these modes in the presence of a current determines the observed static
and dynamic states. Of importance is a bottleneck in the relaxation at a ferro-
magnetic to non-magnetic metal interface. An important issue is the correctness
of traditional Gilbert relaxation. In the context of the dynamics of a current
driven domain, it will be argued that this needs to be modified. For a domain
wall these modifications imply that the “particle derivative” appears in the place
of the usual partial derivative. It will be shown there exist certain non-resonant
solutions to the dynamical equations which are of considerable importance to
the interpretation of experiment.

An interesting subject which will also be addressed here is the existence
of a spin-motive-force (smf). Spintronics implies the use of the spin degrees of
freedom of electrons in order to develop new functional materials and devices. It
is invariably the case that the forces which drive the currents are of electronic
origin, i.e., arise from the Lorenz force fe = q(E + v × B) where E and B are
true electric and magnetic fields. This ignores the force

fs =
∂

∂r
(µ ·B) (7.1)

and which occurs, for example, in the famous Stern–Gerlach experiment [30].
Each element of f ≡ fe+fs can convert magnetic to electrical (potential) energy,
i.e., can produce a non-conservative force which leads to an emf E =

∮
(f/e) ·dr.

It should be evident that a time dependent fs can produce non-conservative
forces which couple to the spin degrees of freedom and which is therefore an
smf. What is implied is that a current flows whenever the magnetic energy of a
domain wall changes. This provides an alternative to the giant magnetoresistance
effect (GMR) as a means by which to measure the state of a spintronics device
and opens up the possibility of power amplification [31].

7.2 Landau–Lifshitz equations

The conservation of charge is embodied in the continuity equation

∂ρ

∂t
+ ∇ · J = 0 (7.2)

where ρ is the charge density and J the charge current density. At a funda-
mental level charge conservation reflects an electromagnetic gauge invariance in
Schrödinger’s equation via Neother’s theorem. In the steady state (∂ρ/∂t) = 0
and the resulting ∇ · J = 0 is just a version of Kirchhoff’s node rule. This rule
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is very extensively used in the description of regular electronics. However, there
is no equivalent gauge invariance which would imply the conservation of spin
currents and no Kirchhoff’s node rule for such currents. Also instead of a scalar
charge, M , a vector quantity (magnetization or angular momentum), is under
consideration. Specifically, M denotes a local moment which is equivalent to the
magnetization: −gµBM with the g-factor g, µB the Bohr magneton, and also
to the angular momentum per unit volume: �M , with � the Planck constant
divided by 2π. Note that for an electron the magnetization opposes the angular
momentum due to its negative charge.

Even in the absence of spin currents js, as reflected by the Landau–Lifshitz
equations,

∂M

∂t
= −gµB

�
M × B, (7.3)

the magnetization M has a finite rate of change. The magnetic field B is given
by the variation −(δF/δM) since the free energy F must contain a term −M ·
B reflecting both the real applied magnetic fields plus those which arise from
internal and anisotropy fields, for example. Now M is the order parameter for
the broken symmetry of a ferromagnet. As such it is difficult to find processes by
which M might relax. While M is not conserved, i.e., in quantum mechanical
terms it does not commute with the Hamiltonian H, its motion does trace out
constant energy surfaces when relaxation is absent. Putting M in motion using
an external radio frequency (rf) field in a ferromagnetic resonance experiment
(FMR) shows that relaxation of M does indeed occur. Schematically then the
Landau–Lifshitz equations become,

∂M

∂t
= −gµB

�
M × B + R. (7.4)

The precise form of the relaxation term R will be discussed in the next section.
The spin current is a tensor quantity. There is a vector current, for example,

jz which is the current in the Mz component of M and the vector made of these
is the dyadic J ≡ (jx, jy, jz) so that adding the appropriate divergence terms,

∂M

∂t
+ ∇ · J = −gµB

�
M × B + R (7.5)

which illustrates that spin currents are only conserved in the steady state when
the right-hand side is zero. That this is rarely the case is what adds so many
possibilities to spintronics which do not exist in electronics. When the spin cur-
rent is due to spin diffusion, for example, jz = −D∇Mz where D is the diffusion
constant proportional to the momentum relaxation time. With this

∇ · J = −D∇2M , (7.6)

the standard diffusion term. However it is the case that certain “gauge fields”
generate a spin-motive-force (smf), i.e., the equivalent of an emf but which drives
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F-layer N-layer

spin current

z

Fig. 7.1. The relaxation induced by contact with the N -layer may be viewed
as being a spin current across the boundary.

a spin rather than charge current. The important spin currents in what follows
are due to an emf or an smf and not simple diffusion.

When dealing with multilayers it is often the case that what might usually be
thought of as relaxation might also be considered as a spin current [22]. Consider
the FN sandwich of Fig. 7.1. Due to various interactions, the N -layer will induce
some additional relaxation S(β/MF )MF ×(∂MF /∂t) due to the interface, where
S is the surface area and β a constant which measures the size of the interaction.
This angular momentum lost by the F -layer must be gained by the N -layer and
so Sβ(dMF /dt) might be added to the right-hand side of Eq. (7.5) for MN as
a “scattering in” term. Such a transfer of angular momentum might instead be
viewed as being a spin current density,

jz =
β

MF
MF × ∂MF

∂t
(7.7)

which crosses the surface in the xz-plane, since when the total MN is calculated,
the surface term

∫
J · dS =

∫
jzdS = S(β/MF )MF × (∂MF /∂t), which arises

from the divergence, has the same effect on the equation for MN . Such currents
are distinct from those which arise either from diffusion or an smf/emf.

7.2.1 Relaxation and the Landau–Lifshitz equations
Traditionally it is usual to assume Gilbert relaxation for which

RG =
α

M
M × ∂M

∂t
. (7.8)

The relaxation parameter α reflects the fraction of the magnetic (Zeeman) energy
which is lost in a spin reversal.13 The original Landau–Lifshitz equations were
written with,

13The Gilbert term is the simplest relaxation term which preserves the length of � , i.e.,
it is the case that (d/dt)M 2 = 2� · (d�/dt) = 0. This follows since both � ·� × � and
� ·� × (∂�/∂t) are trivially zero.
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RL = −gµB

�

λ

M
M × (M × B). (7.9)

In fact, in the absence of the divergence term, for a single domain ferromagnet,
these two forms of relaxation are mathematically equivalent, even when α is large.
In passing from Gilbert to Landau–Lifshitz, g → g/(1+α2) and λ = α/(1+α2).

Now, by definition, the change in the free energy δF = −B · δM , and since
M is assumed to have a fixed length, the condition for a turning point, i.e.,
δF = 0 is satisfied when B and M are either parallel or antiparallel, this cor-
responding to M × B = 0. This is the case even when B(t) is a function of
time. Further it is clearly a sufficient condition that the second law of thermo-
dynamic be satisfied that relaxation ceases at such a turning point in the energy
and in particular when the system is in an energy minimum. For this reason, the
Landau–Lifshitz relaxation term is always consistent with the second law while
Gilbert relaxation14 is not. If however the total derivative is defined as

DM

Dt
≡ ∂M

∂t
+ ∇ · J (7.10)

then it is again the case that the Landau–Lifshitz–Gilbert equations of the form

DM

Dt
= −gµB

�
M × B +

α

M
M × DM

Dt
(7.11)

are equivalent to those with Landau–Lifshitz relaxation.
Both of these options omit longitudinal relaxation. Imagine M lies along the

easy axis but does not have its equilibrium value M0ẑ. The relevant relaxation
equation is often dMz/dt = −(1/T1)[Mz − M0]. This T1 time brings the order
parameter back to its equilibrium value.15 This longitudinal relaxation term is
proportional to the deviation from local equilibrium and this alternative, adapted
to the relaxation the transverse component of M discussed above, has proved
useful in connection with other (magnetic resonance) problems where the math-
ematical equivalent of a divergent term arises[32]. The relaxation term is now of
the very simple form:

Rloc = − 1
τe

δM ; δM = [M − M0(t)] (7.12)

14The second law can be violated with �G, given a suitable choice of the divergence term.
Assume � = B0ẑ, the torque term does no work, i.e., � processes with a constant θ. In the
absence of a divergence term, the effect of Gilbert relaxation is to reduce θ, thereby reducing
the energy. It is always possible to orientate adjacent domains at some small angles and which
produces an arbitrary divergence with the adiabatic passage of electrons. Imagine � · J +
(gµB/�)� × � = −(gµB/�)� × � thereby precisely reversing the direction of procession.
Since the induced motion still has constant θ, the electrons do no work, there is no energy
inflow, and for perfect conductors no entropy production. Now �G changes sign and sends the
system to higher energies, in a process which can be made periodic, the heat bath does work
on the magnetization and this is a clear violation of the second law.

15It is to be noted that |� | �= M0 does not always cost an energy ∼ J, the exchange
constant. The states created by M+ are higher in energy than the ground state by energies of
the order of those associated with the anisotropy.



298 S. E. Barnes and S. Maekawa

where M0(t) is the equilibrium value that M would have if the Landau–Lifshitz
defined internal field B(t) was frozen in time. An appropriate approximation
for this destination vector might be M0(t) ≈ M2B(t)/M ·B(t), see below. Mi-
croscopic derivations, performed in another related context [32], using linear re-
sponse theory show, for conduction electrons subject to relaxation via spin orbit
scattering, the relaxation term is towards local equilibrium. Linear response will
remain a good approximation since it only requires the various fields to be small
compared with EF the Fermi energy. Adapting this microscopic considerations to
the present problem, i.e., when the conduction electrons become coupled to the
ferromagnetic order parameter, the relevant Landau–Lifshitz equations become

∂M

∂t
+ ∇ · J = −gµB

�
M × B − Me

M

1
τso

δM ; with δM = [M − M0(t)],

(7.13)

where 1/τso is the conduction electron spin-orbit time identified in the micro-
scopic theory and where Me and M are the magnitude of the conduction electron
and total magnetizations. The modified Gilbert, Eq. (7.11), and local equilib-
rium, Eq. (7.11), relaxation terms have the same form with the above for M0(t)
when it is assumed that the order parameter has a fixed length.16

The discussion of this section implicitly assumes that the M is the order pa-
rameter of a single domain ferromagnet. The divergence term thereby reflects the
effect of spin currents which enter and leave the volume in which reside the spins
which make up this order parameter. Each more complicated situation requires
a re-examination of the appropriate form for R. In particular, the relaxation of a
domain wall is such a situation. This will be treated near the end of this chapter.

7.3 Models for itinerant ferromagnets

The Stoner model is considered by many as the basic model for a ferromagnet.
The Hamiltonian

H =
∑
kσ

εkσc†kσckσ − µN̂ (7.15)

where εkσ = εk + σ(Jm/2), reflects the basic version of this model in which
the internal magnetic field Jm is to be determined self-consistently and where
εkσ is the energy of an itinerant electron with wave-vector k and spin σ. First-
principles LDA and LDA+U calculations might well be considered as extensions

16Given that �G can be reduced to �L, the latter has the form

− αgµB

�M (1 + α2)
� × (� ×�) = − αgµB

�M (1 + α2)
[(� ·�)� − M2

�]. (7.14)

With the destination vector �0(t) ≈ M2�(t)/� ·�(t), and if the order parameter is rigid,
only the transverse part of �loc has an effect, and this is also proportional to [(� · �)� −
M2
�].
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of this time honored model. The principal difficulty from the current perspec-
tive, is that the anisotropy energies present in real ferromagnetic materials do
not appear in a natural fashion in such a model. These can be added in a some-
what ad hoc fashion by attaching these energies, and the associated dynamics
of central interest here, to the axes of quantization. To avoid these difficulties,
here attention will be focused on the s–d-exchange model

H =
∑
kσ

εkσc†kσckσ − µN̂ −
∑

i

(JSi · si + A0Siz
2 − K0

⊥Siy
2) − J0

s

∑
<ij>

Si ·Sj

(7.16)

where A0 is the easy and K0
⊥ the hard axis anisotropy parameters,17 while Si

and si are the spins of the local and conduction, i.e., itinerant, electrons. Now
anisotropy fields appear in H as energies associated with the local moments.
For spintronic applications very soft magnetic material such as Permalloy are of
greatest interest and for the relevant geometries, i.e., thin films and wires, this
anisotropy energy comes from the demagnetization field rather than from an
intrinsic anisotropy energy, i.e., both effects are lumped into the two parameters
A0 and K0

⊥.
Often, when dealing with non-elemental 3d magnets the crystal field levels of

the magnetic ion are treated in different fashions. In cubic symmetry the triplet
t2g levels are much more localized than the doublet eg orbitals which are typically
orientated in such a fashion that they mutually hybridize more effectively. Such
a situation is often described by the double exchange (or Zener) model,

H = − t
∑

<ij>σ

(
c†iσcjσ + h.c.

)
+ U

∑
i

ni↑ni↓

−
∑

i

(
JSi · si + A0Siz

2 − K0
⊥Siy

2
)
− J0

s

∑
<ij>

Si ·Sj (7.17)

where U is the Coulomb energy which induces strong correlation effects. In this
model the local spin Si reflects the spin angular momentum of the t2g levels.
These have a direct exchange J0

s with neighboring spins and an intra-atomic
exchange J with the conduction electrons occupying a tight binding conduction
band formed from the eg orbitals. The orbital degeneracy of the eg is ignored so
that only U is left to induce the strong correlation effects expected for 3d-ions.
If they represent ionic parameters, it should be that U > J .

Often calculations can be simplified by taking the half-metal limit of any of
these models. This is the limit where the exchange splitting is sufficiently large
that only the majority spin band is filled, i.e., that J 
 t. With U > J this also

17It is usual to obtain the angular dependence of the anisotropy energies by, for example,
the obvious substitution Siz → S cos θ, where θ is the angle to the z-axis. With this, e .g.,
A0Siz

2 → A0S2 cos2 θ. The result with quantum corrections is rather AS2 cos2 θ, where A =
[(2S − 1)/2S]A0.
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implies the strong correlated limit, i.e., U 
 t, in which the double occupation of
a given site by electrons of opposite spin is energetically forbidden. In fact, in the
limit J 
 t the value of U becomes irrelevant since, with no orbital degeneracy,
a site which is doubly occupied is also a spin singlet and has an energy which
is higher by an amount ∼ J , as compared to placing the same two electrons
on different sites and in the maximum spin state. Thus most of the essential
complications exist in a tight binding s–d-exchange model of the form:

H = −
∑

<ij>σσ′

(
c†iσtijσσ′cjσ′ + h.c.

)
− µN̂

−
∑

i

(
JSi · si + A0Siz

2 − K0
⊥Siy

2
)
− J0

s

∑
<ij>

Si ·Sj (7.18)

in which the Coulomb energy U is set equal to zero. This is the model considered
here. It will also be used to describe ferromagnets which are not in the half-metal
limit.

It is important to have an idea about the order of magnitude of the param-
eters. The largest parameters are t, U and J depending upon the material and
the bands, which are being modeled and are of the order of an electron volt. Of
particular importance to the dynamics of magnets of interest here are the mag-
nitudes of the effective anisotropy fields A0 and K0

⊥. For a thin film of Permalloy
the largest contribution to A0 is from the demagnetization field usually written
as 4πM (in the cgs system) and which has a value of ∼ 1 T (MKSA units). The
in-plane anisotropy is much smaller and can be engineered in various ways. For
a small element of a magnetic device the coercive field, Bc, i.e., that required
to reverse the magnetization as a single large spin, is ≈ SA0 , although exper-
imentally it is smaller for materials which are of sufficient dimensions that the
magnetization reverses through domain wall propagation. Such coercive fields
vary but are, for example, of ∼ 10−2 T for the devices discussed in Chapter 5.

7.3.1 Description of the ferromagnetic spin

Fundamental to a ferromagnet is the existence of an order parameter, M . This
is equal to the total angular momentum,

�M = �

∑
i

Mi, (7.19)

where �Mi = (�Si + �si) is the angular momentum of a given site and which
comprises the sum of that of the local moment, Si, and conduction electron,
si. In what follows it will be assumed that the individual elements of a device
are mono-domains, or, at the most, that there is a single domain wall.18 It is

18As discussed in Chapter 5, in order to explain the experiments, there are repeated sugges-
tions that this is not adequate when relatively large currents are involved. Such extensions of
the model are beyond the scope of the present development, although some of the experimental
facts which prompt such discussion will here find alternative mono-domain explanations.
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intuitively evident for a single-domain ferromagnet that (usually) not only are
each of the Mi parallel to M but that this applies to each of Si and si. If this was
not an itinerant magnet it would be possible to insist that M is the maximum
spin state made out of the Si and that deviations from this simply correspond
to magnons, i.e., when no magnons are excited (Si/S) = (M/M ) expressing
the classical idea that all the moments are aligned and therefore parallel. In
an itinerant magnet the conduction electrons see an internal field −szSJ where
sz is the z-component of the magnetization of these electrons. The electrons
with wave-vector k have an energy εk + sz(geµBH − JS) where H is an applied
field and εk is the kinetic energy. For a given k there is a large shift ±JS
as the electron belongs to the majority (minority) spin direction with sz =
+1

2
(−1

2
), and implies a very large energy cost for flipping an electron when the

kinetic energy is unchanged. The Fermi sea comprises a series of spin singlets,
i.e., values of k for which there are both sz = ±1

2 electrons and other majority
electron states for which only sz = +1

2 is occupied. The spin state is therefore
|M = me + ms, Mz = me + ms〉 ≡ |me〉|ms〉|s〉 where |me〉 is the maximal
spin state for the unpaired electrons while |s〉 is the product state of all of
the paired electron singlets, and where |ms〉 is the maximal spin state of the
local moments, to form the spin state |me + ms, me + ms〉. Adding a majority
electron at the Fermi surface produces |me + ms + 1, me + ms + 1〉 while adding
a minority electron results in |me + ms − 1, me + ms − 1〉. This description is
not quite precise since the interaction is really −

∑
i JSi · si and is rotationally

invariant. Consider lowering the state |me + ms + 1, me + ms + 1〉 using the
total spin lowering operator M− = S− + s− to give |me + ms + 1, me + ms〉 ∝
(S− + s−)|me +ms + 1, me + ms +1〉, where s− =

∑
i s−i . Due to the rotational

invariance this has the same energy as |me + ms + 1, me + ms + 1〉 and equally
important, there are matrix elements of c†k↓ between |me + ms, me + ms〉 and
|me +ms +1, me +ms−1〉. It is evident that these statements remain true when
J is sufficiently large that there are no minority electrons, i.e., for a half-metal.
There is not a similar process in which an up electron is put in the minority
band since the state (S+ + s+)|me + ms − 1, me + ms − 1〉 = 0. There are thus
two independent conduction channels in parallel and for the majority band it
is possible to add an opposite spin electron with a lowering of the total spin
state. It is this latter possibility that will lead to angular momentum transfer.
Neglected in this are states higher in energy by ∼ J . In what follows, provided
the energies involved are small compared with J ,19 it will suffice to deal with
a half-metal which is shunted by a resistance reflecting the minority conduction
channel.

The transfer of angular momentum is an intrinsically quantum process and
requires, at least formally, the quantization of the local moment degree of free-
dom. The Holstein-Primakoff representation is used for this purpose. It consists
of writing the spin operators as:

19This does not imply the adiabatic transfer of electrons as will be seen below.
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Siz = �

(
s − b†ibi

)
; S− = �

(
2s − b†ibi

)1/2

b†i ; S+ = �
(
S−)† (7.20)

where S− = Sx − iSy is the spin lowering operator and where s is the total spin
quantum number for the local moments. It is left as an exercise for the reader to
confirm that these obey the angular momentum commutation rules: [Sx, Sy] =
iSz plus cyclic permutations. It is often the case, during the dynamics, that the
vector Si rotates by only a small amount and in this case the occupation number
n̂i = b†ibi is very close to zero. In this case the approximation S− = (2s)1/2b†i is
reasonable.

7.3.2 Quantum effects

The most basic quantum effect is to make microwave transitions between the
different energy levels, i.e., to perform a FMR experiment. As will be expanded
upon below, the FMR resonance frequency is ω0 = M

√
(K⊥ + A)A/� which is

typically in the GHz region but can be made much smaller. These modes of, for
example, NF systems are indeed detected [33, 34] .

Typical domains used in spin valves have dimensions of, say, 10×100×100nm3

which corresponds to a total spin M ∼ 106 which is enormous compared to values
M ∼ 10 for which the effects of quantum tunneling are well documented [35].
However the demagnetization field of a thin film is very large compared with the
in-plane anisotropy which reduces by a certain amount the number of quantum
levels involved. Since FMR resonance frequency is ω0 while the barrier height
for spin reversal is M2A, there are only a number

N� ∼
M2A

M
√

(K⊥ + A)A
∼ M

√
A

K⊥
∼ 104 (7.21)

of levels below the barrier. Since the Zeeman energy is proportional to gµBM ,
the separation between levels on the magnetic field axis is ∼ �ω0/(gµBM) which
is in the mG region and is distinct from the effect of a field on ω0 and which
involves the difference between these energy levels. A reduction of the dimensions
to 2×10×10nm3 would give a spin M ∼ 103. For Permalloy it is not impossible
to make K⊥/A ∼ 104 whence quantum effects might be observable even with
traditional pillar designs. Clearly there are many more exotic possibilities with
molecular magnets and molecular (spin-)electronics. Of particular interest is the
fact that the (thermally assisted) tunneling rate is periodic with a period ∼ S/ω0.
In fact, with the current spin Hamiltonian it is known [36] that all levels cross
simultaneously which strongly enhances this effect. It is implied that there would
be some field periodic modulation in, for example, the critical current for spin
reversal.

When a large magnetic film is applied perpendicular to a thin field it might
also be possible to observe effects which are periodic in the field and drive current.
Ignoring the smaller anisotropy A the effective spin Hamiltonian is then
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z

tij

Mi Mj

d

Fig. 7.2. Simple model for direct coupling between two ferromagnetic layers.

−SzgµBH + K⊥Sz
2 = K⊥ (Sz − S0)

2 − K⊥S0
2; S0 =

gµBH

2K⊥
. (7.22)

For S0 < S there are many low-lying excitations which, when A is accounted for,
have the usual the FMR energy �ω0 ≈ S

√
(K⊥ + A)A for small S0 but which

drops to S1/2
√

(K⊥ + A)A when S0 → S. When S0 is a half-integer many levels
are doubly degenerate. When S0 < S the low-lying states are singlets and the
splitting between adjacent levels increases dramatically. If H = Hc when S0 = S
then the transition energy between the n and n + 1 levels is

∆E ≈
(

1 − H

Hc
− n

)
gµBH (7.23)

and which is larger by more than a factor of S as compared with the values
discussed in the previous paragraph. A typical value of SK⊥ corresponds to a
demagnetization field ∼ 1 T. In an experiment with a field of say 5T the voltage
scale is ∼ 1/2mV (or 1 mA for a device with a resistance of ∼ 2 Ω). This might
have some bearing on the fine structure seen in some recent experiments [37].

7.4 Angular momentum transfer for bi-layers

Consider the simple model of a bi-layer shown in Fig. 7.2. The conduction elec-
trons hop from side to side via a hopping matrix element tij . As shown in
Fig. 7.3(a), the electron before it hops is parallel to the direction of the to-
tal angular momentum �Mi; this has the total angular momentum quantum
number and that for the z-component both equal to mi + 1/2. It hops con-
serving its direction so that after the hoping event, the situation is as shown
in Fig. 7.3 (b). The electron does not point along the direction of Mj , i.e. this
final state comprises a mixture of states with not only smaller values of the z-
component, i.e., mj − 1/2 but also with the same smaller value for the total
angular momentum quantum number. These latter states are higher by energies
∼ J , the intra-atomic exchange constant. The corrections due to the coupling
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(a) (b)

Fig. 7.3. (a) The electron is parallel to the local moment before it hops. (b)
As it hops the electron keeps its direction fixed. The new state must be
decomposed into eigenstates of the total angular momentum.

to these states is a small perturbation. However it remains the case that when
projected only onto the states with the maximal value of the angular momentum
mj + 1/2, the result is not in the same direction as Mj . In order to understand
this consider the quantum mechanical state

|S〉 =
[
cos

θ

2
| ↑〉 + sin

θ

2
| ↓〉
]

. (7.24)

Corresponding to a well known property of spin-one-half particles, this involves
one-half of the usual Euler angles as defined by Fig. 7.4. By assumption that Mi

is fixed, the state |J = m, Jz = m〉 of the left-hand side does not change and
hence is not relevant in the hopping process. The relevant initial state before
hopping is therefore,

|I〉 ∝
[
cos

θ

2
| ↑〉 + sin

θ

2
| ↓〉
]
|m〉 (7.25)

where |m〉 is the similar maximal spin state of the right-hand side. The only part
of this wave function which is transmitted is the projection onto the states with
total angular momentum m + 1/2. The state

| ↑〉|m〉 = |m + 1/2, Mz = m + 1/2〉 (7.26)

already corresponds to the maximal total angular momentum. The second term
however comprises a linear combination of

|m + 1/2, Mz = m − 1/2〉 =
1

(2m + 1)1/2
[(2m)1/2| ↑〉|m − 1〉 + | ↓〉|m〉] (7.27)

and

|m − 1/2, Mz = m − 1/2〉 =
1

(2m + 1)1/2
[| ↑〉|m − 1〉 − (2m)1/2| ↓〉|m〉]. (7.28)
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z

x

y

Fig. 7.4. The definition of Euler angles used here.

The required result is

| ↓〉|m〉 =
1

(2m + 1)1/2
[|m + 1/2, m− 1/2〉 − (2m)1/2|m − 1/2, m− 1/2〉].

(7.29)

The coupling to the high-energy state |m−1/2, m−1/2〉 represents a perturbation
and can be dropped. It follows that the final state for the right-hand side is

|F 〉 ∝ cos
θ

2
|m + 1/2, m + 1/2〉 + sin

θ

2
1

(2m + 1)1/2
|m + 1/2, m− 1/2〉. (7.30)

The interpretation of this state is not immediately obvious. It might, for example,
be considered as |m +1/2, m+1/2〉 rotated, or as indicating that the electron is
transmitted in the state |m + 1/2, m + 1/2〉 with probability cos2 θ/2 and |m +
1/2, m−1/2〉 with probability sin2(θ/2)/(2m + 1) along with an infinite number
of other probabilities. This later state is proportional to S−|m + 1/2, m + 1/2〉,
where S− is the total spin lowering operator for the surface layer, i.e., corresponds
to a magnon being created at the free layer surface. Such a magnon carries a
spin current which is in addition to that associated with the conduction electron
charge current.

The appropriate projection of |F 〉 reflects the nature of an implicit “measure-
ment” associated with the observation of a classical magnetization Mj . Assume
the free layer is thick compared to the spin diffusion length. In this case the
magnon part of the spin current will have decayed before it can leave this layer.
The modified Landau–Liftshitz–Gilbert equations are integrated over the vol-
ume of the free layer. Each of the terms is uniform apart from the divergence
term. The latter reduces to the difference between the spin currents which pass
through the two free layer surfaces, and given that the magnons decay in the
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body, this is simply due to the different direction of the polarization of these
currents. The angle between these polarizations is θ and it follows that Mj will
rotate by an angle

β =
1

2m + 1
sin θ, (7.31)

with the passage of one electron. When written in this rotated axis,

|F 〉 ≈ cos
θ

2
|Fj〉a + sin3 θ

2
1

(2m + 1)1/2
|F 〉t (7.32)

where |F 〉a = eiβSy |m+1/2, m+1/2〉 corresponds to |m+1/2, m+1/2〉 rotated
by β, while |F 〉t is the state |m + 1/2, m − 1/2〉 in the new frame. Thus Mj

is rotated by the angle β and the matrix elements that the conduction electron
simply hops onto this layer is cos θ/2. With matrix element sin3(θ/2)/(2m + 1)1/2

the electron similarly hops but with the production of a magnon at the surface.
This illustrates that the transmission of an electron is not adiabatic for finite

angles θ. The part |F 〉a corresponds to the adiabatic rotation while |F 〉t reflects
the correction to that approximation. The experienced reader might find the
result β for the rotation angle a surprise. For a half-metal the result is usually
[5]: (2/2m + 1) tan θ/2. In the past the equivalent of the result for |F 〉 has always
been interpreted in terms of a simple adiabatic rotation. With the current result
for β the transverse part of the incident spin current is transmitted.

A finite current, I, implies a finite rate of rotation (∂θ/∂t) ∝ I sin θ. In
a rotating frame in which φ rotations have been eliminated, this amounts to
a certain transverse torque which is identical, to within at most a sign, to the
effect of adding relaxation to the Landau–Lifshitz equations. When electrons pass
from the fixed to free domain, the sense of the rotation is such that this term
adds to the thermodynamic relaxation rate, an effect which needs to be verified
by experiment. From the present point of view the only effect of reversing the
direction of current flow is to cause down holes to be incident on the interface.
The effective charge of the carriers is irrelevant to the above argument and the
only effect is to cause the current term to change sign and now reduce the effective
rate of relaxation. It follows that there exists a critical current for which small-
angle modes actually grow in magnitude. For currents greater than this value
the free domain either is dynamic or the domain rotates until it finds a new
equilibrium state.

The effective hopping matrix element is t cos θ/2 except that θ is very close
to π whence it takes the very small value t/(2m + 1). This is an artefact of
the half-metal limit with its single channel for electrical conduction. In realistic
cases there are at least four such relevant channels. This implies that the an-
gular dependence of the barrier conductance is much less dramatic. Consider,
for example, the channel which exists when the left (right) domain polarizes its
conduction electrons in the up (down) direction. The maximum conduction now
occurs when the Mi and Mj are antiparallel. With a current coming from the
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left, rotation is still in the sense required to bring these to the parallel orienta-
tion, i.e., the only difference between this channel and that considered above is
that the conductivity is large rather than small in the antiparallel configuration.
When both domains comprise similar magnets with parallel majority electrons,
then this channel corresponds to one of two which couple the majority to mi-
nority electrons and which are responsible for maintaining the conductance at
a larger value when the magnetizations are antiparallel. Of course most exper-
iments are performed on FNF systems in which the coupling between the two
domains is via an intermediate non-magnetic metal. This requires a study of the
transmission of spin currents at an FN interface. This adds a number of new
interesting ingredients and will be taken up below when the gauge theory has
been introduced.

7.4.1 Gauge theory
The rotation of one domain relative to the other modifies the hopping matrix
elements between the domains in a manner which is equivalent to the introduc-
tion of fictive SU(2) gauge fields [24]. The situation which is envisaged is again
that shown in Fig. 7.3, in which the left-hand domain has its magnetization in
the z-direction while that of the right-hand side has its Mj defined by the Euler
angles θ, φ. In the formal gauge theory approach, based upon the s–d-exchange
model, the diagonalization of the JSi · si interaction is achieved by a rotation
of the axes of quantization. Since it is easier to deal with the single angle θ,
the fields which are responsible for a finite dφ/dt are eliminated by the use of a
suitable rotating frame, i.e., the instantaneous axes are such that φ = 0, unless
stated otherwise.

Thus initially in the rotating frame in which φj = 0, when acting upon the
vector, (

c†i↑
c†i↓

)
(7.33)

the relevant matrix for a rotation about the y axis is

r(θ) = eiθsy = cos
θ

2
+ i sin

θ

2
σy (7.34)

where sy = 1
2σy when written in terms of the usual Pauli matrix σy. (The result

on the right-hand side uses the fact that σy
2 = 1.) When r(θ) is applied to the

right-hand domain it makes an angle θ with that to the left. If it is assumed that
the direct exchange J0

s coupling the two sides is zero, the only coupling is via the
interdomain hopping matrix elements. Both mathematically and physically the
effect of such a rotation on the Hamiltonian for both components of the system
is null. For those matrix elements coupling these domains, the matrix element

tij = rσσ′(θ)t = t

(
cos

θ

2
+ i sin

θ

2
σy

)
(7.35)
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where, as usual, it is understood that in the absence of an explicit Pauli matrix
there is a unit matrix . The spin off-diagonal parts of tij imply a mixing of spin
up and down electrons but still leaves a single-particle effective Hamiltonian. It
is simplest to solve for the single-particle states and then construct the many-
particle states. The presence of σy in tij leads the spin off-diagonal terms c†j↓ci↑+
h.c. = s−j c†j↑ci↑ + h.c. using the fact that this is a single-particle Hamiltonian.
Similarly c†j↑ci↓ + h.c. = c†j↑ci↑s

−
i + h.c.

The next and key step is to replace s− by (M−/2M ). This is certainly a
good approximation for a half-metal since excitations for which s and M are
not parallel cost an energy ∼ J . However as already discussed in Sec. 7.3.1,
even for ferromagnets with partially polarized conduction electrons, there exist
hopping matrix elements which are off-diagonal in spin space. In fact all that is
necessary is that there be a well-defined total magnetization M =

∑
i(si + Si).

If this is in, for example, the maximum spin quantum state |M, M〉 then there
are matrix elements of s− which connect it to |M, M − 1〉. These are given by
the Wigner-Eckart theorem, which in the present context is simply an elegant
fashion by which to insist that the matrix elements of s− between these states
are equal to those of (M−/2M ). There may well be other matrix elements to
other states but if interest is in the coupling between the current and M it will
be permissible to replace s with M . This is the case even for a non-magnetic
metal with a magnetization, Me, induced by contact with a ferromagnet, i.e.,
the interaction derived below is valid for a FN interface.

With this, the interesting part of the transfer Hamiltonian becomes:

Ht = −t
∑
<ij>

{
c†i↑cj↑

[
cos

θ

2
+ sin

θ

2

(
M+

j

2Mj
+

M−
i

2Mi

)]
+ h.c.

}
. (7.36)

The interactions between the spin and charge sectors is thus reduced to the
spin-dependent part of this interaction which is small because of the factors of
1/M . The effective field seen by the order parameter Mi at a mean field level is
obtained by replacing the conduction electron operators by their averages, i.e.,

Ht → −t
∑

<ij>

{
〈c†i↑cj↑〉

[
cos

θ

2
+ sin

θ

2

(
M+

j

2Mj
+

M−
i

2Mi

)]
+ h.c.

}
. (7.37)

Writing M+
i = Mix + iMiy it is observed that only that part proportional to

Miy couples to the expectation value of the spin current density,

js = −i
et

�A cos
θ

2

∑
<ij>

(
〈c†i↑cj↑〉 − c.c.

)
(7.38)

where A is the cross-sectional area and where js is defined such that it is equal
to the z-component of the up-spin charge current. The interaction between the
current and the order parameter is
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Hi =
js�A

e
tan

θ

2

[
Mjy

2Mj
− Miy

2Mi

]
. (7.39)

It is wrong to simply write the Miy in terms of spin deviation operators. As
pointed out in the previous section, the axis of quantization, reflecting here the
orientation of the expectation value of the magnetization, must be rotated with
the passage of each electron. The Landau–Lifshitz Eqs. (7.14) are the equations
of motion for this classical magnetization.20 The decomposition of Hi in terms
of rotations and excitations is determined by comparison with the divergence
term in Eqs. (7.14). The net spin current leaving the region of the interface is
determined by the charge current (and for other than half-metals, the material
determined polarization p introduced earlier). Any spin wave excitations which
carry a spin current will die out within the spin diffusion length. Using the
Gauss theorem for a region which encloses the spin diffusion length, the rate of
rotation is then determined by the change in the transverse magnetization. With
one domain fixed, the rate of rotation of the free domain is therefore,(

∂θ

∂t

)
current

=
jsA
4eM

sin θ, (7.40)

which reduces the magnon interaction to

Hi =
js�A
2ei

sin3 θ

2

[
bj − b†j

(2Mj)1/2
− bi − b†i

(2Mi)1/2

]
. (7.41)

Thus the effect of a spin current is to induce the rotation given by Eq. (7.40)
and the creation of magnons via Hi. These magnons will relax restoring the spin
current. Observe that the rotation is about the instantaneous y-direction and
that the interaction with the current involves the difference in magnetizations
of the two domains.The current-induced rotations are never “propeller like” for
a simple F-F interface. Evidently when one domain is fixed the corresponding
operators are absent.

The passage to a rotating frame of reference used above involves the time de-
pendent rotation R(θ) = eiθMy . In a formal Schrödinger’s equation, i�(∂/∂t)ψ =
Hψ not only does H → RHR−1 but also i�(∂/∂t) → Ri�(∂/∂t)R−1 = i�(∂/∂t)+
(∂θ/∂t)My so that the effective equation in the rotating frame is i�(∂/∂t)ψ =
H′ψ where H′ = RHR−1 − (∂θ/∂t)My , i.e., added to the rotated Hamiltonian
is a term which again looks like a magnetic field in the y direction. The fields B
which occur in the Landau–Lifshitz equations are eliminated by taking the axis of
quantization to be along the direction of this field and setting �ω = gµBB. With
this φ = 0. What are left are the rotations (∂θ/∂t)current due to the current and

20A derivation of the particular Landau–Lifshitz equations (7.14) is not given here. The
derivation of similar spin transport equations can be found in the literature, see, for example,
Ref. [32].
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similar rotations induced by relaxation. It is required that a finite ∂θ/∂t from
one source, at least on average, eliminates that from the other. This procedure
is not simple especially when large-angle modes are of importance.

7.4.2 Spin-motiveforces (smf) in bi-layers

The interaction between the current and the magnetization must be consistent
with both the conservation of angular momentum and energy. Since the electrons
must do work (positive or negative) in order to change the anisotropy and Zeeman
energies this must appear as an emf/smf in the effective circuit. Equally that part
of the interaction which creates magnons and which eventually relax must take
the relevant energy from the battery in the form of a back-emf/smf [31]. When
the magnetization makes an abrupt change of value so does the emf/smf and
implies voltage jumps. The idea of a single terminal “spin battery” has been
suggested by others; see in particular the review [22].

It is useful to incorporate Hi into

tij = e
i
�

�
A·dst cos

θ

2
(7.42)

where the “gauge field” A is such that,

1
�

∫
A · ds =

1
�
Azd = tan

θ

2
My

2M
(7.43)

i.e., the only finite component of the gauge field is Az and d is the separation
between the elements of the domain. While the description of this interaction in
terms of an effective vector potential might seem rather esoteric, it does serve
two useful purposes. First it puts an emphasis on the fact that the associated
term in the effective Hamiltonian is A · j and not −M · B and second that
the time derivative of A must correspond to a force acting on the conduction
electrons. In fact with the current set of units this force is

fs = −∂A

∂t
. (7.44)

This leads to a back-emf of magnitude E = fsd/e which opposes that which
drives the current. This really must be called an smf since it couples to the spin
of the electron and not its charge.

The force fs must also be divided into that part which arises from the rota-
tions of M and that which arises from the production of magnons. The former
part corresponding to the adiabatic motion is

1
�

∫
Aa · ds =

1
�

Aazd = sin θ
My

4M
. (7.45)

While My is off-diagonal in spin space, its derivative is not. This is rather trivial
to calculate although the presence of a K⊥ anisotropy energy, which strongly
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squeezes the states, complicates matters. There are three directions which count:
first the orientation of the fixed domain second the direction of the internal field,
i.e., the axis of quantization, and third that of the free domain magnetization.
Define γ to be the angle between the axis of quantization and the direction of
M . Now My = M sin(θ + γ) sin φ, so that for φ = 0,

dMy

dt
=

dMy

dφ

dφ

dt
= M sin(θ + γ)

dφ

dt
(7.46)

and so the emf/smf is

Ea =
fsd

e
= −d

e

∂A

∂t
= − �

2e
sin θ sin(θ + γ)

dφj

dt
(7.47)

which has an easy interpretation. The derivative (dφ/dt) = −gµBB/� so that the
magnetic energy is �(dφ/dt)m cos(θ + γ) while when an electron hops it changes
the angle θ by β = (1/2m) sin θ and the work done per electron corresponds to
the above.

In general this emf/smf is time dependent. It is easy to show that Ea is
time independent when K⊥ = 0. It becomes time dependent through the time
dependence of the angle γ(t) and must, at least in part, be responsible for the
observed rf signals.

The derivation of the other, i.e., longitudinal part of the emf/smf is less
than general because of the simple nature of model. It is better to derive the
appropriate expression using the relevant physical principles. When an electron
leaves a domain it causes the order parameter to change quantum number from
m + 1

2
to m and this implies a change in energy for the fixed domain of

�

2
dφi

dt
(7.48)

since again dφi/dt reflects the field seen by the order parameter. However a
domain has two surfaces and so the work done in adding the electron at one
surface is compensated by that gained when it leaves. There is only net work done
when the order parameter magnetization associated with the electron relaxes
between the two surfaces. Thus the work done on the fixed domain is

2e

jsA
∂Mi

∂t

�

2
dφi

dt
(7.49)

where (2e/jsA)(∂Mi/∂t) is the fraction of electrons which reverse their direc-
tion and where (∂Mi/∂t) is the rate of relaxation of the order parameter. The
equivalent longitudinal emf/smf is insensitive to the direction of the free domain
and hence the net longitudinal emf/smf is

Et =
�e

jsA

[
∂Mi

∂t

dφi

dt
+

∂Mj

∂t

dφj

dt

]
. (7.50)
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This is an important effect for FNF systems in the antiparallel configuration,
since, for example, for half-metal F-layers all electrons must relax in order to
pass through the system and

eEt ∼ gµBB. (7.51)

Voltage jumps of this magnitude are observed when the system switches between
the (near) parallel to (near) antiparallel configuration [38].

There are experimental manifestations of both contributions to the smf/emf.
Often large peaks (see Chapter 5) are observed in (dV /dI) and find a natural
explanation in terms of the change in E which occurs when the system jumps from
one mode to another. When a device is current feed, a back-emf/smf appears
as a magnetoresistance. This needs to be accounted for in any analysis of this
resistance.

7.5 Magnetic dynamics of bi-layers
In thin films which make up a pillar device, because of the demagnetization field,
the magnetization usually lies in the plane of the film, i.e., the axis perpendicular
to the film is hard. (In some experiments a very large external field (see, for
example, Refs. [37, 38]) is applied in order that this is also not the case and
in ferromagnetic semiconductors this is not always the case (see, for example,
Ref. [18]).) Either because the layer is oval or by accident there is an easy axis
in the plane of the film, i.e., in the Hamiltonian, Eq. (7.18), both A and K⊥ are
positive and usually A � K⊥ which implies that the motion lies close to the xz-
plane. The natural, i.e., FMR, frequency for small oscillations of such a system is
ω ≈ M

√
K⊥A/�. This follows from considering the traditional Landau–Lifshitz–

Gilbert equations

∂Mx

∂t
= −kMy − α

∂My

∂t
;

∂My

∂t
= aMx + α

∂Mx

∂t
, (7.52)

where k = [(K⊥ + A)M + gµBB]/� and a = [AM + gµBB]/�. Ignoring terms of
order α2, these become

∂Mx

∂t
+ αaMx = −kMy ;

∂My

∂t
+ αaMy = aMx, (7.53)

and clearly, with α small, the natural frequency and width are, respectively, given
by

ω =
√

ka =
1
�

√
[(K⊥ + A)M + gµBB][AM + gµBB], (7.54)

and

∆ =
α

2
(k + a) =

α

�

(
1
2
K⊥ + A + gµBB

)
. (7.55)

The motion in the xy-plane is far from being a circle. It is strongly “squeezed”
in the y-direction, i.e., the motion is an oval which extends the farthest along
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the easier x-direction. Without damping and with x = Mx/M and px = My/M ,
the problem reduces to a Harmonic oscillator H = (px

2/2m) + (ks/2)x2 where
1/m = k and ks = a so that ω =

√
ks/m, which reduces to the above result.

The Gilbert damping included in the above is not equivalent to the simple
velocity damping of a harmonic oscillator since, with the above mapping, the
term −αkMy would be absent. (Although it is to be noted that the effect of this
term is often small.) It is a commonplace observation that the usual velocity
damping term changes the frequency of a harmonic oscillator. This is a real
physical effect in, for example, an LCR circuit. In the absence of squeezing,
i.e., with K⊥ = 0, the Gilbert term is precisely of such a form that it causes
a width without any such frequency shift. Now at a fundamental level, in the
quantum theory of the relaxation, this corresponds to the imaginary part of
some self-energy and as such leads to a width without a shift (or rather a, usually
small, shift given by the real part of the same self-energy). Such relaxation might
correspond to a “squeezed” Gilbert term and the equations of motion become

∂Mx

∂t
+ αωMx = K⊥MMy;

∂My

∂t
− αωMy = −AMMx, (7.56)

which reduces to the problem without relaxation for M0x and M0y following the
substitutions Mx = e+αωtM0x and My = e−αωtM0y . That the usual Gilbert term
correctly predicts the width of small-angle modes has to do with the fact that,
in general, relaxation corresponds to a matrix with off-diagonal elements which
couple different modes. The two roots to Eqs. (7.52) correspond to these two
modes. Given that the z-axis is easy, these modes corresponding to clockwise
and counter-clockwise rotations about this axis of quantization. The effective
longitudinal field is that part of the spin Hamiltonian which commutes with
Sz and here corresponds to (K⊥ + A)M + gµBB. The clockwise and counter-
clockwise modes have frequencies ±(K⊥ + A)M + gµBB but with a coupling
equal to K⊥M to give frequencies ±

√
ka displayed above. The symmetry is such

that if the modes remained uncoupled, Gilbert damping would lead to a width
(α/�)[(K⊥ + A)M + gµBB] without a shift, however the coupling K⊥M causes
the spin wave functions to be modified and relaxation results finally in both a
width and a shift.

The generator of rotations by the Euler angle φ is Sz. If this commutes with
the effective spin Hamiltonian, then dφ/dt is a constant of motion, independent
of φ, and the angular frequency of the two modes described above are ±dφ/dt. In
this special case Gilbert damping causes a width without shifts, and in particular
there is no contribution to dφ/dt which arises from relaxation. This observation
will be of particular importance when the relaxation of domain walls is intro-
duced.

7.5.1 Relaxation of dynamical modes

The correct form of relaxation has experimental consequences far beyond this
question of what are after all usually small frequency shifts. As seen above Gilbert
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relaxation gives a net width 1
2
α(k + a) ≈ 1

2
αk, since for the thin films of interest

k 
 a. On the other hand, squeezed Gilbert damping gives simply αω = α
√

ka
which has a completely different dependence on the physical parameters.

The usual Gilbert term damping with a characteristic α embodies the idea
that the rate of relaxation is proportional to (∂M/∂t). In a bulk sample where
relaxation is due to eddy currents, i.e., occurs via electromagnetic induction, this
might well be the case. Simple estimates suggest that this is not the process of
prime importance for the nanometric systems of interest here.

Experiments on thin films suggest that the FMR relaxation rate is roughly
proportional to the electrical resistivity [39]. A similar result is true for the con-
duction electron resonance (CESR) of non-magnetic metals [40] where this has
been reliably interpreted in terms of spin-orbit scattering, see also Ref. [23]. This
lends support to the idea that relaxation in the present itinerant ferromagnets
is due to spin-orbit scattering of the conduction electron component of the total
magnetization. If this is the case the existence of a material determined α is
questionable, for example, in the preliminary discussion of conduction electron
spin-orbit scattering, Sec. 7.2.1, it was pointed out that this is characterized by
a relaxation time 1/τe and not by a parameter α.

It is also the case that the N-layer in FNF systems causes relaxation [34]. This
has been investigated by FMR and these experiments will be discussed below in
connection with the possible excitation modes of such sandwiches [41, 42]. (This
might also be interpreted in terms of rotations due to the particle fluxes which
impinge on the FN interfaces, as discussed earlier [22].) This relaxation is also
proportional to the resonance frequency, i.e., this process does define an α. In
fact α is proportional to the surface conductivity σs defined by J = σsE where
J is the charge current density when the electric field at the interface is E. For
FNF systems and films of the thickness of typical free layers, this rate might well
be comparable to that due to spin-orbit scattering inside the magnetic layer [41].

Lastly if relaxation due to what might be called pseudo-eddy currents. As
outline at the end of the last section, that M is in motion implies an smf which
drives a spin current through the interface. By Lenz’s law this spin current op-
poses that implicit in the driving charge current and for the FMR modes being
discussed here, reduces the spin drive. This constitutes an effective relaxation
rate. The smf/emf will never overcome the driving emf for a current-driven sys-
tem; however large internal magnetic fields, via Eq. (7.47), can produce an smf
large enough to essentially cancel the spin current. Notice that the smf is pro-
portional to the internal field B and depends on the angles θ and β. Thus for
large fields the amplitude of the oscillations can be limited by this effect. It is
suggested that a number of different effects linear in the external field owe their
existence to the self-generated smf. Such relaxation is not of Gilbert form.

7.6 Description of the dynamical modes
In order to make a connection with the equations of motion for the Euler angles
θ and φ, it is useful to develop the less familiar Lagrangian formalism of spin
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dynamics which uses the function V(θ, φ) as defined above to determine the
dynamics. The appropriate Lagrangian is

L = T − V; T = �M(cos θ − 1)
∂φ

∂t
. (7.57)

This form for the kinetic energy T is known to reproduce the Landau–Lifshitz
equations. The integral of T during one cycle is proportional to the solid angle
subtended by the orbit and in this way reflects the Berry phase. Different choices
for the z-axis have different uses and provide complementary pictures of the
motion of the magnetization. The evident choice is to retain the definitions used
up to here. With this V = −gµBBM cos θ−AM2 cos2 θ+K⊥M2 sin2 θ sin2 φ and
for small-angle FMR modes this formalism reproduces the last set of equations for
Mx and My. In a certain sense this corresponds to the most physical description
since the total field B causes the magnetization M to precess about the z-axis
with a φ which increases by 2π per cycle. The system of equations is, however,
complicated since both M(t) and B(t) need to be calculated at each instant.

7.6.1 Effective particle description of the dynamical modes
A simpler scheme maps the problem onto one of a massive particle in a po-
tential well, provided K⊥ is large. This provides a useful and quite accurate
overall picture of the dynamics. For this purpose z is taken to be the hard direc-
tion with the x-axis being easy. Then V = K⊥M2 cos2 θ − AM2 sin2 θ cos2 φ −
gµBBM sin θ cosφ is the appropriate potential and it will be the case that θ ≈
π/2. The equations of motion are then

∂θ

∂t
= −∂V′

∂φ
(7.58)

where the effective potential is V′(φ) = −(AM cos2 φ + gµBB cosφ)/�, and

�
∂φ

∂t
= 2K⊥M cos θ − AM cos θ cos2 φ − gµBB cot θ cos φ. (7.59)

If K⊥ is sufficiently large, the first term on the right-hand side dominates, except
when θ is too close to zero. With this the momentum is

pφ =
�

2K⊥M

∂φ

∂t
, (7.60)

where21 pφ ≈ θ − π/2. The equation of motion is then,

∂pφ

∂t
= −∂V′

∂φ
, (7.61)

with the above for the momentum. The effective mass is �/2MK⊥, i.e., propor-
tional to the hard axis anisotropy. As stated, in this formalism the dynamics

21The formal momentum conjugate to φ is −(1−cos θ) ≈ −1+θ−π/2; however the constant
corresponds to an exact differential in T and is therefore arbitrary.
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Fig. 7.5. The effective potential for both B < Bc and B > Bc. The possible
low-angle modes for B < Bc are indicated. With B > Bc there is a single
small-angle mode possible, as indicated. The frequency and other properties
of the large-angle mode for B > Bc are controlled by the roots λ±′′, as
explained in the text. The potential extremes corresponding to parallel “P”
and antiparallel “AP” configurations are also indicated.

of the free domain are mapped to those of a particle moving in the potential
V′(φ), i.e., the coordinate of the particle is φ and the momentum pφ given above.
The kinetic energy is actually that associated with the hard axis anisotropy. In
a quantum description there are discrete energy levels when the particle energy
is less than the barrier height. At the simplest level, for low-angle oscillations
about the bottom of the well the modes correspond to those seen in FMR, with
frequency ω and the separation between the quantum levels is given by �ω.

There are two overall situations reflecting the magnitude of the external field
B. For B < Bc, the nominal coercive field, there are two energy minima in
V′(φ), see Fig. 7.5. Since tunneling is usually negligible, there are equilibrium
points with the magnetization along either the positive or negative z-direction,
which are stabilized by the anisotropy energy A. One well corresponds to a
free domain being parallel and the other antiparallel to the fixed magnetization.
Any relaxation process must cause the system to relax towards equilibrium, i.e.,
towards the bottom of one of the two potential wells. On the other hand, the
current will cause spin pumping in one well but will add to the relaxation in the
other. Consider the former situation. For small enough currents the pumping
effect is overcome by relaxation and the system remains at the bottom of its well
(at zero temperature). There exists a critical current density jD at which the
converse is true and beyond which either the particle is pumped upwards until
it passes over the barrier or until it reaches a dynamic limit cycle for which the
two effects cancel.

Such classical oscillations require coherence. Coherent states are never eigen-
states of the quantum mechanical problem, since by definition these are station-
ary. Even when the relevant fields are quite small, the coupling to the external
electromagnetic fields tends to induce coherence, making the classical description
the correct one. However relaxation can lead to the destruction of coherence. In
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Fig. 7.6. Schematic phase diagram, see text.

particular, due to time reversal symmetry, the equations of motion generically
have equal but opposite frequency roots corresponding to the magnetization ro-
tating in counter-senses. Relaxation invariably couples these roots and when
the coupling is too strong destroys coherent motion. Put simply, the harmonic
oscillations about the bottom of the well will be over-damped under certain cir-
cumstances. Clearly when B is less than but very close to Bc the well of interest
becomes very shallow and inevitably the motion becomes over-damped. Current-
induced pumping couples to the magnetization in a different fashion than relax-
ation and simply raises the amplitude, invariably of the lowest (complex) energy
mode. When it is over-damped, the system is lifted out of the potential well
without inducing oscillations, see the next section. This is a tentative explana-
tions of the cut “A” indicated in the phase diagram in Fig. 7.6 and for which
the domain is reversed below Bc without going into small-angle oscillations. On
the other hand for cut “B” the oscillations at the bottom of the well are not
over-damped and the system is driven over the potential barrier, for j > jB , to
the state with a reversed magnetization by ever increasing oscillations.

The second situation arises when B > Bc which eliminates the second mini-
mum in the potential, see Fig. 7.5, and corresponding to cut “C”. What happens
depends delicately on the relaxation model, the angular dependence of the angu-
lar momentum transfer term, and the existence of an smf. When the amplitude
of a large-angle mode is sufficient that the classical turning point approaches the
maximum of the potential, the frequency drops to zero since the particle spends
all its time near the turning point. This is what happens approaching the region
“W” where a signal is absent. The possible existence of such stable large-angle
modes is taken up again below.
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7.6.2 Static critical current

Under suitable circumstances there are two equilibrium states with the magneti-
zation of the domains either parallel or antiparallel. There are competing inter-
actions between the domains. Usually there is a normal metal layer interposed
between the magnetic domains and which is believed to essentially eliminate any
direct exchange interaction. There remains, however, demagnetization fields and
these prefer the domains to be antiparallel. This is the situation for the experi-
ments described in Chapter 5. A finite magnetic field parallel to the fixed domain
is required in order to make the parallel configuration stable. This has the effect
of displacing the phase diagram of the system along the field axis.

For relaxation to local equilibrium, the rate of change of φ is proportional
to (1/τe) sinβ where β is the angle between M , and its instantaneous equi-
librium value M0(t) which is directed along the direction of the internal field
B and where (1/τe) is the intrinsic relaxation rate. If M defines the angles
θ and φ then, except very close to the classical turning points of the particle
description, M0(t) makes an angle (K⊥/A)θ to the z-axis. This leads to a con-
tribution (K⊥/A)(1/τe)pφ in the equivalent particle equation of motion. The
effective gauge field produced by the current is exactly perpendicular to the
plane defined by Mi = Mx̂ and Mj and proportional to sine of the angle be-
tween them, i.e., given by (1/4eM)jsAMj × x̂. With the present definitions this
is ≈ (jsA/4eM)(pφẑ − sin φŷ) and, including these terms in the equations of
motion, they become

∂pφ

∂t
− K⊥

A

1
τe

pφ +
jsA
4eM

pφ = −∂V ′

∂φ
, (7.62)

with

∂φ

∂t
=

2K⊥M

�
pφ +

jsA
4eM

sin φ. (7.63)

For small-angle modes sin φ ≈ φ and the pumping, or antirelaxation, due to the
current is squeezed and simply adds e+λpt to any magnetization as compared
with the js = 0 solution. The solution of the js = 0 damped harmonic oscillator
problem is then determined by the roots

ω± = i
1
τe

±

√
ks

m
−
(

1
τe

)2

(7.64)

where here ks is the effective spring constant. If the system is under-damped
then the effective relaxation rate22 for small-angle modes is

1
τe

=
K⊥
2A

1
τ
. (7.65)

22There is the same rate of relaxation between the positive and negative energy roots and
involved in the destruction of coherence, as discussed in the last section, see below.
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Adding the effects of the current this becomes,

1
τ ′ =

1
τe

− jsA
4eM

. (7.66)

Clearly the system is stable to small-angle oscillations only when this is positive
and this therefore defines a critical number current

jD =
4eM

A
1
τe

(7.67)

beyond which the system is in small-angle motion. This is essentially the same as
the expression, Eq. (5.3) in Chapter 5 with (1/τe) replaced by 1

2
αk, this reflecting

the assumption of traditional Gilbert damping.
When relaxation arises from conduction electron spin-orbit coupling, (1/τe)

is, to a first approximation field independent, and jD defines a vertical line23 in
the H-I phase diagram, Fig. 7.6.

It is an experimental consequence of this model that the net relaxation rate

1
τ

=
1
τe

(
1 − j

jD

)
(7.68)

for driven small-angle oscillations goes to zero approaching jD . For the antipar-
allel stable point the current contribution adds to the thermodynamic relaxation.

For fields less negative but close to the value Bc, ks becomes small and the
system will inevitably be over-damped. The roots now correspond to

λ±′ =
1
τe

±

√(
1
τe

)2

− ks

m
− jsA

4eM
. (7.69)

That λ−′ = 0 indicates the existence of a static solution with finite small-angles
and this defines a critical current js at which rotation to the antiparallel orien-
tation occurs without oscillations, i.e., along cut “A”. Over-damped modes are
a consequence of the non-squeezed nature of the relaxation.

7.6.3 Stability of small-angle oscillations - dynamic critical points

Relaxation couples to the effective particle momentum p while current pumping
is squeezed. Because of the strong squeezing, the linear approximation, cos θ ≈
θ−π/2 = pφ, has a correction which is ∼ A/K⊥ times smaller that to the linear
approximation sinφ ≈ φ. The dynamical critical current jB beyond which small
angle oscillations are no longer stable is estimated by making the approximation

23With traditional Gilbert damping this line has the slope implied by the field dependence
of k and which is also relatively weak, see the comments in Chapter 5.
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sin φ ≈ φ(1 − φ2/6), and replacing φ2 by its average over the motion. Equating
the resulting relaxation rate to zero results in the equation,

0 =
1
τe

− jsA
4eM

(
1 − 1

12
φm

2

)
, (7.70)

in terms of jD, this implies

φm
2 ≈ 12(j − jD)

jD
. (7.71)

With increasing j and φm, in the absence of a net external bias field, the equi-
librium point will pass over the barrier between the parallel and antiparallel
configurations when φm = π/2. This gives the estimate,

j0
B − jD ≈ 1

5
jD, (7.72)

for this new dynamical critical current. This magnitude is not inconsistent with
experiment; see the results discussed in Chapter 5. For a negative bias field,
favoring the antiparallel configuration, the top of the barrier occurs for φm < π/2
and jB(B) < j0

B while for a positive field the reverse is true. This is reflected
by a line in the phase diagram with a finite slope, Fig. 7.6. Sun [43] has used
simulations based upon traditional Gilbert damping to also show the existence
of a stable small angle oscillations.

When B > Bc, the coercive field, the antiparallel configuration is no longer
energetically stable, see Fig. 7.5, and jB is not immediately defined. The problem
near to the antiparallel configuration is that of an inverted harmonic oscillator,
i.e., one in which the “spring constant” ks has changed sign. The motion for
small deviations from this configuration is determined by the two roots which
correspond to the relaxation rates

λ±′′ =
1
τe

±

√
ks

m
+
(

1
τe

)2

. (7.73)

These correspond to motion towards and away from the limiting situation.

7.6.4 Stability of the negative temperature fixed point
There exists the possibility of static solutions in the region just above the line
where B = Bc, for which M is close to the antiparallel position.

The analysis of this situation parallels that for the existence of small-angle
oscillations except now it is the existence of the large-angle modes which is
important. Of the two roots displayed above it is the root

1
τ− =

√
ks

m
+
(

1
τe

)2

− 1
τe

(7.74)

which corresponds to the damped motion away from antiparallel. Unlike the
situation for small-angle oscillations, the fact that this has no imaginary part



Theory of spin-transfer torque and domain wall motion 321

does not imply the absence of large-angle modes. It is rather that this is posi-
tive implying, when M is near to the antiparallel configuration, it will move to
larger angles and thereby eventually leave the small-angle region and undergo
oscillations. In the region just above the line B = Bc the “spring constant” ks

is small which implies (1/τ−) is also small and relaxation strongly prolongs the
net period. Now (1/τ−) is the net torque due to relaxation and fields and this
opposes (1/4M)jsθ due to the current so that the net effective relaxation rate
becomes

1
τ ′ =

1
τ− − jsA

4eM
=

√
ks

m
+
(

1
τe

)2

− 1
τe

− jsA
4eM

. (7.75)

This defines a critical current jN given by

jNA
4eM

=

√
ks

m
+
(

1
τe

)2

− 1
τe

, (7.76)

for which the large-angle oscillations approach the antiparallel configuration and
the frequency approaches zero. This again shows, for larger currents, there exist
static solutions near, but not at, the antiparallel configuration. Such static so-
lutions will clearly have a magnetoresistance intermediate between that for the
parallel and antiparallel situations. This offers a natural explanation of the region
“W” already mention above. Such static solutions can exist because of the subtle
difference between relaxation to local equilibrium, or of modified Gilbert form,
for which these exist and traditional Gilbert damping, and the above-mentioned
simulations, for which they do not.

This notwithstanding, the picture predicts that as j passes through jB the
dynamic mode changes from being of small to large-angle character in a smooth
fashion. As the current increases further the large-angle mode becomes more
and more dominated by the effects of relaxation driving the frequency to zero at
jN . Beyond this the dynamical modes disappear. The absence of a sharp tran-
sition between modes is at odds with experiment [1], but would appear to be
in agreement with the work of Sun [43]. It contrasts with the finite-temperature
results for Co domains to be found in Chapter 5. As is detailed there, the effects
of a finite-temperature are simulated by adding a random magnetic field, A(t)
proportional to

√
kBT . This is common to most finite-temperature simulations.

Consider the effect of such a field when a spin is nearly parallel to a static field
B. The field evidently acts to confine the random walk generated by A(t). The
vector M is effectively repelled from the direction defined by B but only by a
finite amount. In the opposite situation when M begins in a region where is
almost antiparallel to the field, the random walk generated by A(t) will cause
M to steadily move away from this direction. In the case of interest, the antipar-
allel configurations is an energetic saddle point and the random walk is directed
towards smaller θ (smaller pφ in the particle picture) and smaller φ. The random
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walk flow will take the system to the lowest energy, i.e., the parallel configu-
ration. This amounts to an additional relaxation process, separate from (1/τe).
The fact that there is zero probability of finding M in the antiparallel direction
causes there to be a divergence in this temperature-dependent supplementary
effective relaxation. The net effect is that the antiparallel configuration is made
unstable and beyond jB the system will first jump to into large-angle and then
out-of-plane modes as explained in Chapter 5. (Given suitable parameters it is
possible to make the small to large-angle transition even for B < Bc.)

On physical grounds it is evident that at least one Lyapunov exponent turns
positive near any critical current where M jumps and it may well be that the
effects of A(t) mimic the chaotic dynamics near the antiparallel configuration
which plays the role of a strange attractor.

Thus as a consequence of the random field A(t) the antiparallel configura-
tion can never be stable at finite-temperature within such simulations and the
system jumps from large-angle to out-of-plane modes with increasing current.
Experiment on the Co system [1] for which these simulation were performed, in
contrast, exhibits no out-of-plane modes. Roughly speaking, in the region of the
phase space where the out-of-plane modes are expected from the simulations is
found instead the region “W” for which no dynamic modes are evident. This was
not identified with the antiparallel configuration since the magnetoresistance is
smaller than would be expected. On the other hand, the frequency of the large-
angle modes decreases strongly approaching this region which represents strong
evidence that the magnetization is approaching antiparallel as it approaches
region “W”.

Accounting for the smf generated by the dynamical modes may help explain
these observations.

7.6.5 The role of the smf/emf due to dynamical modes

The formal expression Eq. (7.47) for the transverse smf/emf is rather difficult
to handle. When M approaches the antiparallel configuration both θ and γ are
small and therefore so is this contribution independent of the value of (dφ/dt),
i.e., the transverse part is not important to the above discussion of the area occu-
pied by the “W” part of the phase diagram. This notwithstanding, the existence
of this smf/emf does offer a natural explanation of the constant rf power lines
when large-angle excitations are relevant. The frequency of such modes is con-
trolled by the motion near the classical turning point of the equivalent particle.
As already observed, this is the region where the current-magnetic coupling is
the smallest. It follows that the matrix elements which determine the probabil-
ity that an electron makes a transition between levels in a quantum picture is
determined by the motion at smaller angles, i.e., in regions where the motion
is independent of the frequency and the (small) amplitude measured relative to
a fixed point. Given a fixed transition probability, the average energy given to
an electron, to create the rf currents, must be proportional to the quantum of
energy, i.e., �ωr ≈ �ω0 + zgµBB where z ≈ 0.5. Thus energy measured in a load
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is also proportional to �ωr , i.e., contours of constant power obey approximately

j = C(ω0 + zgµBB/�) (7.77)

where C is an undetermined constant.
More importantly the longitudinal smf/emf is large, determines the boundary

of the “W” region, and explains why there is a jump between small and large-
angle oscillations. Given that the demagnetization field in the two domains has
the same magnitude and independent of the mechanism which couples them,
the smf for antiparallel domains is Et = gµBB/e. This is the work done24 by
an electron on the order parameters Mi and Mj . By Lenz’s law this is a back
smf which opposes the driving spin current implicit in the charge current. Given
an effective surface conductivity σs, the spin-current-induced by this back-smf is
∼ (σsgµB/e)B. The current-induced spin current is pj, where p is the effective
polarization of the conduction electrons and j the charge current, and so the net
spin current

j′s = pj − σsgµB

e
B (7.78)

which might be positive or negative. Given that jB is rather small compared to
the current at the boundary of the “W” region, it must be that this corresponds
to a good approximation to j′s = 0, i.e., the critical current

jw =
σsgµB

pe
B (7.79)

is proportional to the applied field. It is a remarkable fact that the boundary of
the “W” region is indeed a straight line which passes through the origin [1].

Consider modest currents but for large enough fields to correspond to a point
above the boundary to the “W” region. Following the above discussion, the smf
will cause the spin current to change sign if M finds itself near to the antiparallel
direction. It is implied that the back-smf increases with the amplitude of large-
angle modes and that the rise in this smf rather than relaxation will limit their
amplitude. On the other hand, the longitudinal smf for small-angle modes is
small since Mj is always close to the parallel configuration. Thus along a line
of increasing current at constant applied field B0 > Bc, there is a first a critical
current jD at which small-angle oscillations start. Since this is above the “W”
region, and since (1/τ−) is smaller than (1/τe) there should already exist a stable
high energy state corresponding to large angle oscillations. There will be a critical
current ≈ jB at which the current drives the system over the barrier between
these states and where the system switches from small to large-angle modes.

24It is to be emphasized that this is not directly the difference of Zeeman energy induced
shifts in the effective potentials seen by the conduction electron.
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7.6.6 Interactions of ferro- and metallic layers

A real experimental device usually has a metallic layer between the ferromag-
nets, i.e., is a FNF sandwich. The conduction electrons in the N-layer might be
expected to interact with the magnetization in the F-layer via a contact effective
exchange interaction at the interface. Through this interaction the effective po-
tential for the up electrons is pushed, say, up while that for the down electrons
moves in the opposite direction. In a metal, the carriers move to screen such
local potential within the Fermi-Thomas screening length. However, because the
electrons involved are near the Fermi surface this familiar RKKY interaction
falls off as a power law and oscillates in space at 2kF where kF is the Fermi
wave-vector. Experiments suggest that this does not lead to an important inter-
action for N-layers of dimensions and disorder of interest here. This means that
the direct exchange interaction which would exist for a direct F-F contact are,
in fact, absent.

Of real interest for devices are the interactions which appear when there is a
current present in the FNF system. For half-metal ferromagnets, the current in
the F-layer injects up conduction electrons into the N-layer. In contrast the N-
layer is weakly polarized and the same charge current only transfers a small part
of these up conduction electrons to the second F-layer. From one point of view
this situation is remedied by spin accumulation. It is envisaged that the spin-
dependent chemical potential difference (sometimes called a branch in-balance)
builds up in the N-layer until it is sufficiently large to drive the necessary spin
current through this layer via the effects of the diffusion term.

From a different point of view it is to be observed that provided that the
N-layer is thinner, d < �d, than the spin diffusion length, �d, as is invariably
the case, then the conduction electrons traverse this layer without a spin-flip
and so although they might scatter many times they retain the memory of their
initial spin direction. The current leaving the N-layer is only weakly polarized
and cannot transmit the resulting incident angular momentum. It is necessary to
also account for the flux of particles through the surface. Even in the absence of a
charge current these correct for any spin imbalances between the two sides of the
interface. Put differently these cause rapid spin relaxation. As will be discussed
in detail below, provided this relaxation is rapid compared to the time by which
the N-layer relaxes to the lattice, relaxation does efficiently transmit the angular
moment given to the N-layer by the spin currents which flow into it.

This idea can be put in different language. The transmission of the angular
momentum by the conduction electron can be thought of as the dynamic part of
the RKKY interaction [44]. It has been shown that this part of the interaction
has a much longer range than the static part of the same interaction discussed at
the beginning of the subsection. This point of view has been extensively discussed
elsewhere [22].
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Fig. 7.7. The relaxation scheme relevant for a FN bottleneck.

7.6.7 The relaxation bottleneck and dynamics of an FN-interface

The efficient transfer of angular momentum between the two F-layers of an FNF
device requires there to be a relaxation bottleneck. This means that any angular
momentum given to the N-layer is lost via relaxation to one or other of the F-
layers before it can be lost to the lattice, for example, via spin-orbit scattering
of the conduction electrons in the N-layer. This bottleneck effect has been much
discussed in the literature on magnetic resonance in dilute magnetic alloys [32].
The existence of this effect for the small-angle modes excited directly by FMR
has been demonstrated experimentally [41], but described in different language.

The dynamical behavior of current-driven systems reflects the possible small
and large-angle modes which the system is capable of exhibiting. It is therefore
imperative to understand the nature of such modes in FN and FNF structures.

The basic effect will exist in a FN system. The conduction electron flux
through the surface leads to cross-relaxation. The scheme is illustrated in Fig. 7.7.
There are rates (1/Tse) and (1/Tes) which, respectively, transfer angular momen-
tum between the spin, i.e., the order parameter, of the F-layer and the conduction
electrons of the N-layer. If Ms (Me) is the uniform component of the F(N)-layer
magnetization, then a detailed balance condition (Ms/Tse) = (Me/Tes) relates
these relaxation rates. The magnetizations Ms and Me lose angular momentum
to the lattice via the rates (1/Ts�) and (1/Te�). In general the two subsystems will
have distinct resonance frequencies ωs and ωe since they see different demagneti-
zation and anisotropy fields and may have significantly different g-factors. When
(1/Ts�) and (1/Te�) are both zero, the total magnetization MT ∝ Me + Ms

commutes with the interactions, and provided ωs = ωe, the total magnetization
precesses about the internal field at this common frequency and the relaxation
rate is zero. There is necessarily a second normal mode corresponding to the
magnetization MA = (Me/Me)− (Ms/Ms). This mode has the same resonance
frequency but has a large relaxation rate ≈ (1/Ts�) + (1/Te�). It is easy to check
that the transverse components of MT and MA commute. The second, asym-
metric, mode is usually not important in resonance experiments since it does
not couple to the uniform driving rf field. In the present context it is of prime
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Fig. 7.8. The demagnetization field within the ferromagnetic (F)-layer can be
pictured as being generated by a magnetic monolayer at the surfaces. It
follows that the field in the non-magnetic N-layer actually adds to the external
field.

importance since the angular momentum transfer term couples precisely to this
degree of freedom. When ωs 
= ωe the resonance of Me + Ms occurs at

ωs =
ωsMs + ωeMe

Ms + Me
(7.80)

and turning on the lattice relaxation, the width is

1
τs

=
1

Ts�
Ms + 1

Te�
Me

Ms + Me
. (7.81)

Both are the magnetization weighted average of the relevant quantities. In this
context it is worth noting that the dipole field which is responsible for the
anisotropy field proportional to K⊥ is a demagnetization field in the F-layer
but has the opposite sign in the N-layer, see Fig. 7.8. This might lead to an
appreciable correction to the effective value of this demagnetization field for an
ultrathin F-layer in contact with more substantial N-layers.

For a large fixed F-layer, Ms � me and the antisymmetric mode is to a good
approximation just the resonance mode of the conduction electrons of the N-
layer, with a correction (Me/Ms)Ms just large enough to make this “orthogonal”
to the symmetric mode Me + Ms. Thus at a fixed FN contact, the current just
drives the conduction electron magnetization of the N-layer.

In contrast, when the F-layer is free it is the symmetric mode which is of
importance since, because of its small relaxation rate, it is easier to excite with
the driving current. This will be taken up again in the next section.
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Fig. 7.9. The spin current couples to the difference of the magnetizations. In
a point contact the relaxation coupling between the non-magnetic metal
and ferromagnetic layer is weak compared to the lattice relaxation of the
non-magnetic layer. This can break the relaxation bottleneck. A spin cur-
rent exists because of the “filter” effect of the ferromagnet. The spin current
therefore couples to the magnetization Ms of the ferromagnet.

For the reasons explained above, it can only be of interest to break the bottle-
neck when a small FN interface is involved, e.g., for a point contact. Such a geom-
etry, Fig. 7.9, can have a small surface-to-volume ratio. The lattice rate (1/Te�)
is proportional to the volume within the spin diffusion length while (1/Tes) is
proportional to the surface area leading to (1/Te�) > (1/Tes) and the absence
of a bottleneck. When the bottleneck is broken the resonance modes correspond
to the excitation of Me and Ms separately. These are both half-symmetric and
half-antisymmetric and couple to the current. There is no need to have a fixed
ferromagnetic layer to have such a coupling. Since (1/Te�) is large the Ms modes
are easiest to excite. When a large external static field is applied perpendicular
to the F-layer magnetization the large-angle modes generate an equally large smf
when θ is large leading to stable modes (rather than a smooth evolution with
current as Landau–Lifshitz–Gilbert theory would predict). The large change in
this smf when the system jumps from small to large-angle modes results in a
large peak in dV/dt, as seen in experiment [45].

7.6.8 Dynamics of FNF domains

As already stated, a bottleneck is needed in order to have the efficient trans-
fer of angular momentum between domains. Such a bottleneck involving both
FN-surfaces can exist even when there are substantial differences between the
resonance frequencies of the two domains. A similar situation has been analyzed
in the past [32, 46]. Adapting this to the present situation, assuming that there
is equal probability of the conduction electrons to cross-relax at each domain, it
is found that the coupled Landau–Lifshitz equations are of the form

dMi

dt
= −gµB

�
Mi × Bi −

1
τe

δMi +
1

2Tse
δMj
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dMj

dt
= −gµB

�
Mi × Bj −

1
τe

δMj +
1

2Tse
δMi (7.82)

where, for example, Mi = (Mi+ 1
2Me). The fields Bi are given by the derivative

of an appropriate energy function for each domain. The δMi are the deviations
from local equilibrium defined in the usual fashion. The total symmetric bottle-
neck coordinate is Mi + Mj = (Mi + Mj + Me) indicating why the factor of
1
2 must appear in each of the Mi. The effective diagonal relaxation rate is

1
τe

=
1

Ts�
+

Me

Ms

1
2Te�

+
1

2Tse
. (7.83)

Equations of this structure are well known from the theory of motional nar-
rowing of resonance lines [47] and experiment has shown that the appropriate
mode locking and narrowing that these equations predict do occur when FMR
experiments are performed on a system with two free domains [41]. Without a
bottleneck such effects would not occur.

When the anisotropy is such that one domain is fixed, then for the free
domain,

dMi

dt
= −gµB

�
Mi × Bi −

1
τe

δMi (7.84)

which is just a simple Landau–Lifshitz equation with relaxation to local equilib-
rium but for the magnetization Mi rather than just Mi. This modification is all
important since only the part Me of Mi couples to the current at the interface
with the fixed domain.

This simplification ignores some important effects. The large-angle modes
predicted by this simplified equation have a frequency which changes rapidly
as a function of amplitude and thus with current in the experiments of interest
here. In addition these modes have a very rich harmonic structure. In contrast the
small-angle modes for the fixed domain have an almost fixed frequency. Whenever
the harmonics of the large-angle modes cross those of the fixed domain, the
coupling between the modes again becomes important and such mode locking is
a plausible explanation for the frequency jumps seen in some experiments [48].

7.6.9 Angular momentum transfer in FNF domains

The presence of a bottleneck implies that angular momentum given to the con-
duction electrons is given back to the ferromagnetic domains before it can relax
to the lattice. When this is not the case the angular momentum given to the
conduction electrons by the angular momentum transfer term at one interface is
not transmitted at the other, i.e., the two surfaces behave independently.

Assume that a bottleneck exists. In the frame of reference of the free domain
the current at the interface with the fixed domain couples to Mey. The dynamic
modes of the free domain involve Mi = (Mi + 1

2
Me) rather than just Mi. In

the equation of motion for Mi the coupling is to Miy but with an added factor
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of 1
2
Me/(Ms + (Me/2)). The net spin transfer is as in the treatment of a direct

F-F contact except for an extra factor of one-half. This factor reflects the fact
that the transverse angular momentum given to the N-layer is transferred via
relaxation equally to the free and fixed domains.

With an extra factor of two the theory developed earlier is valid for a FNF
system. The only new consideration is the relaxation coupling discussed in the
previous subsection and which does not (automatically) exist for a direct inter-
action between F-layers. All expressions for critical currents obtained earlier can
be taken over when multiplied by a factor of two.

7.6.10 Angular momentum transfer in NFN systems

It might reasonably be assumed that the relaxation is bottlenecked in NFN thin
film systems with dimensions similar to the FNF spin valves. It is to be observed
that the spin current at the two FN interfaces is in the same direction and,
since the spin current coupling involves the difference of the magnetizations, the
coupling to the F-layer cancels for a symmetric system. This observation is not
new [49–51]. Almost any asymmetry will introduce such a coupling. Imagine
that one N-layer is in contact on its other side with one which causes rapid spin
relaxation. This adds a relaxation term

1
τ�

δMej ≈ Mej

τ�

[
Mej

Mej
− M

M

]
. (7.85)

This is relaxation to local equilibrium, which requires Mej and M to be par-
allel, i.e., that (Mej/Mej) = (M/M ). Here Mej is the magnetization of one of
the N-layers and M that of the ferromagnet. Clearly this induces a coupling to
the antisymmetric mode and acts to partially open the bottleneck. Put differ-
ently this adds to the symmetric mode a part of the antisymmetric one with a
coefficient ∼ Tes/τ� and with this a coupling to the spin current.

Experiments [51] on such a system exhibit an extended “W” region with a
straight line boundary which extrapolates to the origin as in Co FNF valves
[1]. It is tempting to speculate that there are again non-dynamic states near an
energy maximum.

7.7 Domain walls

Experimentally [16–18, 52] it has been shown that the critical current densities
required to put in motion or displace a domain wall can be a couple of orders
of magnitude smaller than that required to reverse the magnetization of a free
domain. For this reason it is probable that the domain wall will find impor-
tant applications in spintronics and it is therefore important to understand the
dynamical properties of such entities. The theory presented here is based upon
Refs. [31, 53].

A domain wall is a solitonic object which connects regions of a magnet in
which the magnetization has a stable configuration. Thus, for example, for the
wire shown in Fig. 7.10 the magnetization at the extreme ends is pointing along
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Fig. 7.10. The wire containing a domain wall extends down the z-direction.
Due to the anisotropy field proportional to K⊥, the magnetization lies in the
xz-plane. The domain wall width is denoted by w.

the axis of the wire but in opposite directions.25 In making a smooth connection
between these two configurations there is a competition between the exchange en-
ergy which would like the spins to rotate slowly and the anisotropy energy which
would have as few spins as possible deviate appreciably from the z-direction.
In terms of the Euler angles introduced earlier, the direction of a given spin is
specified by the angles θ and φi where i is a site index. Twisting the wall costs
extra exchange energy and usually a wall will have a constant fixed value of
φi = φ with values of 0 < θ < π. When a second anisotropy term proportional
to K⊥ is present then the system has the lowest energy when φ = 0 or π. The
effective potential energy in such a wall, assuming φ = 0, is in a continuum
approximation,

V =
∫

dv

vc
�
2

[
1
2
m2J

(
∂θ

∂z

)2

a2 − m2A cos2 θ(z)

]
≡
∫

dv

vc
V(z), (7.86)

where m is the magnitude of spins per site, a is the lattice constant in the z-
direction, and vc is the unit volume. The Lagrange equation which minimizes
V(z) with respect to variations in θ(z) is

− ∂

∂z

[
a2J

∂θ

∂z

]
+ 2A cos θ sin θ = 0. (7.87)

This can be integrated by observing that it implies,

∂

∂z

[
1
2
J

(
∂θ

∂z

)2

a2 − A sin2 θ + C

]
= 0 (7.88)

where C is an integration constant. Since the derivative (∂θ/∂z) → 0 for z →
±∞, it follows that C = 0 and taking the appropriate root,(

∂θ

∂z

)
a =

(
2A

J

)1/2

sin θ. (7.89)

25This is usually the case for Permalloy because this is the configuration in which the demag-
netization field has the smallest energy. This energy is represented by the anisotropy energy A
in the model, Eq. (7.18).
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In turn integrating this using the appropriate boundary conditions gives as the
result

θ = 2 cot−1 e(z−z0)/w ≡ θ0(z − z0), (7.90)

where the wall has width w = (J/2A)1/2
a and position z0. Clearly the energy is

independent of z0 and directly implies that the translation operator commutes
with the many states on the ground manifold of the problem.

It is an interesting exercise to check that when a static magnetic field, B = Bẑ
is added, i.e., with V(z) → V(z) − gµBBm cos θ, this lifts the aforementioned
degeneracy and leads to a problem without a static solution. Such a field applies
a pressure on the wall, see below. Consider first the case with a magnetic field,
but with K⊥ = 0. It is necessary to write the Lagrangian,

L = T − V ; T = �m

∫
dv

vc
(cos θ − 1)

∂φ

∂t
≡
∫

dv

vc
T (z). (7.91)

In a rotating frame of reference obtained via φ → φ − ωLt, and it follows T →
T −�m(cos θ−1)ωL, where ωL ≡ gµBB/� is the Larmor frequency, and the field
term cancels, to within a constant. The original field-free problem results in this
frame and shows that the effect of a magnetic field is to cause uniform rotations
about the z-axis. The wall does not move in the z-direction as might be expected,
at least not without relaxation. This collective rotational motion of the wall can
be extracted from the original kinetic energy. With φ(z, t) → φ0 + φ(z, t),

T = −2�m
A
vc

z0
∂φ0

∂t
+ �m

∫
dv

vc
(cos θ − 1)

∂φ

∂t
; z0 =

1
2

∫
dz(1− cos θ).

(7.92)

With this definition26 of z0, to within a constant, the Zeeman energy is z0APz

where Pz = 2gµBB(m/vc), is the classical expression for the pressure on the wall.
Now in terms of the new collective coordinate φ0, the conjugate momentum is
pφ = (∂T/∂φ̇0) = 2(�mA/vc)z0, i.e., to within a constant of proportionality, is
the coordinate of the wall. Evidently it is more logical to take z0 as the coordinate
whence pz = −2(�mA/vc)φ0 is the momentum. In terms of this, the kinetic
energy of the collective coordinate is T0 = −z0 ṗz and the Lagrangian L0 =
−z0(ṗz −APz). This L0 correctly, gives (ṗz−APz) = 0 as an equation of motion.

When K⊥ is finite it is necessary to account for the term �
2m2K⊥ sin2 θ sin2 φ.

Interest is now on how this couples to the collective coordinates. Given that the
solution in the rotating frame has φ = 0, it is possible to replace φ → φ0,
whence the term in the potential energy is �

2m2K⊥ sin2 φ0

∫
dz sin2 θ. Trivially

26Given the system extends from −	 to +	, then 1
2

� �
−� dz(1 − cos θ(z)) = 1

2

� �
−� dz(1 −

cos θ0(z − z0)) = 1
2

� �−z0
−�−z0

dz(cos θ0(z) − 1) = 1
2

�−�
−�−z0

2 + 1
2

� �
−� dz(cos θ0(z) − 1)z0 +

� �
−� dz(cos θ0 − 1) ≡ z0 + const., i.e., the two definitions of z0 differ by a constant.
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∫
dz sin2 θ = a (J/2A)1/2 ∫

dz sin θ (∂θ/∂z) = a (J/2A)1/2 ∫
d(cos θ) =

2a (J/2A)1/2 = 2w. So the new term27 is �
22wm2K⊥ sin2 φ0 = �

2wm2K⊥(1 −
cos 2φ0). Now

L0 = z0

(
2�mA

vc

∂φ0

∂t
+ APz

)
− �

2m2wAK⊥
vc

[1 − cos (2φ0)] , (7.93)

which gives,

∂φ0

∂t
=

vc

2�m
Pz (7.94)

and
∂z0

∂t
= �mwK⊥ sin 2ωLt, (7.95)

i.e., there is a yo-yo motion with twice the Larmor frequency. This motion cor-
responds to trajectories which map out constant energy surfaces. Thus when
K⊥ = 0 this is just a circular motion, but when K⊥ 
= 0 the wall moves back-
ward and forward in order to “borrow” the energy from the Zeeman term in
order to go over the barrier to the rotational motion which represents the en-
ergy proportional to K⊥. Finally it is to be observed that this formalism is valid
independent of the nature of the pressure Pz applied to the wall.

7.7.1 Relaxation in domain walls
The Gilbert term has traditionally [54] been used to describe the relaxation of
domain walls. In the current situation this leads not only to forward wall motion
but also to a pressure on the wall. The simple adoption of Gilbert relaxation
is wrong for two reasons (i) the existence of a domain wall implies a second
broken symmetry, associated with the position of the wall, this in addition and
beyond that associated with a single domain ferromagnet. The phenomenology
of the relaxation of this new order parameter is quite different to that for a
single domain. Even at a micro-magnetic level, relaxation is not simple Gilbert
like since the equations are necessarily modified to reflect the stability of the
topological defect that is a domain wall. (ii) When a spin current js is present,
there is a divergence term which, at least in part, drives the motion of the wall
and this implies that Gilbert relaxation should involve the total derivative, as
described in Sec. (7.2.1). It will be shown below that the necessary modifications
to Gilbert damping imply this total derivative becomes a “particle derivative”.

In order to address (i) consider a domain wall driven by an applied longi-
tudinal field alone, i.e., with js = 0. If in addition K⊥ = 0, assuming Gilbert
relaxation and ignoring α2, Eq. (7.94) becomes (∂φ0/∂t) = gµBB/�,28 and the

27For small pz this generates the so-called Döring mass mD = �
2A/(wvcK⊥).

28With Gilbert but not Landau–Lifshitz relaxation (∂φ0/∂t) = gµBB/[(1+α2)�] and implies
Gilbert relaxation results in an energy shift. Since relaxation, without mode coupling, should
not lead to a shift, it is implied that Landau–Lifshitz relaxation is more appropriate, see also
immediately below.
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wall acquires the velocity vr = αwgµBB/�. The fact that, to this order, there is
no relaxation contribution to the pressure simply confirms the observation made
in Sec. 7.5 that, with K⊥ = 0, Gilbert relaxation leads to a width without an
energy shift.29 As was also discussed in that section, when K⊥ 
= 0, shifts occur
because of a coupling between clockwise and counter clockwise rotational pre-
cessional modes of the wall about the external field. It is therefore an important
difference that here it remains the case that (∂φ0/∂t) = gµBB/� even when
K⊥ is finite, showing that these modes remain uncoupled and therefore that the
Gilbert term needs to be modified so that again unphysical energy shifts do not
occur. Consider the magnetization M of the slice of the wall between z and
z + dz, the appropriate Landau–Lifshitz–Gilbert, Eqs. (7.11), are,

DM

Dt
= −gµB

�
M × B +

α

M
M × DM

Dt
(7.96)

where B = −(∂V/∂M), calculated with B = K⊥ = 0. Here the partial derivative
replaced by the particle derivative:

DM

Dt
=

∂M

∂t
+ φ̇

∂M

∂φ
+ v0 · ∇M =

∂M

∂t
− gµB

�
M × B + v0 ·∇M , (7.97)

and where v0 = (�mwK⊥ sin 2ωLt + vr)ẑ30. This equation is written in the ro-
tating frame discussed in the last section and for which φ0 is given by Eq. (7.94).
In the last form of this last equation φ̇∂M

∂φ has been replaced by its explicit ex-
pression. Evidently the source of the pressure Pz is not to be included in the
energy function V which determines B since its effect is included by the passage
to the rotating frame. In addition that part of the K⊥ which couples to the wall
motion, rather than the internal degrees of freedom, must also be canceled from
V. The particle derivative is that taken at a point fixed relative to the center of
the moving wall and is that frequently encountered in fluid dynamics. The usual
static solution is then appropriate in the frame moving with velocity v0ẑ and
rotating according to Eq. (7.94), i.e., Eq. (7.95) becomes

∂z0

∂t
= v0 = vr + �mwK⊥ sin 2ωLt. (7.98)

7.7.2 Angular momentum transfer in domain walls

It is necessary to determine how a current is reflected in the Lagrangian. As
with the pillar problem, the JSi · si part of H is made diagonal by rotating the
electron axis of quantization parallel to that of the local moment. The calculation
is simpler than that for pillars since the angles between adjacent planes of the
wall are always small. Thus in Eq. (7.45) it is possible to approximate sin θ/d ≈

29The nature of the coherent states which correspond to the motion of the wall are such that
�(∂φ0/∂t) is the separation between energy levels connected by M±

i .
30Including vr here removes the O(α2) contribution to the pressure mentioned above.
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(∂θ/∂z) and multiply this by 2 since there are two neighboring planes with
currents in the opposite sense and therefore which have the first derivative which
add. Thus the effective vector potential is, Az = �(∂θ/∂z)(MyM) and this again
leads to a gauge field in the y-direction which is proportional to the current.
This is being evaluated in the rotating frame within which the pressure Pz has
been eliminated. The wall lies in a plane defined by φi = 0 and Az was generated
by considering only rotations by the angle θ. This corresponds to a U(1) gauge
theory with a single transverse field. The full theory with rotations by both angles
θ and φ corresponds to the group SU(2) and there are necessarily two transverse
and a longitudinal gauge field which in elementary particle theory would be
associated with the W± and Z0 particles. In order that the U(1) transverse field
appears in the current Lagrangian formalism, i.e., a quantity linear in (∂θ/∂z) it
is actually necessary to determine the terms linear in (∂φ/∂z). Calculation with
the full SU(2) theory shows that the coupling to the conduction electron spin
current arises from a term

�vs(cos θ − 1)
∂φ

∂z
; vs =

jsvc

2eM
(7.99)

in the Lagrangian density. It must be recognized that, in general, this is non-
conservative effect. In order that energy be conserved, account must be taken of
the smf/emf which appears in the electronic circuit. In the present context this
new term leaves the equation of motion for φ unchanged, but modifies that for
θ. With the coupling to the current included

∂θ

∂t
+ (vs − vr)

∂θ

∂z
+ 2�m2K⊥ cos φ sin2 θ = 0, (7.100)

where the sign of vr corresponds to the case when the pressure Pz is in opposition
to the motion due to the current. Thus the equation of motion of the wall center
becomes

∂z0

∂t
= (vs − vr) + �mwK⊥ sin 2φ0. (7.101)

This would lead to a simple theory for the critical current if it was not for the
fact that the velocities add when the pressure is not in opposition.

This derivation of the coupling of a current to a domain wall is very abstract.
It is, in fact, not hard to show, by direct calculation of the equations of motion
for the local magnetization, that this coupling simply accounts for the divergence
term ∇·J . While the magnitude of the spin current does not change, its direction
does and this leads to a finite divergence. The change in angle of an electron as
it advances by on lattice spacing is ∆θ = (∂θ/∂z)a. The change in angular mo-
mentum is �∆M = �∆θ/2 per electron. The number current dn/dt = ja2/e and
so dM/dt = (∆θ/2)dn/dt = (ja3/2e)(∂θ/∂z). Finally that part of the derivative
dθ/dt due to the current (1/M )dM/dt = (jvc/2eM )(∂θ/∂z) as in Eq. (7.100).

The idea that the derivative in the Gilbert relaxation term needed to be
modified due to the presence of spin currents, js, and the associated divergence
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term was already introduced in Sec. (7.2.1). Taking this into account the velocity
which appears in the particle derivative is

v0 =
(

jsvc

2eM
+ �mwK⊥ sin 2ωLt + vr

)
ẑ. (7.102)

The resulting quantity v0 · ∇M can be interpreted as a generalized divergence
term which includes the spin currents due to the motion of the wall, i.e., Gilbert
relaxation occurs in the frame in which the wall is a rest.

The modified Gilbert term as it appears in Eq. (7.100) can evidently be
included by simply adding

Vr = �vr(cos θ − 1)
∂φ

∂z
, (7.103)

to the Lagrangian density. Here vr is a relaxation determined velocity. It is rather
unusual that a non-conservative relaxation effect can be added to the Lagrangian
in such a fashion.

Lastly in connection with wall relaxation, it is natural to ask under what
conditions the relaxation reverts to the standard Gilbert form. In this connection
the limit of zero field and pressure is problematic. The yo-yo motion of the wall
is reflect by �mwK⊥ sin 2ωLt in v0. Since ωL is proportional to Pz, the distance
traveled diverges as Pz → 0. When this length is greater than that of the wire
the problem changes nature. The term proportional to K⊥ no longer appears in
v0 and must be re-introduced into the functional V which determines B. Then
if js = 0, and ignoring O(α2), traditional Gilbert relaxation is recovered.

7.7.3 Pinning of domain walls

The present theory does not produce any relaxation in the absence of a pres-
sure Pz. It follows that there is no intrinsic pinning. Such a pinning only arises
with standard Gilbert damping[55]. As already discussed, unmodified Gilbert
relaxation violates the second law of thermodynamics.

The effect of extrinsic pinning depends very much on the details of the pinning
potential V(z) and the value of K⊥. It will be assumed that K⊥ is large enough
that the deviations in φ0 due to the pressure Pz = −(∂V/∂z)/A are small. This
pinning pressure appears in Eq. (7.94). Now φ0 is small and this equation is used
to define a wall momentum pz = (�mA/vc)φ0. Again since φ0 is small, and using
the explicit expression for vr, Eq. (7.101) can be written as:

∂z0

∂t
− vs =

1
mD

pz − α′ a
3

2�
Pz (7.104)

where mD is the Döring mass defined earlier and where α′ is an uninteresting
constant which depends on the detailed wall structure. Apart from the absence
of a relaxation pressure, these are just the traditional equations which describe
domain wall motion with the angular momentum transfer term added (see, for
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Fig. 7.11. Comparison of experimental data with the result Eq. (7.106). The
experimental points are taken from Ref. [17]. The solid line corresponds to
the value of C from Eq. (7.106) with p ≈ 0.7 [53]. The insert shows the
equivalent particle problem.

example, Ref. [54], Eqs. (10.1) and (11.2)). Without the current, vs, term these
are the homogeneous differential equations of motion for a “particle” moving in
the potential V(z) as in the insert of Fig. (7.11). Assuming vs and relaxation
are small corrections, Pz might be replaced by its average 〈Pz〉 over the motion.
With this

∂z

∂t
− (vs − vr) =

1
mD

p (7.105)

where vr = α(a3/2)〈Pz〉. The particular integral of this, i.e., the steady state
solution, is obtained by eliminating the quantity (vs − vr) by z → z − (vs − vr)t.
This causes the potential to become time dependent, i.e., the motion is that
of a free particle driven by a time-dependent force with zero average and no
relaxation. In the original frame, the resulting oscillations must be added to
the constant velocity (vs − vr). The non-conservative driving term has placed
the particle at an energy above the top of the maxima in the pinning potential.
The average 〈Pz〉 is non-zero since the “particle” spends more time in the regions
where the retarding effects of this same term are the greatest, it depends strongly
only on the velocity near the maxima in Pz and these are far from the top of
the well so that the relevant velocities and therefore 〈Pz〉 are insensitive to small
changes in the particle energy for the energies of interest. This justifies assuming
vr is a constant near to the critical current. The kinetic critical current jk, is
evidently given by v0 = vr, and, near to this threshold current, the average
velocity,
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v = pC(j − jk); C ≡ a3

2eM
. (7.106)

It is important that the velocity near threshold is greatly reduced but that C
is independent of jk, i.e., above the critical current, the angular momentum not
destroyed by the pinning is 100% converted into motion of the wall.

In Fig. (7.11) this prediction, is compared with the experiments of Yamaguchi
et al. [17]. Using the lattice constant for Permalloy, with M = 1, C ≈ 4.5 ×
10−11 m3/C, and using p ≈ 0.7 suggested in Ref. [17], pC ≈ 3.15 × 10−11 m3/C.
This corresponds approximately to the gradient of the line shown in Fig. (7.11).
Clearly, within a factor of 2 in either sense, this is consistent with the trend of
the data points.

7.7.4 The smf/emf produced by a domain wall

When there is a current induced motion, and when there is a pressure exerted
on a domain wall, it must be that the electrons which pass through the wall not
only transfer angular momentum but also do work, or have work done on them,
in order that energy be conserved. It is an interesting aspect of the domain wall
problem that the wall can in a real sense be considered as a spin battery. This
consists of a length of ferromagnetic wire in a static magnetic field. It might be
“charged” by passing a current in the sense which increases the energy by moving
the wall against the field pressure. The battery is “discharged” by connecting
the wire to an external circuit and letting the wall relax by forcing a current
around the circuit.

The smf/emf appropriate to the ground state is obtained by calculating the
non-operator part of the time derivative of the vector potential

Az = σz�
∂θ

∂z

My

M
, (7.107)

where σz = ±1 as the electron is of majority or minority spin. What is needed is
the time derivative of My in the laboratory frame. Recall the wall is in a rotating
frame and lies in the xz-plane so that φ = 0. In the laboratory frame assuming
φ = 0 at t = 0, My = M sin θ sin φ ≈ M sin θφ so that Ṁy = M sin θ(dφ/dt).
Applying a force to the wall results in a force analogous to that in a Stern–
Gerlach experiment given by:

fis = −∂Ai

∂t
= σz

1
2M

∂θ

∂z
sin θi M�

dφ

dt
ẑ = σz

1
2

∂ cos θ

∂z

Pzvc

2m
ẑ. (7.108)

This Stern–Gerlach force couples to the spin degree of freedom and hence has
a different sign for the majority and minority spins, reflected by the factor of
σz. In a domain wall the current has an effective polarization p determined by
the material. The force on an “average” electron therefore involves taking the
average 〈σz〉 ≡ p which here is used to define p. The net force on such an average
electron is therefore
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fs = p
1
2

∂ cos θ

∂z

Pzvc

2m
ẑ. (7.109)

Integrating this force through the wall gives,

E = p
vc

2em
Pz, (7.110)

for the emf determined by the total pressure Pz. This is easily seen to reflect
energy conservation. If the value of Pz appropriate to a magnetic field is used,
this reduces to E = pgµBB. Substituting Eq. (7.94) into Eq. (7.110) gives, rather
generally,

E = p
�

e

dφ

dt
, (7.111)

i.e., a particularly simple result for the emf generated by a domain wall.
The predicted current densities j are large. With m = 1 and a ∼ 3 Å and a

realistic v ∼ 1m/s the current density j ∼ 3× 1010A/m2 or a current i ∼ 30mA
for a micron square wire. The value of E reflects the value of B and for 1 T
corresponding to about 100µV.

This result for E must not be interpreted as the spin weighted average of
the potential shift of the conduction electrons. Such shifts can be a consequence
of an smf/emf but are not the origin. What E reflects is the conversion of the
magnetic energy stored in the wire into electrical energy. This is an important
point. Consider an isolated wire with a pinned domain wall in a field. The field
does result in opposite shifts of the energy of the majority electron on the two
sides of the wall; however these shifts are compensated by a small charge transfer
which bring the two Fermi levels back into line. Only when the pinning force is
removed is there an smf/emf. If this is done suddenly, the force fs would cause the
electrons to be accelerated as they pass through the wall, but after a short time
a potential difference equal to E develops so that the force due to the potential
gradient exactly cancels fs and a steady state current results. To emphasize the
point, it might be noted that E exists if the conduction electron g-factor were
zero since, within the s–d-exchange model at least, the energy stored in the wall
is to a large part due to the local moment energy. The field-induced chemical
potential shifts for a pinned wall would be absent and would only develop when
the wall is in motion.

7.7.5 Applications of the smf produced by a domain wall

A basic memory device is illustrated in Fig. 7.12. The Bloch wall has two stable
equilibrium positions 0 and 1 and might be switched from one to the other
using an external current. In a current-only design, the device might be read
by applying a current between a and b. If the wall lies in position 0 it will be
dislodged by this reading pulse, and once it passes the half-way point, will induce
an output in the circuit connecting b and c. Clearly, there will be no such current
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01

abc

0

abc

1

Fig. 7.12. A current-only read-write memory element. To the left the system is
in the 0-state. A current between a and b will carry the wall past the unstable
equilibrium point. As it moves towards the 1-state under the pressure Pz

implicit in the device shape it will produce an output emf between b and c.
No emf occurs if the system is in the 1-state. The system can be switched
between 0 and 1 by passing a current from a to c.

pulse if the wall is initially in position 1. Here the pressure Px is produced by
the shape of the bridge.

Current and power amplification might be achieved by the device shown in
Fig. 7.13. Here only one of the equilibrium situations 0 is stable. An initial pulse
puts the system in the unstable equilibrium position 1. A current pulse between
a and b causes the wall to leave 1 and the large Pz due to the narrowing of
the wire produces a large induced smf/emf and hence a large current output
in that part of the circuit which is connect to b and c. Isolation of input and
output is afforded by the small distance 1 to b. The potential seen by the wall
is also illustrated in Fig. 7.13. A large gain implies a small barrier, of height Eb,

0
Energy of wall

abc

0 1

abc

position

Eb

Ea

wall

1

10

Fig. 7.13. An power amplifier. Starting with the initial state, top left, a pulse
between a and b moves the wall from 1 to b, i.e., a point at which there is a
Pz to the left. There is an emf between b and c as the wall moves between b
and 0. The final state is shown at the bottom left. To the right is shown the
energy profile of the device, see text.



340 S. E. Barnes and S. Maekawa

at an energy Ea relative to 0, and which is large compared to Eb. In fact, the
power gain g is limited by, and is approximately equal to, g = (Ea/Eb), since the
input pulse must raise the wall over the barrier, i.e., give it an energy Ea while
the maximum energy which is given to the external output circuit is evidently
Ea. In position 1 the wall might either tunnel or be thermally excited out of this
unstable equilibrium, however the wall constitutes a macroscopic object and this
affords an enormous reduction in both of these processes.
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8 Spin injection and spin transport in hybrid
nanostructures

S. Takahashi, H. Imamura, and S. Maekawa

8.1 Introduction

There is current interest in the emerging field of spin transport in magnetic
nanostructures, because of their potential applications as spin-electronic devices
[1–3]. Recent experimental and theoretical studies have demonstrated that the
spin-polarized carriers injected from a ferromagnet (F) into a non-magnetic ma-
terial (N), such as a normal metal, semiconductor, and superconductor, create
a non-equilibrium spin accumulation in N. The efficient spin injection, spin ac-
cumulation, spin transfer, and spin detection are central issues for utilizing the
spin degree of freedom as new functionalities in spin-electronic devices.

In this chapter, we describe the basic aspect of spin injection and spin trans-
port in magnetic nanohybrid structures containing normal metals or supercon-
ductors. Particular emphasis is placed on the spin accumulation and spin current
in a non-local spin device of F1/N/F2 structures, where F1 is a spin injector and
F2 a spin detector. We solve the spin-dependent transport equations for the elec-
trochemical potentials of up and down spins in the structure of arbitrary junction
resistance ranging from a metallic contact to a tunneling regime, and examine
optimal conditions for spin accumulation and spin current. The spin accumu-
lation detected by F2 depends strongly on whether the junction interface is a
metallic contact or a tunnel barrier; it is greatly improved when a tunnel barrier
is used instead of a metallic contact, and therefore efficient spin injection and
detection are achieved when both interfaces are tunnel junctions. On the other
hand, a large spin-current injection from N, through the N/F interface, into F2 is
realized when N is in metallic contact with F2 whose spin diffusion length is very
short, like a Permalloy (Py), because F2 plays the role of strong sink for the spin
current flowing in N. These findings indicate that tunnel junctions are favorable
for a large spin accumulation, while metallic contacts are favorable for a large
spin-current injection. Intriguing and useful devices are those containing a ma-
terial with a low density of carriers that carry spins. In a superconductor device,
the spin accumulation signal is greatly amplified by opening of the energy gap,
because the same spin-injection necessitates a much larger spin-splitting of the
Fermi energy. Semiconductor devices likewise exhibit a large spin accumulation
signal. The spin-current induced anomalous Hall effect is also discussed.
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Fig. 8.1. (a) Three-terminal device of F1/N/F2 structure proposed by Johnson
[5]. The arrows in F1 and F2 indicate the direction of the magnetizations. (b)
Densities of states for the up and down spin subbands in each electrode in
(a). The magnetization of F2 is either parallel or antiparallel to that of F1.

8.2 Spin injection, spin accumulation, and spin current

In 1985, Johnson and Silsbee [4] first reported that non-equilibrium spins injected
from ferromagnets diffuse into Al films over the spin diffusion length of the order
of 1 µm (or even several hundred µm for pure Al). In 1993, Johnson proposed
a spin injection technique [5] in a F1/N/F2 structure (F1 is an injector and F2
a detector), which is represented conceptually in Fig. 8.1 in a pedagogical case
where both F1 and F2 are half-metallic. When the current flows from F1 to N,
up-spin electrons are injected into N, so that the populations of up-spin electrons
increase by shifting the electrochemical potential (ECP) by δµN, while those of
down-spin electrons decrease by shifting the ECP by −δµN, resulting in the spin
splitting of ECP by 2δµN, which corresponds to spin accumulation in N. When
the magnetization of F2 is parallel to that of F1, the ECP of F2 coincides with
the up-spin ECP of N, and when the magnetization is antiparallel, it coincides
with the down-spin ECP. Therefore, the output voltage (V2) depends on whether
the magnetization of F2 is parallel or antiparallel to that of F1.

Recently, Jedema et al. have made spin injection and detection experiments
in a permalloy/copper/permalloy (Py/Cu/Py) structure fabricated by advanced
microfabrication techniques, and observed a clear spin accumulation signal at
room temperature in the non-local geometry for measurement [6]. Subsequently,
they have found that the efficiency of spin injection and accumulation is greatly
improved in a cobalt/aluminum/cobalt (Co/I/Al/I/Co) structure when tunnel
barriers (I=Al2O3) are inserted between the Co and Al electrodes [7]. Fig-
ures 8.2(a) and (b) show a scanning electron microscope image of the Co/I/Al/I/
Co structure and the experimental result of the spin accumulation signal. The
bias current I is injected from Co 1 and taken out from the left end of N, and
the spin accumulation at distance L from Co 1 is detected by measuring the po-
tential difference (V ) between Co2 and N. Sweeping the magnetic field B from
the negative side (or positive side), the non-local resistance V/I changes sign
from positive to negative, and switches symmetrically around zero. The positive
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Fig. 8.2. Spin injection and detection device of Co/I/Al/I/Co (I=A2O3) in
the non-local geometry for measurement by Jedema et al. [7]. (a) Scanning
electron microscope image of the device and (b) spin accumulation resistance
V/I as a function of the in-plane magnetic field B for a sample with a Co
electrode spacing L = 650 nm at T = 4.2 K and room temperature.

(negative) value of the non-local resistance corresponds to the parallel (antipar-
allel) magnetizations. This result demonstrates that the experiment of non-local
measurement can observe purely the spin degree of freedom (spin accumulation)
in non-magnetic metals. Similar experiments have been made in other groups
using the non-local measurement [8–16].

8.2.1 Spin transport in non-local geometry

We consider a spin injection and detection device which consists of a non-
magnetic metal N connected to ferromagnets of injector F1 and detector F2
as shown in Fig. 8.3. F1 and F2 are ferromagnetic electrodes of width wF and
thickness dF, and are separated by distance L, and N is a normal-metal electrode
of width wN and thickness dN. The magnetizations of F1 and F2 are aligned ei-
ther parallel or antiparallel. In this device, spin-polarized electrons are injected
from F1 into N by flowing the current I from F1 to the left end of N. The spin ac-
cumulation at distance L from F1 is detected by F2, and the potential difference
(V2) between F2 and N is measured. Because of the absence of a voltage source
on the right part of the device, there is no charge current in the electrodes that
lie on the right side of F1. By contrast, the injected spins are diffused equally
in both directions, creating spin accumulation not only on the left side but also
on the right side. Accordingly, the spin and charge degrees of freedom are trans-
ported separately in the device; the advantage of the non-local measurement is
that F2 probes only the spin degree of freedom.

The electrical current density jσ for spin channel σ (↑ or ↓) in each electrode
is driven by the electric field E and the gradient of the carrier density deviation
δnσ from equilibrium:

jσ = σσE − eDσ∇δnσ,
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Fig. 8.3. Spin injection and detection device: (a) top view and (b) side view. The
bias current I is applied from F1 to the left end of N. The spin accumulation
at x = L is detected by measuring the voltage V2 between F2 and N. (c)
Spatial variation of the electrochemical potential (ECP) for up and down
spin electrons in N.

where σσ and Dσ are the electrical conductivity and the diffusion constant.
Making use of δnσ = Nσδεσ

F (Nσ is the density of states in the spin subband and
δεσ

F is the shift of the Fermi energy from equilibrium) and the Einstein relation
σσ = e2NσDσ , one has

j↑ = −(σ↑/e)∇µ↑, j↓ = −(σ↓/e)∇µ↓, (8.1)

where µσ = εσ
F + eφ is the electrochemical potential (ECP) and φ the electric

potential. The continuity equations for charge and spin in the steady state are

∇ · (j↑ + j↓) = 0, ∇ · (j↑ − j↓) = −e
δn↑
τ↑↓

+ e
δn↓
τ↓↑

, (8.2)
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where τσσ′ is the scattering time of an electron from spin state σ to σ′. Using
these continuity equations and detailed balance N↑/τ↑↓ = N↓/τ↓↑, one obtains
[4, 17–20]

∇2 (σ↑µ↑ + σ↓µ↓) = 0, (8.3a)

∇2 (µ↑ − µ↓) =
1
λ2

(µ↑ − µ↓) , (8.3b)

where λ is the spin-diffusion length

λ =
√

Dτsf ,

with

τ−1
sf =

1
2
(τ−1

↑↓ + τ−1
↓↑ ), D−1 = (N↑D−1

↓ + N↓D−1
↑ )/(N↑ + N↓).

In the following, the subscripts (or superscripts) “N” and “F” denote the quanti-
ties of N and F, respectively. The material parameters in N are spin-independent:
σ↑

N = σ↓
N = 1

2σN, etc., and those in F spin-dependent: σ↑
F 
= σ↓

F (σF = σ↑
F + σ↓

F),
etc. The spin-diffusion lengths of transition-metal ferromagnets are λF ∼ 5 nm
for Permalloy (Py), λF ∼ 12nm for CoFe, and λF ∼ 50nm for Co from studies
of CPP-GMR (current-perpendicular-plane giant magnetoresistance) by Bass et
al. [21–23], whereas those of non-magnetic metals are λN ∼ 1µm for Cu [6, 11],
and λN ∼ 0.65 µm for Al [7]. The fact that λF is extremely short compared with
λN in the above conventional materials plays a crucial role for spin transport in
devices made from those materials as shown below.

For the interfacial current across the junctions, we employ a model used in
CPP-GMR by Valet and Fert [17]. Due to the spin-dependent interface resistance
Rσ

i between different metals of the junction i (i = 1, 2), the ECP in each spin
channel changes discontinuously at the interface when the current passes through
the junction. The interfacial current Iσ

i from Fi (F1 or F2) to N is given in terms
of the discontinuity (µσ

Fi − µσ
N) at the interface as [17–19]

Iσ
i =

1
eRσ

i

(µσ
Fi − µσ

N) , (i = 1, 2, σ =↑↓) (8.4)

where the distribution of the current is assumed to be uniform over the interface.
The total charge and spin currents across the ith interface are Ii = I↑i + I↓i and
Is
i = I↑i − I↓i .

Equation (8.4) is applicable not only for a transparent contact but also for
tunnel junctions. In the transparent case (Rσ

i → 0), ECP in each spin channel
is continuous at the interface, so that the spin splittings of ECPs on the F and
N sides strongly influence each other. In the tunneling case, ECPs have large
discontinuity at the interface, and their discontinuity is much larger than the
splitting of the ECPs, so that the spin accumulation on the N side does not
depend on the details of the spin splitting on the F side.
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In real situations, the distribution of the current across the interface depends
on the relative magnitude of the interface resistance to the electrode resistance
[24]. When the interface resistance is much larger than the electrode resistance
as in a tunnel junction, the current distribution is uniform in the contact area
[25], which validates our assumption mentioned above. However, when the in-
terface resistance is comparable to or smaller than the electrode resistance as
in a metallic contact junction, the current distribution becomes inhomogeneous;
the interface current has a large current density around a corner of the contact
[14, 26]. In this case, the effective contact area through which the current flows
is smaller than the contact area AJ = wNwF of the junctions.

When the bias current I flows from F1 to the left side of N (I1 = I) and
there is no charge current on the right side (I2 = 0), the solution of Eqs (8.3a)
and (8.3b) takes the form

µσ
N = µ̄N + σ

(
a1e

−|x|/λN − a2e
−|x−L|/λN

)
, (8.5)

where the first term describes the charge transport and takes µ̄N = −(eI/σN)x
for x < 0 and µ̄N = 0 (ground level of ECP) for x > 0, and the second term the
shift in ECP of up (σ = +) and down (σ = −) spins; the a1-term in the bracket
represents the spin accumulation due to spin injection from F1 into N, while the
a2-term is the spin depletion due to spin extraction from N into F2. Note that,
in the region of x > 0, the charge current (jN = j↑N + j↓N) is absent and only the
spin current (js

N = j↑N − j↓N) flows.
In the F1 and F2 electrodes in which the thickness is much larger than the

spin diffusion length (dF 
 λF) as in the case of Py or CoFe, the solutions close
to the interfaces of junctions 1 and 2 are of the form

µσ
F1 = µ̄F1 + σb1 (σF1/σσ

F1) e−z/λF , (8.6a)

µσ
F2 = µ̄F2 − σb2 (σF2/σσ

F2) e−z/λF , (8.6b)

where µ̄F1 = −[eI/(σFAJ)]z + eV1 represents the current flow of I in F1, µ̄F2 =
eV2 is a constant electric potential in F2 with no charge current, and V1 and V2

are the voltage drops across junctions 1 and 2.
Using the matching condition that the charge and spin currents are contin-

uous at the interfaces, we can determine ai, bi, and Vi as listed in Section 8.5.
If the detected voltages V2 in the parallel (P) and antiparallel (AP) alignments
of magnetizations are denoted by V P

2 and V AP
2 , respectively, then the spin accu-

mulation signal detected by F2 is given by

Rs = (V P
2 − V AP

2 )/I. (8.7)

8.2.2 Spin accumulation signal
The spin accumulation signal Rs is calculated in the form [20]

Rs = RN

(
2P1

1−P 2
1

R1
RN

+ 2pF
1−p2

F

RF
RN

)(
2P2

1−P 2
2

R2
RN

+ 2pF
1−p2

F

RF
RN

)
e−L/λN(

1 + 2
1−P 2

1

R1
RN

+ 2
1−p2

F

RF
RN

)(
1 + 2

1−P 2
2

R2
RN

+ 2
1−p2

F

RF
RN

)
− e

− 2L
λN

, (8.8)
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where Ri (1/Ri = 1/R↑
i +1/R↓

i ) is the interface resistance of junction i, RN and
RF are the spin accumulation resistances of the N and F electrodes

RN = (ρNλN)/AN, RF = (ρFλF)/AJ, (8.9)

with the cross-sectional area AN = wNdN of N and the contact area AJ = wNwF

of the junctions, and Pi is the interfacial current spin-polarization of junction i
and pF the current spin-polarization of F1 and F2:

Pi =
∣∣R↑

i − R↓
i

∣∣/(R↑
i + R↓

i

)
, pF =

∣∣ρ↑F − ρ↓F
∣∣/(ρ↑F + ρ↓F

)
. (8.10)

In metallic contact junctions, the spin polarization, Pi and pF, ranges around
50–70% from GMR experiments [21–23] and point-contact Andreev-reflection
experiments [27], whereas in tunnel junctions, Pi ranges around 30–55% from
superconducting tunneling spectroscopy experiments with alumina tunnel barri-
ers [28–30], and ∼ 85% in MgO barriers [31, 32].

The spin accumulation signal Rs strongly depends on whether each junction
is a metallic contact or a tunnel junction, and on the relative magnitude among
R1, R2, RF, and RN. When RF is much smaller than RN, e.g., (RF/RN) � 1,
as in the case of Cu and Py, we have the following limiting cases. When both
junctions are tunnel junctions, we have [4, 7]

Rs/RN = P1P2e
−L/λN , (R1, R2 
 RN 
 RF). (8.11)

When one of the junctions is a transparent contact and the other is a tunnel
junction, we have [20]

Rs/RN =
2pFP1

1 − p2
F

(
RF

RN

)
e−L/λN , (R1 
 RN 
 RF 
 R2) (8.12a)

Rs/RN =
2pFP2

1 − p2
F

(
RF

RN

)
e−L/λN , (R2 
 RN 
 RF 
 R1). (8.12b)

When both junctions are transparent contact, we have [6, 18, 19, 33]

Rs/RN =
2p2

F

(1 − p2
F)2

(
RF

RN

)2

sinh−1 (L/λN) , (RN 
 RF 
 R1, R2). (8.13)

Note that Rs in the above limiting cases is independent of Ri, except for the
intermediate regime (RF � Ri � RN) where

Rs/RN =
2P1P2

(1 − P 2
1 )(1 − P 2

2 )

(
R1R2

R2
N

)
sinh−1(L/λN). (8.14)

Figure 8.4 show the spin accumulation signal Rs for RF/RN = 0.01 [6],
pF = 0.7, and Pi = 0.4. We see that Rs increases by one order of magnitude by
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Fig. 8.4. Spin accumulation signal Rs as a function of distance L between F1
and F2.

replacing a transparent contact with a tunnel barrier, since the resistance mis-
match, which is represented by the factor (RF/RN), is removed when a transpar-
ent contact is replaced with a tunnel junction. Note that the mismatch originates
from a large difference in the spin diffusion lengths between N and F (λN 
 λF).
Another example of resistance mismatch arises from the resistivity mismatch
(ρN 
 ρF) as in the case of a non-magnetic semiconductor for N [33–35].

A question arises on whether the contacts of the metallic Py/Cu/Py struc-
ture [6] are transparent (Ri/RF � 1) or tunneling-like (Ri/RN 
 1) [36]. If
one uses the experimental values (RiAJ ∼ 2 × 10−12 Ωcm2, λF ∼ 5nm [21],
ρF ∼ 10−5 Ωcm), one has Ri/RF ∼ 0.4, indicating that Py/Cu/Py lies in the
transparent regime, so that Eq. (8.13) can be used to analyze the experimental
data [6]. The value RN = 3 Ω, which is estimated from the material parameters
of Cu 31 in the Py/Cu/Py structure, yields Rs = 1 mΩ at L = λN. If one takes
into account the cross-shaped Cu of Ref. [6], one expects one-third of the above
value [37], which is consistent with the experimental value of Rs = 0.1 mΩ [6].

Figure 8.5 shows the experimental data of Rs as a function of distance L
in Co/I/Al/I/Co [7], Py/I/Al/I/Py [13], Co/I/Cu/I/Co [16], and Py/Cu/Py
[38, 39]. In the tunnel device of Co/I/Al/I/Co (I=Al2O3), fitting Eq. (8.11) to
the experimental data yields λN = 650 nm at 4.2 K, λN = 350nm at 293K,
P1,2 = 0.1, and RN = 3 Ω.32 The relation λ2

N = Dτsf with λN = 650nm and D =
1/[2e2N(0)ρN] ∼ 40 cm2/s leads to τsf = 100ps at 4.2 K, which is the same order
of magnitude as that evaluated from the Maki parameter b = �/(3τsf∆Al) ∼ 0.01
[31] in superconducting tunneling spectroscopy. In the metallic-contact device

31ρN = 1.4 µΩcm, λN = 1µm, and AN = 100 × 50 nm2 for Cu [6].
32ρN = 6 µΩcm, λN = 0.65 µm, and AN = 250 × 50 nm2 for Al [7].
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Fig. 8.5. Spin accumulation signal Rs as a function of distance L between
two ferromagnetic electrodes in tunnel devices: (•, ◦) Co/I/Al/I/Co [7], (�)
Py/I/Al/I/Py [13], and (�) Co/I/Cu/I/Co [16], and in metallic-contact de-
vices: (�, �) Py/Cu/Py [38, 39], where (•, �, �, �) are the data at 4.2K and
(◦, �) at room temperature.

of Py/Cu/Py, fitting Eq. (8.13) to the experimental data at 4.2 K yields λN =
920nm, RN = 5 Ω,33 [pF/(1−p2

F)](RF/RN) = 0.64×10−3, and fitting Eq. (8.13)
to those at 293K yields λN = 700nm, RN = 2.5 Ω,34 and [pF/(1−p2

F)](RF/RN) =
10−3. In the tunneling regime, the spin splitting of ECP at position x in N is
given by

2δµN(x) = P1eRNIe−|x|/λN , (8.15)

whose maximum value is δµN(0) ∼ 15 µV for P1 ∼ 0.1, RN = 3 Ω, and I = 100 µA
[7], which is much smaller than the superconducting gap ∆ ∼ 200µeV of an Al
film. The effect of superconductivity on the spin accumulation is discussed in
Section 8.3.

It is noteworthy that when F1 and F2 are half-metals (pF � 1, RF 
 RN),
we have the expression

Rs = p2
FRNe−L/λN , (8.16)

without tunnel barriers, which is the advantage of half-metals with high spin
polarization.

33ρN = 3 µΩcm, λN = 0.92 µm, and AN = 125 × 45 nm2 for Cu [38].
34ρN = 2 µΩcm, λN = 0.7 µm, and AN = 100 × 80 nm2 for Cu [39].
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Fig. 8.6. Spatial variation of (a) spin accumulation δµN and (b) spin current
Is
N flowing in the N electrode in a F1/I/N/F2 device, where the first junction

is a tunnel junction and the second junction is a metallic-contact junction,
for L/λN = 0.5, 1.0, and ∞. The discontinuous change of spin current at
L/λN = 0.5 and 1.0 indicates that the spin current flows out of N into F2
through the N/F2 interface. The parameters are the same as those in Fig. 8.4.
The inset shows the spin-current flow in the device.

8.2.3 Non-local spin injection and manipulation

We next investigate how the spin current flows through the structure, particularly
the spin current across the N/F2 interface, because of the interest in spin-current
induced magnetization switching [40–42] in non-local devices.

The distribution of spin accumulation and spin current is strongly influenced
by the relative magnitude of the interface resistances (Ri) and the spin accu-
mulation resistances (RF, RN). Figure 8.6(a) shows the spatial variation of spin
accumulation δµN in the N electrode of the F1/I/N/F2 structure. The short-
dashed curve indicates δµN in the absence of F2. When F2 is in contact with N
at position of L/λN = 0.5 and 1.0, the spin accumulation is strongly suppressed
due to the metallic contact with F2 of very low RF, leaving very little accumula-
tion on the right side of F2. This behavior has recently been observed in a spin
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injection and detection device with three Py electrodes [10, 11]. We notice that
the slope of the curves between F1 and F2 (0 < x < L) becomes steeper than the
short-dashed curve, indicating that the corresponding spin currents Is

N between
F1 and F2 become larger than that in the absence of F2 as shown in Fig. 8.6(b).
In addition, the large discontinuous drop of Is

N to nearly zero at x = L is caused
by spin current absorption by F2, indicating that most of the spin current flows
out to F2 through the N/F2 interface. In the N region (x > L) on the right side
of F2, both spin accumulation and spin current are very small. This implies that
F2 with very small RF like Py and CoFe and in metallic contact with N works
as a strong spin absorber (an ideal spin sink).

For seeking the optimal conditions for spin current injection from N into F2,
we calculate the spin current Is

2 across the N/F2 interface (cf. Eq. 8.81) and
obtain

Is
2 =

2
(

P1
1−P 2

1

R1
RN

+ pF1
1−p2

F1

RF1
RN

)
e−L/λNI(

1 + 2
1−P 2

1

R1
RN

+ 2
1−p2

F1

RF1
RN

)(
1 + 2

1−P 2
2

R2
RN

+ 2
1−p2

F2

RF2
RN

)
− e

− 2L
λN

. (8.17)

A large spin-current injection occurs when junction 2 is a metallic contact (R2 �
RN) and junction 1 is a tunnel junction (R1 
 RN), yielding

Is
2 ≈ P1Ie−L/λN , (8.18)

for F2 like Py or CoFe with very short spin-diffusion length (RF2 � RN). The
spin current flowing in N on the left side of F2 is Is

N = P1Ie−x/λN (0 < x < L),
which is two times larger than that in the absence of F2, while on the right side
Is
N ≈ 0 (x > L). A similar situation results from a half-metallic F1 in metallic-

contact with N, for which P1 is replaced by pF1(� 1) in Eq. (8.18).
When the F2 electrode is replaced with a nano-scale island comparable to or

smaller than wNwF, the F2 island still works as a strong absorber (sink) for spin
current; the spin-angular momentum is efficiently transferred from F1 to F2 by
non-local spin injection. This provides a method for manipulating the orientation
of magnetization in non-local devices [43].

8.3 Spin injection into superconductors
The spin accumulation signal in the spin injection and detection device con-
taining a superconductor (S) such as Co/I/Al/I/Co is of great interest, because
Rs is strongly influenced by opening the superconducting gap. We show that S
becomes a low-carrier system for spin transport by opening the superconduct-
ing gap ∆ and the resistivity of the spin current increases below the supercon-
ducting critical temperature Tc. In the F1/I/S/I/F2 tunneling device, the spin
signal would increase due to the increase of RN by opening of ∆ below Tc (see
Eq. 8.11). In the following, we consider the situation where the spin splitting
of ECP is smaller than the gap ∆, for which the suppression of ∆ due to spin
accumulation [44–47] is neglected. While Andreev reflection plays an important
role in metallic-contact junctions, we can neglect it in the tunneling device.
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In the superconducting state, the equation for the spin splitting (µ↑ − µ↓)
is the same as Eq. (8.3b) with λN in the normal state [50], which is intuitively
understood as follows. Since the dispersion curve of the quasiparticle (QP) exci-
tation energy is given by Ek =

√
ξ2
k + ∆2 with one-electron energy ξk [48], the

QP’s velocity
ṽk = (1/�)(∂Ek/∂k) = (|ξk|/Ek)vk

is slower by the factor |ξk|/Ek compared with the normal-state velocity vk(≈ vF).
By contrast, the impurity scattering time [49]

τ̃σσ′ = (Ek/|ξk|)τσσ′ ,

is longer by the inverse of the factor. Then, the spin-diffusion length λS =
(D̃τ̃sf )1/2, where D̃ = 1

3 ṽ2
kτ̃tr = (|ξk|/Ek)D and τ̃−1

tr =
∑

σ′ τ̃−1
σσ′ = (Ek/|ξk|)τ−1

tr

[49], becomes
λS = (D̃τ̃sf )1/2 = (Dτsf )1/2 = λN,

owing to the cancellation of the factor |ξk|/Ek. The spin diffusion length in the
superconducting state is the same as that in the normal state [50, 51]. Conse-
quently, we can use the same form of solutions for ECPs as in the normal-state,
except for the coefficients which are modified by the onset of superconductivity.

The spin accumulation in S is determined by balancing the spin injection rate
with the spin-relaxation rate:

∑
i

Is
i + e

(
∂S
∂t

)
sf

= 0, (8.19)

where S is the total spins accumulated in S, and Is
1 and Is

2 are the spin injection
and extraction rates through junction 1 and 2, respectively. At low temperatures
the spin relaxation is dominated by spin-flip scattering via the spin-orbit interac-
tion Vso at non-magnetic impurities or grain boundaries. The scattering matrix
elements of Vso over quasiparticle states |kσ〉 with momentum k and spin σ has
the form:

〈k′σ′|Vso|kσ〉 = iηso (uk′uk − vk′vk) [σσ′σ · (k× k′)]Vimp,

where ηso is the spin-orbit coupling parameter, Vimp is the impurity potential,
σ is the Pauli spin matrix, and u2

k = 1 − v2
k = 1

2 (1 + ξk/Ek) are the coherent
factors [48]. Using the golden rule formula for the spin-flip scattering processes
of 〈k′ ↓ |Vso|k ↑〉 and 〈k′ ↑ |Vso|k ↓〉, one obtains the spin-relaxation rate of the
form [52, 53] (

∂S
∂t

)
sf

= −N(0)
τsf

∫
S

dr
∫ ∞

∆

(fk↑ − fk↓) dEk
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≈ − 1
τsf

2f0(∆)N(0)
∫

S

drδµS(r), (8.20)

where τsf is the spin-flip scattering time in the normal state and fkσ the distri-
bution function for a quasiparticle with momentum k and spin σ. In Eq. (8.20),
we made use of the expansion with respect to the ECP shift δµS:

fkσ ∼ f0(Ek) − σ[∂f0(Ek)/∂Ek]δµS.

On the other hand, the spin accumulation in S is given by

S =
1
2

∫
S

dr
∑
k

[fk↑ − fk↓] ≈ χs(T )N(0)
∫

S

drδµS(r), (8.21)

where χs(T ) is the QP spin-susceptibility, called the Yosida function:

χs(T ) = 2
∫ ∞

∆

Ek√
E2

k − ∆2

(
− ∂f0

∂Ek

)
dEk, (8.22)

whose asymptotic values are χs(T ) ∼ 1 − [7ζ(3)/4π2] (∆/kBT )2 near Tc and
χs(T ) ∼ (π∆/2kBT )1/2 exp[−∆/kBT ] well below Tc.

The spin relaxation time τs of S in the superconducting state is determined
from (∂S/∂t)sf = −S/τs, and given by

τs(T ) =
χs(T )
2f0(∆)

τsf , (8.23)

which is the same as the result of Yafet [53] who studied the electron-spin reso-
nance (ESR) in the superconducting state [54]. Figure 8.7 shows the temperature
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dependence of τs/τsf . In the normal state above the superconducting critical tem-
perature Tc, the spin relaxation time τs coincides with the spin-flip scattering
time τsf . In the superconducting state below below Tc, τs becomes longer with
decreasing T according to τs � (π∆/2kBT )1/2τsf at low temperatures.

Since the spin diffusion length in the superconducting state is the same as that
in the normal state, the ECP shift in S has the form same as in Eq. (8.5), δµS =(
ã1e

−|x|/λN − ã2e
−|x−L|/λN

)
, where the coefficients are calculated as follows. In

the tunnel device, the tunnel spin currents are Is
1 = P1I and Is

2 ≈ 0, so that
Eqs (8.19) and (8.20) give the coefficients ã1 = P1RNeI/[2f0(∆)] and ã2 ≈ 0,
leading to the spin splitting of ECP in the superconducting state

2δµS(x) = P1
RNeI

2f0(∆)
e−|x|/λN , (8.24)

indicating that the spin splitting in ECP is enhanced by the factor 1/[2f0(∆)]
compared with that in the normal state. The detected voltage V2 by F2 at
distance L is given by V2 = ±P2δµS(L) for the P (+) and AP (−) alignments.
Therefore, the spin signal Rs detected by F2 at distance L in the superconducting
state becomes [20]

Rs = P1P2
RN

2f0(∆)
e−L/λN . (8.25)

The above result is directly obtained by the replacement ρN → ρN/[2f0(∆)] in
the normal-state result of Eq. (8.11), which results from the fact that the carrier
density decreases in proportion to 2f0(∆), and superconductors behave as a low
carrier system for spin transport.

Figure 8.8 shows the T -dependence of spin signals Rs = Vs/I below the
superconducting critical temperature Tc. The values are normalized to those
in the normal state. The rapid increase in Rs below Tc reflects the strong T -
dependence in the resistivity of spin current. However, when the spin splitting
δµS ∼ 1

2eP1RNI/[2f(∆)] at x = 0 becomes comparable to or larger than ∆,
the superconductivity is suppressed or destroyed by pair breaking due to spin
accumulation [44, 45, 55–61], so that Rs deviates from the curve of Fig. 8.8 and
decreases to the normal-state value. To test this prediction, it is highly desired to
measure Vs in F1/I/S/I/F2 structures such as Co/I/Al/I/Co [7] or Py/I/Al/I/Py
[13] in the superconducting state by lowering T below Tc.

A large enhancement of spin signal is also expected when a semiconducting
material is used for N, because the carrier concentration is much lower and the
resistivity is much larger than those of normal metals. A proper combination of a
non-magnetic doped GaAs with ferromagnets such as CoFe, Py, and (Mn,Ga)As,
as well as an appropriate choice of interface with or without a tunnel barrier,
yield a large Rs proportional to either ρGaAs or ρ(Ga,Mn)As as in Eqs (8.11),
(8.12a), and (8.12b), and therefore the spin signal is expected to be larger by
several orders of magnitude than that of the metallic case [8, 20]. This result is
promising for applications for spin-electronic devices.
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Fig. 8.8. Temperature dependence of the spin accumulation signal Rs in a
F/I/S/I/F structure. The values of Rs are normalized to the value at the
superconducting critical temperature Tc.

8.4 Spin Hall effect

A basic mechanism underlying the anomalous Hall effect (AHE) is the relativistic
interaction between the spin and orbital motion of electrons (spin-orbit interac-
tion) in metals or semiconductors. Conduction electrons moving in a crystal are
scattered by local potentials created by defects or impurities in the crystal. The
spin-orbit interaction at local potentials causes a spin-asymmetry in the scatter-
ing of conduction electrons [62]. In ferromagnetic materials, up-spin (majority)
electrons are scattered preferentially in one direction and down-spin (minority)
electrons are in the opposite direction, resulting in an anomalous Hall current
that flows perpendicular to both the applied electric field and the magnetiza-
tion directions. Another mechanism for AHE is the spin chirality in frustrated
ferromagnets [63].

Spin injection techniques in nanohybrid structures makes it possible to cause
AHE in non-magnetic conductors. When spin-polarized electrons are injected
from a ferromagnet (F) to a non-magnetic electrode (N), these electrons moving
in N are deflected by the spin-orbit interaction to induce spin and charge Hall
currents in the transverse direction and accumulate spin and charge on the sides
of N [64–66]. It is noteworthy to consider the following two cases. In the case
that the charge current is absent and only the spin current flows in N, the spin-
orbit interaction induces a charge Hall current and causes charge accumulation
on the sides of N; the spin current in the longitudinal direction gives rise to
the charge current in the transverse direction. In the case that an unpolarized
charge current flows in N by an applied electric field, the spin-orbit interaction
induces a spin Hall current and causes spin accumulation on the sides of N;
the charge current in the longitudinal direction gives rise to the spin current in
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the transverse direction. In this way, the spin (charge) degree of freedom are
converted to charge (spin) degree of freedom due to the spin-orbit interaction,
which is important for spin-electronic applications. In addition to these extrinsic
spin Hall effects, intrinsic spin Hall effects have been proposed in semiconductors
which do not require impurities [67–71].

In the following, we consider the effect of the spin-orbit scattering on the
spin and charge transport in a non-magnetic metal (N) such as Cu and Al, and
discuss AHE in the presence of spin current (or charge current) in N, taking
into account two mechanisms for AHE: side jump (SJ) and skew scattering (SS)
[62,72–74], and derive formulas for the extrinsic spin and charge Hall effects [66].

8.4.1 Basic formulation
The spin-orbit coupling in the presence of non-magnetic impurities in a metal
is derived as follows [75]. The impurity potentials V (r) create an additional
electric field E(r) = −(1/e)∇V (r). When an electron passes through the field
with velocity p̂/m = (�/i)∇/m, the electron feels the effective magnetic field
Beff(r) = −(1/mc)p̂ ×E(r). This yields the spin-orbit coupling

Vso(r) = −µBσ · Beff(r) = ηsoσ ·
[
∇V (r) × 1

i
∇
]

,

where σ is the Pauli spin operator and ηso is the spin-orbit coupling parameter. In
the free-electron model, ηso = �

2/4m2c2, which is corrected by the Thomas factor
of one-half, and in real metals ηso is enhanced by several orders of magnitude for
Bloch electrons [62]. The total impurity potential U(r) is the sum of the ordinary
impurity potential and the spin-orbit potential: U(r) = V (r) + Vso(r).

The one-electron Hamiltonian H in the presence of the impurity potential
U(r) is given by

H =
∑
k,σ

ξka†
kσakσ +

∑
k,k′

∑
σ,σ′

Uσ′σ
k′k a†

k′σ′akσ. (8.26)

Here, the first term is the kinetic energy of conduction electrons with energies
ξk = (�k)2/2m− εF, and the second term describes the scattering of conduction
electrons whose scattering amplitude Uσ′σ

k′k is given by

Uσ′σ
k′k = Vimp [δσ′σ + iηsoσσ′σ · (k× k′)]

∑
i

ei(k−k′)·ri , (8.27)

where Vimp

∑
i ei(k−k′)·ri are the matrix elements of the weak δ-function potential

V (r) ≈ Vimp

∑
i δ(r − ri) for impurity potentials at position ri.

The velocity of electrons is calculated from the velocity operator v̂ = dr/dt =
(1/i�)[r, H ] by taking the matrix element between the scattering state |k+σ〉 in
the presence of impurities [76]:

vσ
k = 〈k+σ|v̂|k+σ〉 =

�k
m

+ ωσ
k, (8.28)
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where the first term is the usual velocity and the second term is the anomalous
velocity arising from the spin-orbit scattering

ωσ
k =

ηso

�

∑
i

〈k+σ|σ ×∇V (r − ri)|k+σ〉, (8.29)

with the scattering state |k+σ〉 in the Born approximation

|k+σ〉 = |kσ〉 +
∑
k′

|k′σ〉Vimp

∑
i ei(k−k′)·ri

ξk − ξk′ + iδ
, (8.30)

where |kσ〉 is the one-electron state of conduction electrons.
Substituting Eq. (8.30) into Eq. (8.29), the anomalous velocity is calculated

up to first order in ηso:

ωσ
k = αSJ

H

[
σσσ × �k

m

]
, (8.31)

with the dimensionless coupling parameter of the side jump

αSJ
H =

mηso

�τ0
tr

=
�η̄so

3mD
=

�

2εFτ0
tr

η̄so, (8.32)

where τ0
tr = 1/[(2π/�)nimpN(0)V 2

imp] is the transport relaxation time due to im-
purity scattering without the correction of spin orbit scattering, η̄so = k2

Fηso the
dimensionless spin-orbit coupling parameter, and D = (1/3)τ 0

trv
2
F the diffusion

constant.
If one introduces the current operator for electrons with spin σ

Ĵσ = e
∑
k

[
�k
m

+ ωσ
k

]
a†
kσakσ , (8.33)

(e = −|e| is the electronic charge), the “total” charge current Jq = J↑ + J↓ and
the “total” spin current Js = J↑ − J↓ are expressed as

Jq = J′
q + αSJ

H [ẑ× J′
s] , (8.34)

Js = J′
s + αSJ

H

[
ẑ × J′

q

]
, (8.35)

where J′
q and J′

s are the charge and spin currents which do not include the side
-jump contribution:

J′
q = e

∑
k

�k
m

[fk↑ + fk↓] , J′
s = e

∑
k

�k
m

[fk↑ − fk↓] , (8.36)

and fkσ = 〈a†
kσakσ〉 is the distribution function of an electron with energy ξk and

spin σ. The second terms in Eqs (8.34) and (8.35) are the charge and spin Hall
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currents due to the side jump arising from the anomalous velocity. In addition
to the side jump contribution, there is the skew scattering contribution which
originates from the anisotropic scattering due to the spin-orbit interaction, and
appears as a modification of the distribution function caused by the spin-orbit
scattering. We calculate the distribution function fkσ based on the Boltzmann
transport equation in the next section.

The spin density S is given by

S =
∑
k

[
〈a†

k↑ak↑〉 − 〈a†
k↓ak↓〉

]
=
∑
k

(fk↑ − fk↓) . (8.37)

8.4.2 Scattering probability and Boltzmann equation

The Boltzmann transport equation in steady state has the form

vk · ∇fkσ +
eE
�

· ∇kfkσ =
(

∂fkσ

∂t

)
scatt

, (8.38)

where vk = �k/m, E is the external electric field, fkσ is the distribution function,
and the right-hand term is the collision term due to impurity scattering. The
impurity scattering process for carriers can be described by the T̂ matrix, which
has the form within the second-order Born approximation:

〈k′σ′|T̂ |kσ〉 =

[
Vk′k +

∑
q

Vk′qVqk

ξk − ξq + iδ

]
δσ′σ + iηsoVk′k(k× k′) · σσ′σ.

where Vk′k = 〈k′|V |k〉. The scattering probability P σ′σ
k′k from the state |kσ〉 to

the state |k′σ′〉 is calculated by

P σ′σ
k′k =

2π

�
nimp|〈k′σ′|T̂ |kσ〉|2δ(ξk − ξk′) = P k′k

σ′σ
(1)

+ P k′k
σ′σ

(2)
,

where P σ′σ
k′k

(1)
and P σ′σ

k′k
(2)

are the first-order and second-order scattering prob-
abilities:

P σ′σ
k′k

(1)
=

2π

�
nimpV 2

imp

(
δσσ′ + |ηso(k′ × k) ·σσσ′ |2

)
δ(ξk′ − ξk), (8.39a)

P σ′σ
k′k

(2)
=

(2π)2

�
nimpV 3

impN(0)
[
ηso(k′ × k) · σσσ

]
δσσ′ δ(ξk′ − ξk). (8.39b)

The change of the distribution function fkσ(r) due to impurity scattering is
related to the scattering probability P σ′σ

k′k by(
∂fkσ

∂t

)
scatt

=
∑
k′σ′

[
P σσ′

kk′ fk′σ′ − P σ′σ
k′k fkσ

]
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=
∑
k′σ′

P σ′σ
k′k

(1)
[fk′σ′ − fkσ] +

∑
k′σ′

P σ′σ
k′k

(2)
[fk′σ + fkσ] . (8.40)

The first term in the brackets is the scattering-in term (k′σ′ → kσ) while the
second term is the scattering-out term (kσ → k′σ′). It is convenient to separate
fkσ into three parts [77]

fkσ = f0
kσ + g

(1)
kσ + g

(2)
kσ , (8.41)

where f0
kσ is an undirectional distribution function defined by the average of fkσ

with respect to the solid angle Ωk of k:

f0
kσ =

∫
fkσ

dΩk

(4π)
,

and g
(1)
kσ and g

(2)
kσ are directional distribution functions, i.e.,

∫
g
(i)
kσdΩk = 0, and

are associated with the first-order and the second-order transitions, respectively,
which are calculated in the following way.

8.4.2.1 First order solution The first term in Eq. (8.40) is calculated as

∑
k′σ′

[
P σσ′

kk′
(1)

fσ′
k′ − P σ′σ

k′k
(1)

fσ
k

]
= − g

(1)
kσ

τ0(θ)
−

fkσ − f0
k−σ

τsf(θ)

= − g
(1)
kσ

τtr(θ)
− f0

kσ − f0
k−σ

τsf(θ)
, (8.42)

where τtr(θ) is the transport relaxation time

1/τtr(θ) = 1/τ0(θ) + 1/τsf(θ),

and τ0(θ) and τsf(θ) are the spin-conserving and spin-flip relaxation times

1
τ0(θ)

=
∑
k′

P ↑↑
kk′

(1)
=
∑
k′

P ↓↓
kk′

(1)
=

1
τ0
tr

(
1 +

1
3
η̄2
so sin2 θ

)
, (8.43a)

1
τsf(θ)

=
∑
k′

P ↑↓
kk′

(1)
=
∑
k′

P ↓↑
kk′

(1)
=

η̄2
so

3τ 0
tr

(
1 + cos2 θ

)
, (8.43b)

with θ the angle between k and the x axis. Then, the Boltzmann equation (8.38)
with the collision term (8.42) is [65, 78]

vk · ∂fkσ

∂r
+

eE
�

· ∂fkσ

∂k
= − g

(1)
kσ

τtr(θ)
− f0

kσ − f0
k−σ

τsf(θ)
, (8.44)

where the first term in Eq. (8.44) in the r.h.s. describes momentum relaxation
by spin-conserving scattering and the second term spin relaxation by spin-flip
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scattering. Since τtr(θ) � τsf(θ), momentum relaxation occurs first and then is
followed by the slow spin relaxation.

The first-order solution due to momentum relaxation is obtained as

g
(1)
kσ ≈ −τtr(θ)

(
vk · ∇ +

eE
�

· ∇k

)
f0

kσ, (8.45)

The distribution function f0
kσ is the local equilibrium one with Fermi energy

εσ
F(r) = εF + σδµN(r) shifted by ±δµN(r) for the up and down spin bands from

equilibrium, f0
kσ = f0(ξk − σδµN), which is expanded as

f0
kσ ≈ f0(ξk) − σ

∂f0(ξk)
∂ξk

δµN(r), (8.46)

where f0(ξk) is the Fermi distribution function. Therefore, Eq. (8.45) becomes

g
(1)
kσ ≈ τtr(θ)

∂f0(ξk)
∂ξk

vk · ∇µσ
N(r), (8.47)

with the electrochemical potential (ECP)

µ↑
N(r) = εF + eφ + δµN(r), µ↓

N(r) = εF + eφ − δµN(r), (8.48)

and the electric potential φ of E = −∇φ.
The spin-flip scattering by the spin-orbit coupling causes a slow relaxation

for spin accumulation (µ↑
N − µ↓

N) = 2δµN. Substituting the above solution in
Eq. (8.44) and summing over k, one obtains the spin diffusion equation:

∇2
(
µ↑

N − µ↓
N

)
=

1
λ2

N

(
µ↑

N − µ↓
N

)
, (8.49)

with λN =
√

Dτsf , D = (1/3)τtrv
2
F, and

1/τtr = 〈1/τtr(θ)〉av = (1 + η̄2
so)/τ 0

tr, (8.50)
1/τsf = 〈1/τsf(θ)〉av = (4η̄2

so/9)/τ 0
tr. (8.51)

8.4.2.2 Second-order solution The second-order term in the Boltzmann equa-
tion is given by∑

k′σ′

[
P σ′σ

k′k
(1)
(
g
(2)
kσ − g

(2)
k′σ′

)
− P σ′σ

k′k
(2)
(
g
(1)
kσ + g

(1)
k′σ′

)]
= 0. (8.52)

Making use of Eqs (8.39a), (8.39b), and (8.47), the solution of the second-order
(skew scattering) term becomes

g
(2)
kσ = −αSS

H τtr(θ)
∂f0(ξk)

ξk
(σσσ × vk) · ∇µσ

N(r), (8.53)

where αSS
H is the dimensionless parameter of skew scattering

αSS
H = (2π/3)η̄soN(0)Vimp. (8.54)

The first and second solutions are used to calculate the spin and charge
currents, J′

s and J′
q , in Eq. (8.36).
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Fig. 8.9. (a) Spin-current induced Hall effect in which the spin current js along the

x direction induces the charge Hall current jHq in the y direction, creating charge

accumulation on the sides of the sample. (b) Charge-current induced Hall effect in

which the charge current jq along the x direction induces the spin Hall current jHs
in the y direction, creating spin accumulation over the spin diffusion length from

the sides of the sample.

8.4.3 Spin and charge Hall currents
The solutions of the Boltzmann equation yield the distribution function

fkσ ≈ f0(ξk) − σ
∂f0(ξk)

∂ξk
δµN(r)

+ τtr(θ)
∂f0(ξk)

∂ξk

[
vk − αSS

H σσσ × vk

]
· ∇µσ

N(r), (8.55)

from which the spin and charge currents in Eq. (8.36) are calculated as

J′
s = js + αSS

H [ẑ × jq] , (8.56)
J′

q = jq + αSS
H [ẑ× js] , (8.57)

where js and jq are the longitudinal spin and Ohmic currents:

js = −σN

e
∇δµN, (8.58)

jq = σNE, (8.59)

where σN = 2e2N(0)D is the electrical conductivity, δµN = 1
2 (µ↑

N − µ↓
N) is the

chemical potential shift, and D = (1/3)τtrv
2
F the diffusion constant. The second

terms in Eqs (8.56) and (8.57) are the transverse Hall currents due to the skew
scattering induced by the charge and spin currents. Therefore, the “total” spin
and charge currents in Eqs (8.34) and (8.35) are written as

Jq = jq + jHq , (8.60)

Js = js + jHs , (8.61)

where

jHq = αH [ẑ × js] = −αHσN

e
(ẑ ×∇δµN) , (8.62)

jHs = αH [ẑ × jq] = αHσN (ẑ ×E) , (8.63)

with αH = αSJ
H + αSS

H .
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Equation (8.62) indicates that the spin current js induces the transverse
charge current (charge Hall current) jHq , while Eq. (8.63) indicates the charge
current jq induces the transverse spin current (spin Hall current) jHs , as shown
in Fig. 8.9. Equations (8.60) and (8.61) are expressed in the matrix forms[

Jq,x

Js,y

]
=
[

σxx −σxy

σxy σxx

] [
Ex

−∇yδµN/e

]
, (8.64)

[
Js,x

Jq,y

]
=
[

σxx −σxy

σxy σxx

] [
−∇xδµN/e

Ey

]
. (8.65)

Here, σxx = σN is the longitudinal conductivity and σxy = σNαH is the Hall
conductivity contributed from the side-jump and skew-scattering:

σxy = σSJ
xy + σSS

xy , (8.66)

where

σSJ
xy = αSJ

H σN =
e2

�
ηsone, (8.67)

σSS
xy = αSS

H σN =
e2

2�
ηsone

ne

nimp

1
N(0)Vimp

, (8.68)

with ne = (4/3)N (0)εF the carrier (electron) density. It is noteworthy that the
side-jump conductivity σSJ

xy is independent of impurity concentration.
The ratio of the SJ and SS Hall contributions is

σSJ
xy

σSS
xy

= 2
nimp

ne
N(0)Vimp =

3
4π

�

εFτtr

1
N(0)Vimp

. (8.69)

In ordinary non-magnetic metals, the ratio is very small because of nimp � ne

and N(0)Vimp ∼ 1, so that the SS contribution dominates the SJ contribution.
However, in dirty metals or in low-carrier materials such as doped semiconductors
(p- and n-type GaAs) where nimp ∼ ne, the SJ conductivity is comparable to or
even larger than the SS conductivity in the anomalous Hall effect [70, 79].

8.4.4 Spin-orbit coupling parameter

It is interesting to note that the product ρNλN is expressed in terms of the
spin-orbit coupling parameter η̄so as

ρNλN =
√

3π
2

RK

k2
F

√
τsf

τtr
=

3
√

3π
4

RK

k2
F

1
η̄so

, (8.70)

where RK = h/e2 ∼ 25.8 kΩ is the quantum resistance. The relation (8.70)
provides a new method to obtain information on the spin-orbit coupling in non-
magnetic metals. Using the experimental data of ρN and λN and the Fermi mo-
mentums of kCu

F = 1.36×108 cm−1 and kAl
F = 1.75×108 cm−1 [81] in Eq. (8.70),
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Table 8.1 Spin-orbit coupling parameter of Cu and Al.

λN (nm) ρN (µΩcm) τtr/τsf η̄so

Cu 1000a 1.43a 0.70 ×10−3 0.040
Cu 546b 3.44b 0.41 ×10−3 0.030
Al 650c 5.90c 0.36 ×10−4 0.009
Al 1200d 1.25d 0.23 ×10−3 0.023

aFrom Ref. [6], bfrom Ref. [16], cfrom Ref. [7], dfrom Ref. [80].

we obtain the value of the spin-orbit coupling parameter η̄so in Cu and Al, which
is listed in Table 8.1. We note that the values of η̄so estimated from the spin in-
jection and detection method are 102–103 times as large as the free-electron
values.

8.4.5 Non-local spin Hall effect

We consider a spin-injection Hall device shown in Fig. 8.10. The magnetization
of F at x = 0 points in the z direction. The spin injection is made by flowing
the current I from F to the left end of N (the negative direction of x), while the
Hall voltage (VH = V +

H − V −
H ) is measured by the Hall probe in the right side

of N (x > 0). In the positive region of x, only the spin current js flows in the
x-direction and the charge current jq is absent. Therefore, from Eqs (8.60) and
(8.61), we obtain the total spin current Js

∼= js and the total charge current

Jq = αH [ẑ × js] + σNE, (8.71)

where the first term is the Hall current induced by the spin current, and the
second term is the Ohmic current which builds up in the transverse direction
as opposed to the Hall current. In the open circuit condition in the transverse
direction, the y component of Eq. (8.71) vanishes: Jy

q = 0, which yields the
relation between the transverse electric field Ey and the transport spin current
js = (js, 0, 0):

Ey = −αHρNjs. (8.72)

Integrating Eq. (8.72) with respect to y, we obtain the Hall voltage at x = L

VH = αHwNρNjs, (8.73)

where wN is the width of N.
For the tunneling case, the spin current is given by

js ≈ 1
2
P1(I/AN)e−L/λN , (8.74)
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Fig. 8.10. Non-local spin-injection Hall device. The magnetic moment of F is
aligned perpendicular to the plane. The non-local Hall voltage VH is induced
in the transverse direction by injection of spin-polarized current.

so that the non-local Hall resistance RH = VH/I is

RH =
1
2
αHP1

ρN

dN
e−L/λN . (8.75)

Typical values of P1 ∼ 0.3, αH ≈ αSS
H ∼ η̄so ∼ 0.04 (N(0)Vimp ∼ 1), ρN ∼

1 µΩ cm2, and dN ∼ 100 nm gives a rather large value for RH of the order of 1 mΩ,
indicating that the spin-current induced Hall effect is measurable in the non-
local geometry. Recently, the spin-current induced Hall effect has been reported
in local and non-local geometries of Co/Al [82] and Py/Cu [83].

It is interesting to see whether the anomalous Hall effect appears in the su-
perconducting state. The spin current carried by QPs in a superconductor is
deflected by spin-orbit impurity scattering to accumulate the QP charge (charge
imbalance) in the transverse direction. The QP charge accumulation is compen-
sated by the Cooper pair charge due to overall charge neutrality, thereby creating
the electric potential to maintain the ECP of pairs to be constant in space (oth-
erwise the pairs are accelerated). This spin and charge coupling leads to a novel
anomalous Hall effect in superconductors [66].

8.5 Appendix: Electrochemical potentials in F1/N/F2

From matching conditions that the charge and spin currents are continuous at the
interfaces of F1/N/F2, the coefficients a1 and a2 in the electrochemical potential
(ECP) of Eq. (8.5) in the N electrode are determined as

a1 =
(P1r1 + pF1rF1) (1 + 2r2 + 2rF2)

(1 + 2r1 + 2rF1) (1 + 2r2 + 2rF2) − e−2L/λN
RNeI, (8.76)

a2 = − (P1r1 + pF1rF1) e−L/λN

(1 + 2r1 + 2rF1) (1 + 2r2 + 2rF2) − e−2L/λN
RNeI, (8.77)
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where ri and rFi (i = 1, 2) are the normalized resistances:

ri =
1

(1 − P 2
i )

Ri

RN
, rFi =

1
(1 − p2

Fi)
RFi

RN
. (8.78)

The spin accumulation voltage V2 detected by F2 is given by

V2 = ±2
(P1r1 + pF1rF1) (P2r2 + pF2rF2)

(1 + 2r1 + 2rF1) (1 + 2r2 + 2rF2) − e−2L/λN
RNI, (8.79)

where “ + ” and “ − ” correspond to the parallel and antiparallel alignments of
magnetizations, respectively. The coefficients, b1 and b2, in ECP of Eqs (8.6a)
and (8.6b) in F1 and F2 are related to a1 and a2 through

b1 =
1
2
pF1RF1eI − (RF1/RN)a1, b2 = (RF2/RN)a2. (8.80)

The interfacial spin currents across junctions 1 and 2 are given by

Is
1 = (2/eRN)a1, Is

2 = −(2/eRN)a2. (8.81)
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9 Andreev reflection at ferromagnet/
superconductor interfaces

H. Imamura, S. Takahashi, and S. Maekawa

Andreev reflection (AR) is a scattering process where electrical current is con-
verted to supercurrent at an interface between a normal metal and a supercon-
ductor [1]. When an electron near the Fermi surface is incident on a supercon-
ductor from a normal metal, the electron is reflected as a hole with opposite
group velocity. AR in non-magnetic-metal/superconductor (NM/SC) junctions
has been extensively studied both theoretically and experimentally in the last
two decades. Comprehensive reviews on AR in hybrid superconducting nanos-
tructures was published by Lambert and Raimondi [2] and by Beenakker [3].

Recently much attention has been focused on AR in nanohybrids of ferro-
magnet and superconductor for a variety of different reasons. AR in a ferromag-
net/superconductor (FM/SC) point contact provides a powerful tool for deter-
mining the spin polarization of conduction electrons [4–6]. The coherence length
of a superconductor can be estimated by measuring the tunnel magnetoresis-
tance of a FM/SC/FM double junction system [7, 8]. A novel scattering process
called “crossed AR” is predicted for a SC with two ferromagnetic leads, where
AR occurs even if the ferromagnetic leads are half metallic.

In this chapter recent progress in AR in magnetic nanohybrids is reviewed.
In Section 9.1 we give an introduction of the Blonder, Tinkham, and Klapwijk
(BTK) theory [9] for a FM/SC junction. In Section 9.2 the experimental and
theoretical work on FM/SC point contacts are presented. In Section 9.3 we show
that the coherence length of a superconductor can be estimated by analyzing
the tunnel magnetoresistance of a FM/SC/FM double junction system. Crossed
AR in a superconductor connected with two ferromagnetic leads is discussed in
Section 9.4.

9.1 Basic theory of Andreev reflection

We first introduce the basic theory of AR for a FM/SC junction [9]. We as-
sume that the current flows along the z-axis and the system has translational
symmetry in the transverse (x and y) direction and therefore the wave vector
parallel to the interface k‖ = (kx, ky) is conserved. Electrons in the FM, which
is the region z < 0, are described by the Stoner model with exchange field h0.
Quasiparticle excitations in the SC, which is the region z > 0, are given by the
usual Bogoliubov transformation [10]. The current flowing through the junction

371
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is obtained by taking the difference of the distributions between the right-going
electrons, f→

σ (E), and left-going ones, f←
σ (E), as

I =
e

h

∑
k‖,σ

∫ ∞

−∞

[
f→

k‖,σ(E) − f←
k‖,σ(E)

]
dE, (9.1)

where h is the Plank constant, e is the charge of the electron, E is the energy
measured from the Fermi energy µF, and σ = +(−) for the spin up (down) band.
To avoid cumbersome notation, the subscript k‖ is dropped from now on.

The distribution functions f→
σ (E) and f←

σ (E) are obtained by solving the
scattering problem described by the following Bogoliubov–de Gennes (BdG)
equation [11]: (

H0 − hex(z)σ ∆(z)
∆(z) −H0 − hex(z)σ

)
ψσ(z) = Eψσ(z). (9.2)

The single-particle Hamiltonian H0 is defined as

H0 ≡ − �
2

2m

∂2

∂z2
+

�
2

2m
k2
‖ − µF +

�
2kF

m
Zδ (z) , (9.3)

where � ≡ h/2π, m is the effective mass of the electron, and kF ≡ √
2mµF/� is

the Fermi wavenumber. The last term in Eq. (9.3) represents a δ-function type
scattering potential at the interface characterized by the dimensionless parameter
Z. The exchange field hex (z) is given by

hex (z) =

{
h0 (z < 0)
0 (0 < z)

(9.4)

and the superconducting gap is

∆ (z) =

{
0 (z < 0)
∆ (0 < z).

(9.5)

The solution of the BdG equation takes the form

ψσ =
(

fσ(z)
gσ(z)

)
, (9.6)

where fσ(z) and gσ(z) are the electron and hole components of the wavefunction,
respectively. Substituting Eq. (9.6) into Eq. (9.2) the general solutions of the BdG
equation in the SC are obtained as

ψ±k+(z) =
(

u0

v0

)
e±ik+z, ψ±k−(z) =

(
v0

u0

)
e±ik−z, (9.7)
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Fig. 9.1. Schematic diagram of excitation energy vs. momentum at the FM/SC
interface. Open circles denote holes, filled circles represent electrons, and
arrows point in the direction of the group velocity. This figure describes an
incident electron at (0), along with resulting reflected (1,2) and transmitted
(3,4) particles.

where u0 and v0 are the coherence factors defined as

u2
0 = 1 − v2

0 =
1
2

[
1 +

√
E2 − ∆2

E

]
, (9.8)

and k+(−) is the z component of the wavenumber of an electron-(hole-)like quasi-
particle:

k± =
√

2m

�

√
µF − �2k2

‖/2m ±
√

E2 − ∆2. (9.9)

In the FM, the general solutions can be written in the form

ψ±p+
σ
(z) =

(
1
0

)
e±ip+

σ z, ψ±p−
σ
(z) =

(
0
1

)
e±ip−

σ z, (9.10)

where p
+(−)
σ is the z component of the wavenumber of an electron (hole) with

spin σ:

p±σ =
√

2m

�

√
µF − �2k2

‖/2m ± E ± σhex. (9.11)

Let us consider the scattering of an electron with spin up injected into the
SC from the FM. We have four scattering processes as shown in Fig. 9.1 in which
the incident electron is indicated by 0. The processes 1, 2, 3, and 4 correspond to
AR, normal reflection, transmission as a hole-like quasiparticle, and transmission
as an electron-like quasiparticle, respectively . The wavefunction in the FM is
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expressed as the sum of an incident wave, Andreev reflected wave, and normal
reflected wave:

ψFM
σ (z) =

(
1
0

)
eip+

σ z + aσ

(
0
1

)
eip−

σ z + bσ,nl

(
1
0

)
e−ip+

σ z, (9.12)

where aσ and bσ are coefficients for AR and normal reflection, respectively. In
the SC we have

ψSC
σ (z) = cσ

(
u0

v0

)
eik+z + dσ

(
v0

u0

)
e−ik−z, (9.13)

where cσ and dσ are the coefficients for transmission waves as a hole-like quasipar-
ticle and as an electron-like quasiparticle, respectively. The coefficients aσ, bσ, cσ,
and dσ are determined by matching the wavefunctions ψFM

σ and ψSC
σ at the in-

terface: 
ψFM

σ (0) = ψSC
σ (0)

dψSC
σ

dz

∣∣∣
z=0

− dψFM
σ

dz

∣∣∣
z=0

= 2kFZψFM
σ (0) .

(9.14)

Once we obtain the wavefunction by substituting the solution of Eq. (9.14)
into Eqs(9.12) and (9.13), we can evaluate the probabilities for each scattering
process. The probability density P (z) for finding either an electron or a hole at
a particular time and place is expressed as Pσ(z) = |fσ(z)|2 + |gσ(z)|2, where
fσ(z) and gσ(z) are the electron and hole components of the wavefunction in Eq.
(9.6). The probability density satisfies the following conservation relation

d

dt
P +

d

dx
JP = 0, (9.15)

where the probability current density is defined as

JP =
�

m
Im (f∗∇f − g∗∇g) . (9.16)

The probability current density for the incident electron is given by

J0 =
�

m
p+

σ , (9.17)

and those for the four scattering processes are

J1 = − �

m
p−σ |aσ|2 , (9.18)

J2 = − �

m
p+

σ |bσ|2 , (9.19)

J3 =
�

m

(
Re k+

)
|cσ|2

(
u2

0 − v2
0

)
, (9.20)

J4 =
�

m

(
Re k−) |cσ |2

(
u2

0 − v2
0

)
|aσ|2 . (9.21)
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Following the BTK model [9] we introduce the probabilities Aσ(E), Bσ(E),
Cσ(E), and Dσ(E) for the processes 1, 2, 3, and 4, respectively. From Eqs(9.18)–
(9.21) we have

Aσ ≡
∣∣∣∣J1

J0

∣∣∣∣ = p−σ
p+

σ
|aσ|2 , (9.22)

Bσ ≡
∣∣∣∣J2

J0

∣∣∣∣ = |bσ |2 , (9.23)

Cσ ≡
∣∣∣∣J3

J0

∣∣∣∣ = Re k+

p+
σ

|cσ|2
(
u2

0 − v2
0

)
, (9.24)

Dσ ≡
∣∣∣∣J4

J0

∣∣∣∣ = Re k−

p+
σ

|dσ|2
(
u2

0 − v2
0

)
. (9.25)

The probabilities for E < 0 can be obtained in a similar way.
Suppose that the bias voltage, V , is applied and the Fermi level of the ferro-

magnetic lead is shifted by eV . The distribution function of right-going electrons
is given by

f→
σ (E) = f0(E − eV ), (9.26)

where f0(E) is the Fermi–Dirac distribution function. The distribution function
of the left-going electrons can be described as

f←
σ (E) = Aσ(E)[1 − f0(−E − eV )] + Bσ(E)f0(E − eV )

+[Cσ(E) + Dσ(E)]f0(E). (9.27)

Substituting Eqs (9.26) and (9.27) into Eq. (9.1) we have

I =
e

h

∑
k‖,σ

∫ ∞

−∞
[f0(E − eV ) − Aσ(E)[1 − f0(−E − eV )]

−Bσ(E)f0(E − eV ) − [Cσ(E) + Dσ(E)] f0(E) dE. (9.28)

The probabilities Cσ(E) and Dσ(E) can be eliminated by using the relation
Aσ(E) + Bσ(E) + Cσ(E) + Dσ(E) = 1. Then, the conductance is given by

G =
d I

d V
=

e

h

∑
k‖,σ

∫ ∞

−∞

d f0(E − eV )
d V

[1 + Aσ(−E) − Bσ(E)] dE. (9.29)

At zero temperature the derivative of the Fermi distribution function can be
replaced by the δ-function and the conductance is expressed as

G =
e2

h

∑
k‖,σ

[1 + Aσ(−eV ) − Bσ(eV )] . (9.30)
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9.2 Point-contact Andreev reflection

In this section we review recent work on AR in a ballistic FM/SC point contact,
which is known as a powerful technique for measuring the spin polarization of
conduction electrons. Usually the spin polarization of the FM is determined by
the spin-dependent tunneling technique [12]. However, this technique is restricted
to magnetic materials which can be incorporated into a tunnel junction with a
superconductor and requires a complex fabrication process. In 1998, a new tech-
nique called point-contact Andreev reflection (PCAR) for measuring the spin
polarization of a ferromagnet was proposed by Soulen et al. [5, 13] and indepen-
dently by Upadhyay et al. [6]. The PCAR technique is much easier to put into
practice than the tunneling technique. With no restrictions on the sample geom-
etry, one can avoid the complex fabrication steps. They put a superconducting
tip on a ferromagnet and measure the bias voltage dependence of the normalized
conductance. By analyzing the observed normalized conductance curves they can
estimate the spin polarization of the FM [14–17].

The first intuitive and simple description of the conductance through a bal-
listic FM/SC point contact was presented by de Jong and Beenakker [4]. They
consider a FM/SC point contact where the FM is contacted through a small area
with a SC. In the contact region the number of spin-up transmitting channels
(N↑) is larger than that of spin-down transmitting channels (N↓), i.e., N↑ ≥ N↓.
They suppose that there is no partially transmitting channels and neglect mixing
of channels for simplicity. When the SC is in the normal conducting state, all
scattering channels (transverse modes in the point contact at the Fermi level)
are fully transmitted, yielding the conductance

GFN =
e2

�
(N↑ + N↓) . (9.31)

When the SC is in the superconducting state, all the spin-down incident elec-
trons in N↓ channels are Andreev reflected and give a double contribution to
the conductance, 2(e2/�)N↓. However, spin-up incident electrons in some chan-
nels cannot be Andreev reflected since the density of states for spin-down elec-
trons is smaller than that for spin-up electrons. Then only a fraction (N↓/N↑)
of the N↑ channels can be Andreev reflected and the resulting conductance is
2(e2/�)(N↓/N↑)N↑. The total conductance at zero bias voltage (V = 0) is given
by the sum of these two contributions:

GFS =
e2

�
2
(

N↓ +
N↓
N↑

N↑

)
= 4N↓. (9.32)

Taking the ratio of Eq. (9.32) to Eq. (9.31), we obtain the normalized conduc-
tance

GFS

GFN
= 2 (1 − P ) , (9.33)

where P is the spin polarization of transmitting channels defined as
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P ≡ N↑ − N↓
N↑ + N↓

. (9.34)

Equation (9.33) shows that the normalized conductance is a monotonic decreas-
ing function of P and it vanishes if the FM is half-metallic (P = 1).

In PCAR experiments, however, the unknown parameters to be determined
are not only the spin polarization but the strength of the interfacial scattering.
It is necessary to analyze the full bias voltage dependence of the normalized
conductance on the basis of the BTK theory [5, 6, 13–16] to obtain the spin
polarization. The conduction across the FM/SC interface can be divided into
an unpolarized part (non-magnetic channel) and a completely polarized part
(half-metallic channel). By applying the BTK theory the conductance for the
non-magnetic channel is obtained as

GN(V, Z) ∝
∫ ∞

−∞

d f0(E − V, T )
dV

[1 + AN(E, Z) − BN (E, Z)] dE, (9.35)

where f0(E −V, T ) is the Fermi distribution function and AN and BN are prob-
abilities for the Andreev reflection and normal reflection, respectively. At zero
temperature the derivative of the Fermi distribution function can be replaced by
the delta function δ(E − V ) and we have

GN(V, Z) ∝ 1 + AN(V, Z) − BN (V, Z). (9.36)

The r.h.s. of Eq. (9.36) is given by

1 + AN (V, Z) − BN (V, Z) =


2(1 + β2)

β2 + (1 + 2Z2)2
, |eV | < ∆,

2β

1 + β + 2Z2
, |eV | > ∆,

(9.37)

where β ≡ E/(
√
|∆2 − E2|) and Z is the dimensionless height of the interfacial

scattering potential. As for the half-metallic channels the conductance can be
obtained in a similar manner as

GH(V, Z) ∝ 1 + AH(V, Z) − BH(V, Z), (9.38)

where

1 + AH(V, Z) − BH(V, Z) =


0, |eV | < ∆,

4β

(1 + β)2 + 4Z2
, |eV | > ∆.

(9.39)

Introducing the spin polarization for PCAR defined by the spin-resolved current
as P ≡ (I↑ − I↓)/(I↑ + I↓), the total conductance of the FM/SC point contact
can be expressed as
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Fig. 9.2. Measured values of the spin polarization P for various materials. Re-
sults of NiFe, Co, Ni, Fe, NiMnSb, LSMO, and CrO2 are adapted from Ref.
[5]. Those for MnAs, SrRu03, InMnAs, and GaMnAs are from Refs. [18], [19],
[20], and [21], respectively.

G(V, Z, P ) = (1 − P )GN(V, Z) + PGH(V, Z). (9.40)

The spin polarization P and the barrier height Z are estimated by fitting the
experimentally observed conductance curve using Eqs(9.36)–(9.40). The exper-
imental results of P by performing the PCAR measurement are shown in Fig.
9.2. For some materials we also plot the spin polarization obtained by tunneling
experiments. The agreement between the two methods is generally good.

It is important to note that since the system we consider is a point contact,
the spin polarization P measured by PCAR is not the spin polarization of the
ferromagnetic material but is determined by the spin-up and spin-down current
flowing through the contact region. If the contact region is superconducting, the
number of transmitting channels is the same for both spin-up and spin-down
quasiparticles and the estimated spin polarization should be different from that
for the ferromagnetic contact where the contact region is ferromagnetic. The ma-
terial of the contact region depends on the details of each experiment. Therefore,
we need to clarify the difference between the superconducting and ferromagnetic
contact [22, 23]. To see the difference, we numerically solve the scattering prob-
lem of the FM/SC point contact consisting of three co-axial cylinders as shown
in Figs 9.3(a) and (b). The left and right electrodes with diameter WE are con-
nected by a contact with diameter WC(< WE) and length D. We employ the
Stoner model with exchange field h0 for the ferromagnet. Since the system has
cylindrical symmetry, the wavefunctions Ψσ can be expressed as

Ψσ(r) =
∑
n,l

N l
σnψn

σl(z)Jn

(
2γnl

WE(C)
r

)
einφ, (9.41)
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where γnl is the lth zero of the Bessel function Jn(r), and N l
σn is the normal-

ization constant [24]. The set of quantum numbers (n, l, σ) defines the channel.
For convenience we introduce the abbreviations F/S/S and F/F/S to refer to
the superconducting and ferromagnetic contacts, respectively. Assuming that an
electron in channel (n, l, σ) is incident from the left electrode, the wavefunction
in the left electrode in the F/S/S system is given by

ΨL(z) = eiqn+
σl

z

(
1
0

)
Jn

(
2γnl

WE
r

)
einφ +

ME∑
s=1

[
an

σlse
iqn−

σs z

(
0
1

)
+bn

σlse
−iqn+

σs z

(
1
0

)]
Jn

(
2γns

WE
r

)
einφ. (9.42)

In the contact region (−D/2 < z < D/2),

ΨC(z) =
MC∑
s=1

[(
αn

σlse
ipn+

s z + βn
σlse

−ipn+
s z
)(u0

v0

)
+
(
ξn
σlse

ipn−
s z + ηn

σlse
−ipn−

s z
)(v0

u0

)]
Jn

(
2γns

WC
r

)
einφ. (9.43)

In the right electrode (z > D/2),

ΨR(z) =
ME∑
s=1

[
cn
σlse

ikn+
s z

(
u0

v0

)
+ dn

σlse
−ikn−

s z

(
v0

u0

)]
Jn

(
2γns

WE
r

)
einφ. (9.44)

Here, the wavevectors below the superconducting energy gap (E ≤ ∆) are given
by

qn±
σl =

√
2m

�2
(µF ± h0σ ± E) −

(
2γnl

WE

)2

, (9.45)

pn±
l =

√
2m

�2

(
µF ±

√
E2 − ∆2

)
−
(

2γnl

WC

)2

, (9.46)

kn±
l =

√
2m

�2

(
µF ±

√
E2 − ∆2

)
−
(

2γnl

WE

)2

. (9.47)

The wavevectors above the superconducting energy gap (E > ∆) are the same
as those given by Eq. (9.47) except for the wavevector kn−

l in the right electrode.
In order to deal with the evanescent waves, we write the wavevector kn−

l as

kn−
l =

√2m

�2

(
µF −

√
E2 − ∆2

)
−
(

2γnl

WE

)2
∗

. (9.48)

The number of channels in the electrode and contact is truncated by the cutoff
constant ME and MC, respectively. The cutoff constants are taken to be large
enough to express the stationary scattering state.
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Fig. 9.3. (a) Geometry of the point contact which is represented by the coaxial
cylinders. (b) Cross-section along the z-direction. The length and width of
the contact region are D and WC, respectively. The width of the electrodes
is WE[22].

For the F/F/S system, the wavefunction inside the contact is rewritten as

ΨC =
MC∑
s=1

[(
αn

σlse
ipn+

σs z + βn
σlse

−ipn+
σs z
)(1

0

)
+
(
ξn
σlse

ipn−
σ̄s z + ηn

σlse
−ipn−

σ̄s z
)(0

1

)]
× Jn

(
2γns

WC
r

)
einφ,

where the wavevectors pn±
σl are given by

pn±
σl =

√
2m

�2
(µF ± h0σ ± E) −

(
2γnl

WC

)2

. (9.49)

The coefficients an
σls, bn

σlm, cn
σls, dn

σls, αn
σls, βn

σls, ξn
σls and ηn

σls are obtained by
matching the slope and value of the wavefunction at the boundary of the contact
z = ±D

2 [25,26]. The probabilities for the AR, An
σls, and the ordinary reflection,

Bn
σls, can be obtained in a similar manner as in Section 9.1. The conductance is

expressed by using the probabilities An
σls and Bn

σls as

G =
e

h

∑
σ=±

∑
n,l

∫ ∞

−∞

d

dV
f0(E − eV, T )

×
[
1 +
∑

s

An
σls(−E) −

∑
s

Bn
σls(E)

]
dE. (9.50)

In numerical calculation, the cutoff constants MC and ME are taken to be
three times as many as the number of open channels which are determined by the
condition that Re[(2m/�

2)(µF−
√

E2 − ∆2)−(2γnl/WC(E))2] > 0. The diameter
of the electrodes and the length of the contact are taken to be WE = 60.8/kF

and D = 5.0/kF, respectively. The superconducting energy gap is assumed to be
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Fig. 9.4. (a) Zero-bias conductance for the F/S/S point contact at T = 0.
No interfacial scattering is considered. The horizontal axis represents the
width of the contact WC multiplied by the Fermi wavenumber kF. The solid,
dotted, dashed and dot-dashed lines represent the conductance curves for
h0 = 0, 0.3, 0.6 and 0.9µF, respectively at T = 0. The superconducting gap of
SC is taken to be ∆ = 1.5 × 10−5µF. (b) The same plot for the F/F/S point
contact[22].

∆/µF = 1.5×10−5, which is of the same order of that for Al [27]. The position of
the interfacial scattering is located at z0 = −D/2(+D/2) for the F/S/S (F/F/S)
system. The temperature is assumed to be zero and the superconducting gap of
SC is taken to be ∆ = 1.5 × 10−5µF.

In Fig. 9.4(a) the zero-bias conductance of the F/S/S system is plotted
against the width of contact WC. The plateau of quantized conductance dis-
appear as the exchange fields h0 increase due to the mismatch of the Fermi
wavelength. In the adiabatic picture, the number of transmitting channels is de-
termined by the condition that Re[(2m/�

2)(µF −
√

E2 − ∆2)− (2γnl/WC)2] > 0
and does not depend on the strength of the exchange field in the ferromagnetic
electrode. Therefore, the positions of the conductance steps do not shift if the ex-
change field h0 increases. The conductance for the F/F/S system also decreases
as the exchange field increases as shown in Fig. 9.4(b). Note that the width
WC at which the new transmitting channel opens increases with increasing ex-
change field, h0. The shift of the conductance steps can be explained as follows.
In the ferromagnetic contact, electrons in the spin-up and spin-down bands feel
the different exchange field −h0 and h0, respectively. Therefore, the number of
transmitting spin-down channels N↓ is smaller than that of transmitting spin-up
channels N↑. As pointed out by de Jong and Beenakker [3], the number of chan-
nels contributing to AR is restricted by N↓. In the adiabatic picture [28], N↓ is
determined by the condition that (2m/�

2)(µF−E−h0)−(2γnl/WC)2 > 0. There-
fore, the number of transmitting channels for the same contact width decreases
with increasing the exchange field. In the narrow F/F/S system, the suppression
of AR discussed by de Jong and Beenakker appears as the shift of the width of
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Fig. 9.5. Conductance for the F/S/S and F/F/S point contacts is plotted
against the bias voltage at T = 0. The width of the contact is taken to
be kFWC = 18.5. The strength of the interfacial scattering Z is assumed
to be zero for panels (a) and (b), and Z = 0.3 for panels (c) and (d). The
horizontal axis represents the applied bias voltage normalized by the super-
conducting gap ∆. The solid, dotted, dashed and dot-dashed lines represent
the conductance curves for h0 = 0, 0.3, 0.6 and 0.9µF, respectively. The tem-
perature is assumed to be zero and the superconducting gap of the SC is
taken to be ∆ = 1.5 × 10−5µF[22].

the contact WC at which the new transmitting channel opens as shown in Fig.
9.4(b). Even when the contact is superconducting (F/S/S), the conductance is
suppressed due to the mismatch of the Fermi wavelength as shown in Fig. 9.4(a).
However, the magnitude of suppression is smaller than that for the F/F/S sys-
tem.

Figures 9.5(a) and (c) show the conductance (G)-voltage (V ) curves for the
F/S/S system, and Figs 9.5(b) and (d) show those for the F/F/S system. The
conductance is normalized by that for the FM/NC point contact. One can see
that the normalized conductance for the F/F/S system is smaller than that for
the F/S/S system since the number of transmitting channels is limited by AR.
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This implies that the spin-polarization obtained by analyzing the PCAR experi-
ment depends on whether the contact region is ferromagnetic or superconducting.
If the contact region is superconducting, we would underestimate the spin polar-
ization of the FM. The G-V curves for the contact with an interfacial scattering
potential of Z = 0.3 are also plotted in Figs 9.5(c) and (d). Similar to the case of
Z = 0, AR for the F/F/S system is more suppressed than for the F/S/S system.
Without the interfacial scattering potential, Z = 0, the G-V curve has a bump
at zero bias voltage as shown in Figs 9.5(a) and (b). However, the G-V curve
for Z = 0.3 shows a dip as shown in Figs 9.5(c) and (d). These dips and bumps
in the G-V curve are similar to the energy dependence of conductance for F/S
tunnel junctions discussed by Žutić and Valls [29, 30].

9.3 Ferromagnet/superconductor/ferromagnet double junctions

Andreev reflection includes a conversion process of the quasiparticle (QP) cur-
rent to the supercurrent carried by Cooper pairs in the range of the penetration
depth, which is approximately equal to the Ginzburg–Landau (GL) coherence
length [10], from the FM/SC interface [9]. In a FM/SC single-junction system,
injected quasiparticles are completely converted into Cooper pairs whose spin
wavefunction is singlet. However, if the SC is sandwiched by two ferromagnetic
leads and the thickness of the SC layer is smaller than the GL coherence length
the spin information carried by quasiparticles can be transmitted to the other
ferromagnet. Recently, Gu et al. observed the magnetoresistance due to the over-
lap of the QP penetration in the SC by AR [7]. Their results are well explained
by the BKT theory [31].

In this section we review the theory of AR in the FM/SC/FM double junction
system and derive an expression for the current through the junction. We show
that the recent experimental results by Gu et al. [7] agree very well with the BTK
theory and, thus, the information about the coherence length of SC is obtained by
analyzing the excess resistance. We consider the FM1/SC/FM2 double junction
system consisting of three rectangular blocks as shown in Figs 9.6(a) and (b)
[31]. The cross-section of the system is a square with side W and the thickness
of the SC is L. The current flows along the z-axis and the interfaces between
FM1/SC and SC/FM2 are located at z = −L/2 and z = L/2, respectively. For
simplicity, we assume that the system is symmetric: FM1 and FM2 are made
of the same ferromagnetic materials and the potentials for the left and right
interfaces are the same. The system is described by the Bogoliubov–de Gennes
(BdG) equation(9.2). The exchange field hex (z) is given by

hex (z) =


h0 (z < −L/2),
0 (−L/2 < z < L/2),
±h0 (L/2 < z),

(9.51)

where +h0 and −h0 represent the exchange fields for the parallel and antiparallel
alignments, respectively. The superconducting gap is expressed as
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Fig. 9.6. (a) Schematic diagram of a ferromagnet/superconductor/ferromagnet
(FM1/SC/FM2) double junction system. A superconductor with a thickness
of L is sandwiched by two semi-infinite ferromagnetic electrodes. The system
is rectangular and the cross-section is a square with side W . (b) The current
flows along the z-axis. The interfaces between FM1/SC and SC/FM2 are
located at z = −L/2 and z = L/2, respectively [31].

∆ (z) =
{

0 (z < −L/2, L/2 < z),
∆ (−L/2 < z < L/2). (9.52)

We assume that the temperature dependence of the superconducting gap is given
by ∆ = tanh(1.74

√
Tc/T − 1), where ∆0 is the superconducting gap at T = 0

and Tc is the superconducting critical temperature. The interfacial scattering
potential is defined as

V (z) =
�
2kF

m
Z [δ (z + L/2) + δ (z − L/2)] . (9.53)

Since the system is rectangular, the wavefunction in the transverse (x and y)
directions is given by

Snl(x, y) ≡ sin (nπx/W ) sin (lπy/W ), (9.54)

where n and l are the quantum numbers which define the channel. The eigenvalue
of the transverse mode for the channel (n,l) is

Enl =
�
2

2m

[(nπ

W

)2

+
(

lπ

W

)2
]

. (9.55)

Let us consider the scattering of an electron with spin up in the channel (n, l)
injected into the SC from the FM1 (0 in Fig. 9.7). There are the following eight
scattering processes: Andreev reflection (1 in Fig. 9.7) and normal reflection (2
in Fig. 9.7) at the interface of FM1/SC, transmission to the SC (3, 4 in Fig. 9.7)
and reflection at the interface of SC/FM2 (5, 6 in Fig. 9.7), transmission as an
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Fig. 9.7. Schematic diagrams of energy vs. momentum for the FM1/SC/FM2
double junction system with the parallel and antiparallel alignments of the
magnetizations shown in panels (i) and (ii), respectively. The open circles
denote holes, the closed circles electrons, and the arrows point in the direction
of the group velocity. The incident electron with spin up in the channel (n, l) is
denoted by 0, along with the resulting scattering processes: Andreev reflection
(1), normal reflection (2) at the interface of FM1/SC, transmission to the SC
(3, 4) and reflection at the interface of SC/FM2 (5, 6), transmission as an
electron to the FM2 (7) and that as a hole (8) [31].

electron to the FM2 (7 in Fig. 9.7) and that as a hole (8 in Fig. 9.7). Therefore,
the wavefunction in the FM1 (z < −L/2) is given by

ΨFM1
σ,nl (r) =

[(
1
0

)
eip+

σ,nl(z+ L
2 ) + aσ,nl

(
0
1

)
eip−

σ,nl(z+ L
2 )

+bσ,nl

(
1
0

)
e−ip+

σ,nl(z+ L
2 )
]
Snl(x, y). (9.56)

In the SC (−L/2 < z < L/2), we have

ΨSC
σ,nl(r) =

[
ασ,nl

(
u0

v0

)
eik+

nl(z+ L
2 ) + βσ,nl

(
v0

u0

)
e−ik−

nl(z+ L
2 )

+ ξσ,nl

(
u0

v0

)
e−ik+

nl(z−L
2 ) + ησ,nl

(
v0

u0

)
eik−

nl(z−L
2 )
]
Snl(x, y), (9.57)

and in the FM2 (L/2 < z),
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ΨFM2
σ,nl (r) =

[
cσ,nl

(
1
0

)
eiq+

σ,nl(z−L
2 ) + dσ,nl

(
0
1

)
e−iq−

σ,nl(z−L
2 )
]
Snl(x, y). (9.58)

Here p±σ,nl, k±
nl and q±σ,nl are the wavenumbers in the FM1, SC and FM2, respec-

tively:

p±σ,nl =
√

2m

�

√
µF ± E ± σhex − Enl, (9.59)

k±
nl =

√
2m

�

√
µF ±

√
E2 − ∆2 − Enl. (9.60)

For the parallel alignment, the wavenumber q±σ,nl in FM2 is defined by the same
formula as p±σ,nl:

q±σ,nl =
√

2m

�

√
µF ± E ± σh0 − Enl. (9.61)

On the contrary, q±σ,nl for the antiparallel alignment is defined as

q±σ,nl =
√

2m

�

√
µF ± E ∓ σh0 − Enl. (9.62)

The coefficients aσ,nl, bσ,nl, cσ,nl, dσ,nl, ασ,nl, βσ,nl, ξσ,nl, and ησ,nl are determined
by matching the wavefunctions at the left and right interfaces. Solving Eq. (9.14),
the probabilities of transmission and reflection are calculated following the BTK
theory [9]. When an electron with σ-spin is injected from the FM1, the proba-
bility of the Andreev reflection Rhe

σ,nl, normal reflection Ree
σ,nl, and transmission

as an electron and as a hole to the FM2, T e′e
σ,nl and Th′e

σ,nl, are given by



Rhe
σ,nl (E) =

p−σ,nl

p+
σ,nl

a∗
σ,nlaσ,nl,

Ree
σ,nl (E) = b∗σ,nlbσ,nl,

T e′e
σ,nl (E) =

q+
σ,nl

p+
σ,nl

c∗σ,nlcσ,nl,

Th′e
σ,nl (E) =

q−σ,nl

p+
σ,nl

d∗
σ,nldσ,nl,

(9.63)

where the prime e′(h′) in Eq. (9.63) indicates the electron (hole) in the FM2.
The probabilities for an incident electron with energy E < 0 can be calculated
in a similar way. Using the fact that the BdG equation describing the scattering
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Fig. 9.8. (a) MR as a function of the thickness of the SC, kFL. From
top to bottom, T/Tc is 1, 0.9, 0.7, 0.5, 0.3, and 0.1. We assume
ξQ(E = T = 0) = 200/kF. (b) Excess resistance, ∆R = RAP − RP, nor-
malized by the value at Tc is plotted as a function of T/Tc. The solid curves
show theoretical results for the thickness of the SC, L = 30, 40, 50, 60, 80,
and 100 nm from top to bottom, where kF is taken to be 1 Å−1 for Nb. The
symbols show the experimental results by Gu et al. [7] for the thickness of
Nb, tNb = 30, 40, 50, 60, 80, and 100 nm from top to bottom [31].

process of an incident electron with energy E and spin σ coincides with that of
a hole with energy −E and spin −σ, we can express the current as

I =
e

h

∑
nl,σ

∫ ∞

0

(
Reh

nl,σ + Rhe
nl,σ + T ee′

nl,σ + Thh′
nl,σ

)
×
[
f0

(
E − eV

2

)
− f0

(
E + eV

2

)]
dE. (9.64)

It should be noted that this expression for the current reduces to that derived
by Lambert [32] for the NM/SC/NM double junction system when h0 = 0. The
magnetoresistance (MR) is defined as

MR ≡ RAP − RP

RP
, (9.65)

where RP(AP) = V/IP(AP) is the resistance in the parallel (antiparallel) align-
ment.

In Fig. 9.8(a), MR is plotted as a function of the thickness of the SC, L,
multiplied by the Fermi wavenumber kF. We assume that the strength of the
interfacial barrier is Z = 0 and the exchange field is h0 = 0.5µF. The side
length of the cross-section is taken to be W = 1000/kF. When the SC is in the
normal conducting state (T/Tc = 1), MR is constant since we neglect the spin-
flip scattering in the SC. When the SC is in the superconducting state (T/Tc =
0.1, 0.3, 0.5, 0.7, and 0.9), MR decreases with increasing thickness of the SC. MR
at low temperatures T/Tc � 1 shows an exponential decrease in a wide range of
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kFL. The decrease of MR due to superconductivity is explained by considering
the decay of the quasiparticle current in the SC. In the energy region below the
superconducting gap (|E| < ∆) where the energy of the transverse mode Enl is
smaller than the Fermi energy µF, the wavenumber k±

nl is expanded as

k±
nl ∼

√
2m

�

(
µF ± i

√
∆2 − E2

)1
2 ∼ kF ± i

1
2ξQ

. (9.66)

The imaginary part in Eq. (9.66) gives the exponential decay term exp(−z/ξQ)
in jQ, where ξQ is the penetration depth given by

ξQ =
�vF

2
√

∆2 − E2
, (9.67)

where vF is the Fermi velocity. In the SC, the QP current with spin decreases
exponentially and changes to the supercurrent carried by Cooper pairs with no
spin in the range of ξQ from the interfaces. As a result, it becomes difficult to
transfer spins from FM1 to FM2 and MR decreases with increasing thickness
of the SC. The finite MR in the region of large L is due to QPs with energy
above the superconducting gap (E > ∆). The diffusive effect on the Andreev
reflection is incorporated into our theory by replacing the penetration depth ξQ

in the ballistic theory with the penetration depth in the dirty-limit ξD
Q [33].

Figure 9.8(b) shows the excess resistance ∆R = RAP − RP normalized by
the value at (in the experiment, T slightly above) Tc (∆Rnorm) as a function of
temperature. The solid curves indicate the calculated results and the symbols
the experimental ones [7]. From Fig. 9.8(b), we obtain ξD

Q (E = T = 0) = 46,
36, 36, 33, 30, and 27 nm for the curves of L = 30, 40, 50, 60, 80, and 100 nm,
respectively, where kF is taken to be 1 Å−1 for Nb [27]. These results indicate
that ∆ in the Nb film is reduced compared to that in a bulk Nb due to the
proximity effect. Actually, the magnitude of the superconducting gap depends
on the position z in the Nb film by the proximity effect. Here, we interpret the
value of ∆ as the averaged value of the superconducting gap with respect to z
in the Nb film [31].

9.4 Crossed Andreev reflection

In the last section, we showed that in a FM/SC/FM double junction system
the spin information is carried by evanescent quasiparticles in the SC as long
as the thickness of the SC is less than the GL coherence length. In this section,
we consider a system where the same bias voltage is applied to both of two
ferromagnetic leads and the SC is earthed so that the current flows from two
ferromagnetic leads to the SC (see Fig. 9.9 (a)). In such a system there is a novel
quantum phenomenon called the crossed AR where an electron injected from
FM1 into the SC captures another one in FM2 to form a Cooper pair in the SC
[31, 32, 34–43]: i.e., an Andreev-reflected hole is not created in FM1 but in FM2.
Deutscher and Feinberg [35] have discussed crossed Andreev reflection and MR
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Fig. 9.9. (a) Schematic diagram of a superconductor (SC) with two ferromag-
netic leads (FM1 and FM2). FM1 and FM2 with width WF are connected to
the SC with width WS at x = 0. The distance between FM1 and FM2 is L. (b)
The current as a function of L. FM1 and FM2 are half-metals (h0/µF = 1).
The solid and dashed lines are for the currents in the antiparallel and parallel
alignments of the magnetizations, respectively [31].

by using the BTK theory [9]. They argued that crossed Andreev reflection should
occur when the distance between FM1 and FM2 is of the order of or less than the
size of the Cooper pairs (the coherence length), and calculated the probability
of crossed Andreev reflection in the case that both ferromagnetic leads are half-
metals and the spatial separation of FM1 and FM2 is neglected (one-dimensional
model), i.e., the effect of the distance between two ferromagnetic leads on crossed
AR is not incorporated. Subsequently, Falci et al. [37] have discussed crossed
AR and the elastic cotunneling in the tunneling limit by using the lowest order
perturbation of the tunneling Hamiltonian. However, to elucidate the effect of
crossed AR on the spin transport more precisely, it is important to explore how
crossed AR depends on the distance between two ferromagnetic leads as well
as on the exchange field of FM1 and FM2, for arbitrary transparency of the
interface from the metallic to the tunneling limit. Here, we present a theory for
crossed AR [31]. The total current of the system can be expressed as

I =
∑

σ,m,i

[
Ii,e
σ,m + Ii,h

σ,m

]
, (9.68)

where Ii,e
σ,m and Ii,h

σ,m are the currents carried by electrons with spin σ in channel
m in the i-th ferromagnetic electrode FMi defined as

Ii,e
σ,m =

e

h

∞∑
l=1

∫ ∞

0

{(
Ri,he

σ,lm + R̃i,he
σ,lm

) [
f0(E) − f0(E + eV )

]
+
(
1 − Ri,ee

σ,lm − R̃i,ee
σ,lm

) [
f0(E − eV ) − f0(E)

]}
dE, (9.69)
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Fig. 9.10. Spacial variation of the absolute values of the (a) electron component
|ϕe| and (b) hole component |ϕh| in the wave function of the SC when a spin
up electron is injected from FM1 to SC. The distance between FM1 and FM2
is taken to be kFL = 5.

Ii,e
σ,m =

e

h

∞∑
l=1

∫ ∞

0

{(
Ri,eh

σ,lm + R̃i,eh
σ,lm

) [
f0(E − eV ) − f0(E)

]
+
(
1 − Ri,hh

σ,lm − R̃i,hh
σ,lm

) [
f0(E) − f0(E + eV )

]}
dE. (9.70)

Here Ri,he
σ,m, Ri,ee

σ,m, R̃i,he
σ,m, and R̃i,he

σ,m are the probabilities of AR, normal reflection,
crossed AR, and crossed normal reflection in FMi, respectively. These probabil-
ities are obtained by solving the scattering problems as shown in the previous
section. The magnetoresistance is defined as in Eq. (9.65). In the numerical calcu-
lation, the temperature, the applied bias voltage, the width of the SC, and the su-
perconducting order parameter are T/Tc = 0.01, eV/∆0 = 0.01, WS = 1000/kF,
and ∆0/µF = 200, respectively, where kF is the Fermi wave number.

First, we consider the case that FM1 and FM2 are half-metals (h0/µF = 1)
and neglect the interfacial barrier, i.e., Z = mH/�

2kF = 0. The width of FM1
and FM2 is taken to be WF = 4/kF, where only one propagating mode exists
in the system. We obtain the maximum possible value of MR, i.e., MR = −1
independently of L. In order to understand this behavior, we consider the L
dependence of the currents in the parallel and antiparallel alignments as shown
in Fig. 9.9(a). When an electron with spin up in FM1 is injected into the SC,
ordinary AR does not occur because electrons with down spin are absent in FM1.
In the parallel alignment, crossed AR does not occur either because there are
no electrons with down spin in FM2. Therefore, no current flows in the system
as shown in Fig. 9.9(a). On the other hand, in the antiparallel alignment, while
the ordinary AR is absent, crossed AR occurs because there are electrons with
down spin in FM2, which is a member of a Cooper pair, for an incident electron
with spin-up from FM1, and, therefore, a finite current flows in the system as
shown in Fig 9.9(a). As a result, we find MR = −1 irrespective of L in the case of
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Fig. 9.11. (a) The absolute value of MR as a function of L in the case that the
exchange fields h0/µF are 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9. (b) The current as a
function of L in the case of h0/µF = 0.6. The solid and dashed lines are for
the currents in the antiparallel and parallel alignments, respectively [31].

half-metallic FM1 and FM2. The current in the antiparallel alignment decreases
oscillating with increasing L due to interference between the wave functions in
FM1 and FM2. The probability of crossed Andreev reflection decreases rapidly
as kFL−3 [31].

In order to understand the mechanism of crossed Andreev reflection more
clearly, we consider the spacial variation of the wave function in the SC. Figures
9.10(a) and (b) show the absolute value of the electron and hole components, ϕe

and ϕh, respectively, which are defined as ΨSC = t(ϕe, ϕh). Here, we consider
the case that a spin-up electron is injected to the SC from FM1. As shown
in Fig. 9.10(a), the injected electron penetrates into the SC as an evanescent
quasiparticle and the electron component of the wave function is diffracted in
the SC, oscillating with period π/kF and decaying in the range of ξ. Because
the quasiparticle is viewed as a composite particle between the electron and hole
components, the hole component of the wave function emerges from the interior
of the SC towards the contacts as shown in Fig. 9.10(b). If the hole component
connects the wave function of the hole in FM2, the hole is reflected back to FM2
(crossed Andreev reflection). As seen from Fig. 9.10(b), the absolute value of the
hole component at the interface has a peak at y = 2.5/kF, and decays oscillatory
along the y-direction. The L dependence of the probability of crossed Andreev
reflection originates from the wave nature of the hole component in the SC, and
is characterized by the Fermi wave number kF. Therefore, the wave nature of the
evanescent quasiparticle in SC is essential for crossed Andreev reflection.

We next consider the L dependence of MR for several values of the exchange
field in the case that WF = 10/kF, and Z = 0 (Fig. 9.11a). In this case, there are
several propagating modes in FM1 and FM2. The magnitude of the MR decreases
with increasing L for each value of the exchange field. This behavior of the MR
is understood by considering the L dependence of the current in the parallel
and antiparallel alignments. As shown in Fig. 9.11(b), in the case that h0 =
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Fig. 9.12. (a) The absolute value of the MR as a function of L in the case that
the exchange fields h0/µF are 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9. (b) The current
as a function of L in the case of h0/µF = 0.6. The solid and dashed lines are
for the currents in the antiparallel and parallel alignments, respectively [31].

0.6µF, the finite current in the parallel alignment flows because ordinary Andreev
reflection occurs, and is almost independent of L. On the other hand, the current
in the antiparallel alignment decreases with increasing L since the contributions
of crossed Andreev reflection process to the current decreases with increasing L,
and therefore the magnitude of the MR decreases with increasing L. In this case,
the oscillation of the current in the antiparallel alignment is suppressed because
electrons and holes in the several propagating modes l contribute to the current
and wash out the oscillation.

Figure 9.12(a) shows the L dependence of the MR for h0 = 0.6µF and several
values of interfacial barrier parameter Z. The MR approaches zero with increas-
ing L and shows a strong dependence on the height of the interfacial barrier Z.
The fact that the MR decreases with increasing L is explained in the same way
as in the case of no interfacial barriers as shown in Fig. 9.12(a). To investigate
the Z dependence of the MR in detail, we calculate the Z dependence of the
MR for kFL = 10, 15, and 20 as shown in Fig. 9.12(a). The magnitude of the
MR decreases with increasing Z in the range of Z � 0.5 and is almost constant
for L in the range of Z � 0.5. This dependence is understood as follows. The
MR consists of the denominator IAP and the numerator IP − IAP, which mainly
come from the process of ordinary AR and crossed AR, respectively. Crossed AR
is more sensitive to scattering at the interfacial barriers than ordinary Andreev
reflection, and therefore the value of IP − IAP decreases more rapidly than that
of IAP in the range of Z � 0.5, and therefore the magnitude of the MR decreases
with increasing Z for kFL = 10, 15, and 20 as shown in Fig. 9.12(b).
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[30] I. Žutić, J. Fabian, and S. Das Sarma, Rev. Mod. Phys. 76, 323 (2004).
[31] T. Yamashita, H. Imamura, S. Takahashi, and S. Maekawa, Phys. Rev. B 67,

094515 (2003).
[32] C. J. Lambert, J. Phys.-Condens. Matter 3, 6579 (1991).
[33] A. A. Abrikosov, L. P. Gorokov, and I. E. Dzyaloshinski, Methods of Quantum

Field Theory in Statistical Physics (Dover, New York, 1975).
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Holstein-Primakoff representation, 301
hot electron, 256
hot-electron attenuation length, 263
hot-electron device, 256
Hund’s rules, 101
Hydrogen molecule model, 109
hyperfine coupling, 122
hyperfine interaction, 57

inductive pickup, 206
(In,Ga,Mn)As, 6
(In,Mn)As, 2
In,Mn)As/GaSb, 14
interface resistance, 347
IrMn, 255
itinerant, 1

Jullière’s model, 45

Keldysh Green’s function, 156
Kerr ellipticity, 6
Kerr rotation, 6
Kondo correlation, 188
Kondo effect, 125, 127, 151, 171, 189, 227
Kondo Hamiltonian, 172
Kondo resonance, 171, 174, 177, 178
Kondo temperature, 127, 134, 175
Kondo valley, 129

Lagrangian, 315
Landau-Lifshitz equation, 295, 327
Landau-Lifshitz-Gilbert (LLG) equation,

208, 312
Langevin, 213
Larmor frequency, 331
lateral dot, 94
lattice relaxation, 326
level crossings, 102
light-emitting diode (LED), 49, 275
light-induced magnetization rotation, 22
logT , 129
longitudinal relaxation, 114

magnetic alloy semiconductor, 2
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magnetic bipolar transistor, 74
magnetic p-n junction, 70
magnetic polaron, 1, 17
magnetic random access memory

(MRAM), 243
magnetic reversal, 202
magnetic tunnel junction (MTJ), 45, 241
magnetic tunnel transistor, 263
magneto-amplification, 80
magneto-current, 262, 265
magneto-optical (MO) effect, 6
magnetoresistance, 387
magnet RAM, 293
majority spin, 44
Maki parameter, 350
MAS, 2
master equation, 156, 161
MgO, 250, 251, 255, 281
micromagnetics, 219
microwave, 206
microwave sources, 217
minority diffusion length, 68
minority spin, 44
Mn12-acetate, 227
MnAs, 2
molecular beam epitaxy, 18
molecular magnet, 293
molecule, 228
MRAM, 243

N0α, 10
N0β, 9
nanopillar, 204
NFN thin film, 329
NMR, 124
non-conservative, 214
non-linear regime, 104
non-local geometry, 344
non-local Hall resistance, 366
non-local resistance, 344
non-local spin injection, 352, 353
nuclear spin, 124
numerical renormalization-group, 173

optical isolator, 30
optical orientation, 46
optical selection rule, 277
optical switch, 30
oscillator, 217
over-damped, 317, 319
Overhauser effect, 125

p-(In,Mn)As, 6
pair breaking, 356
particle model, 15
Pauli effect, 119

Pauli exclusion, 113
p-d exchange interaction, 27
penetration depth, 388
persistent photoconductivity, 12
perturbative-scaling approach, 172
phase diagram, 208
photo-induced ferromagnetism, 11
pinning potential, 335
p-n junction, 34, 64
point contact, 204, 376
polar Kerr rotation, 24
potential energy, 214
potential offset, 120
power amplification, 339
precession, 197
probability current density, 374
probability density, 374
pseudo-eddy current, 314

quantum computing, 112, 139
quantum dot, 93, 145, 170, 188
quantum manipulation, 30
quantum-well LED, 275
quasiparticle, 371

random access memory, 216
random magnetic field, 321
random matrix theory, 96
read head, 218
real-time diagrammatic formalism, 168
real-time diagrammatic technique, 157,

186
reduced density-matrix, 155
relaxation bottleneck, 325
resistance mismatch, 350
resonant tunneling approximation, 183
RKKY, 171, 184, 188
rotating frame, 307, 309

saturation currents, 84
scaling equation, 172
scanning tunneling microscopy, 257
scattering probability, 360
Schottky barrier, 258, 269
Schrieffer-Wolff transformation, 172
s-d Hamiltonian, 128
s-d exchange model, 299
second-order perturbation theory, 151
self-capacitance, 107
semimagnetic semiconductor, 1
sequential tunneling, 150
shot noise, 164
Si collector, 266
side jump, 359
signal processing, 217
silicon, 216
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simulation, 209
singlet-triplet crossing, 101, 104
single electron transistor (SET), 159, 220
skew scattering, 362
Slonczewski, 195
spectral function, 176, 178
spin accumulation, 50, 153, 158, 169, 324,

344, 353
spin accumulation signal, 348, 349
spin battery, 67, 310, 337
spin blockade, 118, 122
spin current, 53, 352, 359, 363, 365
spin current density, 308
spin-dependent carrier transport, 2
spin dephasing, 55
spin-dependent carrier transport, 32
spin-dependent optical transition, 2, 32
spin diffusion length, 51, 324, 347, 354,

365
spin diode, 29
spin extraction, 72
spin filtering, 260
spin flip, 114
spin-flip process, 162, 186
spin-flip relaxation, 161
spin-flip scattering time, 356, 361, 365
spin fluctuation, 166, 172
spin Hall current, 364
spin Hall effect, 358
spin Hamiltonian, 226
spin injection, 49, 272, 276, 344, 352, 353
spin injection (optical), 19
spin-LED, 30, 33, 49
spin-MOSFET, 30
spin-motive-force (smf), 294, 295, 310,

311, 314, 317, 322, 323, 337
spin-orbit coupling, 56, 354, 358, 364
spin-orbit interaction, 117
spin-orbit parameter, 253
spin photodetector, 30, 34
spin-photovoltaic effect, 34
spin polarization, 43, 349, 376
spin precession, 157
spin pumping, 316
spin relaxation, 55, 114, 117, 278, 286
spin relaxation time, 47, 355
spin singlet, 119
spin spectral function, 174
spin splitting, 174, 177, 178, 181, 356
spin state, 101
spin transfer torque, 30
spin transport, 43
spin triplet, 119
spintronics, 43, 139
spin-voltaic effect, 73

spin waves, 225
split-off state, 3, 5, 22
sputter deposition, 249
S-T Kondo effect, 131, 133
S-T transition, 102
stability analysis, 199
stability diagram, 95, 110
stencil, 204
Stoner excitation, 173
Stoner model, 148, 221, 298
Stoner splitting, 177, 178
SU(2) gauge field, 307
SU(4) model, 136
super-Poissonian, 166
superconducting gap, 253, 372
superconducting tunneling spectroscopy,

243, 245
superparamagnetic, 212
switching, 205
switching current, 217

thermal fluctuation, 202
thermally activated, 212
tight-binding Hamiltonian, 226
time-resolved Kerr rotation, 25
total angular momentum, 300
total energy, 100
transverse relaxation, 114
tunnel barrier

Al2O3, 240, 242, 243
MgO, 240, 247, 251, 255

tunnel magnetoresistance, 44, 163, 167,
239, 250, 266

tunneling Hamiltonian, 150, 155
tunneling spin polarization, 245, 254
two-dimensional electron gas (2DEG), 93,

273
two-dimensional hole, 6
type II band alignment, 12

Ulback-type tailing, 10
under-damped, 318
unipolar spintronics, 43
unitary limit, 130

vertical dot, 94, 131
vortex state, 203

Wigner-Eckart theorem, 308

x-ray photoemission spectrum, 9

Zeeman effect, 105
Zeeman energy, 122
Zeeman splitting, 9, 106, 108, 136, 224
Zener model, 299
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